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Strings & free groups

Given a (finite) set of formal symbols A = {a1,...,a,} we can consider the
set A" ={ail...af | k€N, a € A, ¢; = %1} of finite strings on
AUAL
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Given a (finite) set of formal symbols A = {a1,...,a,} we can consider the
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Considering strings equivalent up to cancelling inverse pairs (i.e.

aal=ala= @) this set forms a group under string concatenation known

as a free group Fa.
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Considering strings equivalent up to cancelling inverse pairs (i.e.
aal=ala= @) this set forms a group under string concatenation known
as a free group Fa.

These groups are important and well-studied. It is well known that any
group is a quotient group of some free group (i.e. group presentations).
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Strings & free groups

Given a (finite) set of formal symbols A = {a1,...,a,} we can consider the
set A" ={ail...af | k€N, a € A, ¢; = %1} of finite strings on
AUAL

Considering strings equivalent up to cancelling inverse pairs (i.e.
aa~! = a~1a = () this set forms a group under string concatenation known
as a free group Fa.

These groups are important and well-studied. It is well known that any
group is a quotient group of some free group (i.e. group presentations).

To consider a two-dimensional analogue of strings we need a
two-dimensional analogue of a set - a semigroup presentation (a set +
relations between strings).
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Diagram terminology

A diagram A is a labelled, oriented plane graph and as such has vertices
(unlabelled) and edges (labelled).
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We refer to the bounded faces of A as its cells. The cells of A correspond
to the relations of P and are analogous to letters of a string.
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Diagram terminology

A diagram A is a labelled, oriented plane graph and as such has vertices
(unlabelled) and edges (labelled).

We refer to the bounded faces of A as its cells. The cells of A correspond
to the relations of P and are analogous to letters of a string.

A cell  of A has a top path [7] labelled by one side of the relation and a
bottom path |7 | labelled by the other side.

Liam Stott Diagram groups April 2022 3/8



Diagram terminology

A diagram A is a labelled, oriented plane graph and as such has vertices
(unlabelled) and edges (labelled).

We refer to the bounded faces of A as its cells. The cells of A correspond
to the relations of P and are analogous to letters of a string.

A cell  of A has a top path [7] labelled by one side of the relation and a
bottom path |7 | labelled by the other side.

Similarly A has top path [A] and bottom path |A]. If the top path of A

has label v and the bottom path has label v then we say A is a
(u, v)-diagram.
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Concatenation

Let Ay, Ay be diagrams over P.
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Let Ay, Ay be diagrams over P.

If |[A1] and [Ay] are labelled by the same string then we may define the
concatenation A; o A, as the diagram obtained by identifying |A;1] and

[Az].
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Concatenation

Let Ay, Ay be diagrams over P.

If |[A1] and [Ay] are labelled by the same string then we may define the
concatenation A; o A, as the diagram obtained by identifying |A;1] and
[A2].

Then [Al o] Ag—‘ = [A1—| and I_Al o AQJ = LAgJ

Notice that this is analogous to concatenating strings.
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Concatenation

Let Ay, Ay be diagrams over P.

If |[A1] and [Ay] are labelled by the same string then we may define the
concatenation A; o A, as the diagram obtained by identifying |A;1] and

[Az].
Then [Al o] Ag—‘ = [A1—| and I_Al o AQJ = LAgJ
Notice that this is analogous to concatenating strings.

In addition, for each string u we may consider the unique diagram ¢, with
the property [e,]| = |€,] labelled by wv.
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Concatenation

Let Ay, Ay be diagrams over P.

If |[A1] and [Ay] are labelled by the same string then we may define the
concatenation A; o A, as the diagram obtained by identifying |A;1] and

[Az].
Then [Al o] Ag—‘ = [A1—| and I_Al o AQJ = LA2J
Notice that this is analogous to concatenating strings.

In addition, for each string u we may consider the unique diagram ¢, with
the property [e,]| = |€,] labelled by wv.

This is known as the trivial diagram with label v and notice that for a
(u, v)-diagram A we have ¢, 0 A = Aoe, = A.

Liam Stott Diagram groups April 2022 4/8



We now have our objects and our operation. If this is to be a group, there
needs to be some sort of cancellation.
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We now have our objects and our operation. If this is to be a group, there
needs to be some sort of cancellation.

Let A be a diagram over P and suppose it has two cells 71, 7o such that

|m1] = [m2] and [71] has the same label as |72 . Then we say that
and w5 form a dipole.
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We now have our objects and our operation. If this is to be a group, there
needs to be some sort of cancellation.

Let A be a diagram over P and suppose it has two cells 71, 7o such that

|m1] = [m2] and [71] has the same label as |72 . Then we say that
and w5 form a dipole.

In this case we may obtain a diagram A’ over P by deleting the path

|m1| = [m2] and identifying the paths [71] and |m2]. We then say that A’
was obtained from A by reducing a dipole.
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We now have our objects and our operation. If this is to be a group, there
needs to be some sort of cancellation.

Let A be a diagram over P and suppose it has two cells 71, 7o such that
|m1] = [m2] and [71] has the same label as |72 . Then we say that
and w5 form a dipole.

In this case we may obtain a diagram A’ over P by deleting the path
|m1| = [m2] and identifying the paths [71] and |m2]. We then say that A’
was obtained from A by reducing a dipole.

Notice that a dipole in A is analogous to a cancelling inverse pair aa~! in a

string.
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Diagram groups

We say a diagram A is reduced if it contains no dipoles.
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We say a diagram A is reduced if it contains no dipoles.

This is analogous to a reduced string which has no cancelling inverse pairs.
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Diagram groups

We say a diagram A is reduced if it contains no dipoles.
This is analogous to a reduced string which has no cancelling inverse pairs.

Denote by D(P, u) the set of (u, u)-diagrams over P up to reducing
dipoles.
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This is analogous to a reduced string which has no cancelling inverse pairs.

Denote by D(P, u) the set of (u, u)-diagrams over P up to reducing
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Diagram groups

We say a diagram A is reduced if it contains no dipoles.
This is analogous to a reduced string which has no cancelling inverse pairs.
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We say a diagram A is reduced if it contains no dipoles.
This is analogous to a reduced string which has no cancelling inverse pairs.
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Then D(P, u) forms a group:
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Diagram groups

We say a diagram A is reduced if it contains no dipoles.
This is analogous to a reduced string which has no cancelling inverse pairs.

Denote by D(P, u) the set of (u, u)-diagrams over P up to reducing
dipoles.

Then D(P, u) forms a group:
@ concatenation
@ trivial diagram ¢,

e A~!is the mirror image of A
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Diagram groups

We say a diagram A is reduced if it contains no dipoles.
This is analogous to a reduced string which has no cancelling inverse pairs.

Denote by D(P, u) the set of (u, u)-diagrams over P up to reducing
dipoles.

Then D(P, u) forms a group:
@ concatenation
@ trivial diagram ¢,

e A~!is the mirror image of A

We call D(P, u) the diagram group over P with base u.
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Diagram groups

The class of diagram groups is closed under:
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Diagram groups

The class of diagram groups is closed under:
o Finite direct products;
@ Countable direct powers;
@ Free products;

@ Taking the restricted wreath product with Z.

However, it is not closed under taking subgroups.
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@ Free products;
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However, it is not closed under taking subgroups.
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Diagram groups

The class of diagram groups is closed under:
o Finite direct products;
@ Countable direct powers;
@ Free products;
@ Taking the restricted wreath product with Z.

However, it is not closed under taking subgroups.

Some familiar groups which are diagram groups:
o D(P,x) = Z where P = (x,y,z | x=y,x =2z,y = z);
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Diagram groups

The class of diagram groups is closed under:
o Finite direct products;
@ Countable direct powers;
@ Free products;
@ Taking the restricted wreath product with Z.

However, it is not closed under taking subgroups.

Some familiar groups which are diagram groups:
@ D(P,x) =Z where P = (x,y,z | x=y,x=2z,y = z);
@ D(P,x) = F where P = (x | x?> = x);
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Diagram groups

The class of diagram groups is closed under:
o Finite direct products;
@ Countable direct powers;
@ Free products;

@ Taking the restricted wreath product with Z.

However, it is not closed under taking subgroups.

Some familiar groups which are diagram groups:
o D(P,x) = Z where P = (x,y,z | x=y,x =2z,y = z);
@ D(P,x) = F where P = (x | x?> = x);
e D(P,x) = F, where P = (x | x" = x).
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Thompson’s group F

Thompson's group F is the group of increasing piecewise linear

homeomorphisms of the interval [0, 1] where the breakpoints occur at
points of the form

> and slopes have gradient 2k for k € Z.
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Thompson’s group F

Thompson's group F is the group of increasing piecewise linear

homeomorphisms of the interval [0, 1] where the breakpoints occur at
points of the form

> and slopes have gradient 2k for k € Z.

F is generated by the following two elements:
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Thompson’s group F

Thompson's group F is the group of increasing piecewise linear
homeomorphisms of the interval [0, 1] where the breakpoints occur at
points of the form 5 and slopes have gradient 2k for k € Z.

F is generated by the following two elements:

X 1
2 0<x<3
_ 1 1 3
A(x) = x—7 5<x<73
2x —1 %ngl
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Thompson’s group F

Thompson's group F is the group of increasing piecewise linear
homeomorphisms of the interval [0, 1] where the breakpoints occur at
points of the form 5 and slopes have gradient 2k for k € Z.

F is generated by the following two elements:

X 1
2 O<x<3
A(x) = x—% %ng%
2x —1 %ngl
X OSXS%
x 1 1 3
Bx)={2t3s z2=%=3
x—%+ 3<x<I
8 4 =" =38
2x—1 I<x<1
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