Multi-scale properties of continued fraction
sets

ALEX RUTAR

ABSTRACT. We survey the dimension theory of sets of real numbers with
regular continued fraction expansion restricted to a non-empty and possibly
infinite subset D C N.
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1. CONTINUED FRACTIONS WITH RESTRICTED DIGITS

1.1. Regular continued fractions. Letz € R. A (reqular) continued fraction expan-
sion of x is representation of the form

1
T = ag+ 1
ay + 1
as + 1
CL3—|——
where a,, € Z and a,, > 1 for n # 0. We will write = = [a¢; a1, az, as, . . .]. Itis easy to

check that the continued fraction expansion is infinite if and only if = is irrational,
in which case the continued fraction expansion is also unique. If z is rational then
there are two finite continued fraction expansions.

Henceforth, we only consider numbers = € I = (0,1) \ Q and write x =
la1,a2,as,...] = [0;a1,a9,as,...]. We are primarily interested in the following
subsets of I. For an arbitrary non-empty (and possibly infinite) subset D C N, we
write

Ap = {x = [ay,a9,a3,...] : a, € D forall n € N}.

This is the set of numbers for which the continued fraction expansion only contains
digits in D. A classical example is the case D = {1, ..., 7} for some 7 € N, in which
case Ap is the set of 7-badly approximable numbers.

The continued fraction expansion can be obtained in a natural way using the
Gauss map. The Gauss map is the transformation I': I — I defined by the rule

a - {121 ]1.

If £ = [a1, as, a3, a4, .. .|, then T'(z) = [az, as, a4, . . .|, so " acts like a left shift on the
continued fraction expansion of z. In particular, the sets Ap are forward invariant
for the Gauss map: I'(Ap) = Ap. These are certainly not the only invariant sets!
However, they are perhaps the simplest family of invariant sets.

1.2. Infinitely-generated self-conformal sets. We now see the representation of
the sets Ap which will be of primary use in this survey: as the attractor of an
infinitely-generated self-conformal IFS.

The Gauss map is far from invertible, in that I'"!(y) is a countably infinite
set for all y. On the other hand, for b € N, if we restrict I' to the interval J, =
((b+1)"1,b71) NT, then T is invertible and I'(J,) = I. We call the restriction T'| ;, a
branch of T'.

We can invert each branch to obtain a map ¢, = F}bl : I = J, C I. Concretely,
dp(x) = (b+ x)~!, which we can think of as a map from [0, 1] to [0, 1]. Then the
set Ap can equivalently be obtained as the maximal invariant set for the family of
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maps {¢p }rep: that is, the union over all sets £ C [0, 1] for which

E=]Jo(E).

beD

This allows us to place the study of the sets Ap in a somewhat more general
context.

Definition 1.1. Suppose (X, d) is a compact metric space and Z is a countable
index set. A countable family of maps {f;}icz from X to itself is (uniformly)
contracting if there is a constant { < 1 such that each f, is a Lipschitz contraction
with constant &:

d(fu(z), fu(y)) < &d(z,y) for all r,y € X.

Similarly to the case for the sets Ap, given a contracting family of maps {f;}.cz,
there is a unique maximal invariant set

A=A,

€T

We call the family {f;},czr an iterated function system (or IFS for short) and the
invariant set A the attractor.

AnTFS { f;},ez comes equipped with a surjective coding map 7: I — A defined
by the rule

{r((i)i)} = lim fi 0+ -0 fi,(X),

The contracting property and compactness of X ensures that the function = is
well-defined, and it is also easy to see that 7 is continuous when 7" is equipped
with the product topology. In particular, we alternatively note that A = 7(Z"). For
example, in the special case of the IFS {¢; } 1, 7 is the map which sends a sequence
(a,,)22, to the corresponding continued fraction [a;, as,a3,...],and roo =T o7
where o: D" — D" is the left shift map.

Studying general attractors of infinite iterated function systems is rather in-
tractable. Later on, we will make more assumptions on the maps { f; };cz. These
assumptions will be satisfied by the IFS {¢; }pep.

Remark 1.2. The maps ¢, are not literally contractions since ¢;(1) = 1. However,
the maps ¢, for b > 2 are uniformly contracting, and we can replace the map ¢;
with the set of maps {¢; o ¢, : b € D} (which is a uniformly contracting family),
and the resulting invariant set is unchanged by this operation. We will ignore this
problem and just speak of the maps { ¢ },ep as uniformly contracting even when
1eD.

Remark 1.3. Given a finite set of contracting Lipschitz maps {fi,..., fn}, the
transformation K +— fi(K)U--- U f,,(K) maps compact sets to compact sets, and
is in fact a Lipschitz contraction on the space of compact subsets of X R with the
Hausdorff metric, in which case the maximal invariant set A = f1(A) U--- U f,.(A)
is the unique non-empty compact set with this property.
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However, if there are infinitely many maps, then A need not be compact. In the
general countably infinite case, the set A is necessarily analytic, being a continuous
image of the Polish space Z" under the coding map 7. However, as far as I am
aware, it is not known if A is necessarily Borel. In the special case that the images
fn(X) do not overlap too much (say, each z € X is only contained in finitely many
images f,(X)), then A is a F,5 subset of X. This is the case for the sets Ap.

It is convenient, when working with repeated compositions, to have some short-
hand. We denote by Z* = | J;~, Z" all of the finite words of length n; we denote
by @ the unique word of length 0. Elements of 7* will be denoted in type-writer
font, like i or j. The space Z* is equipped with the operation of concatenation. For
i=(i1,...,i,) € I*, we write

Ji=fyo-ofi,.

We say that i is a prefix of j, and write 1 < j, if there is a k € Z* such that ik = j,
Ifi=(iy,...,1,) # &, we also write i~ = (i1,...,i,_1); in other words, i~ is the
unique prefix of i of length n — 1.

1.3. Hausdorff and box dimensions. We now briefly introduce the notions of
fractal dimension which will be the most important for us in this note. The most
fundamental notion is the Hausdorff dimension which may be defined as follows.
For 0 < § < oo and s > 0, we define the subadditive set function

H3(E) = inf {Z(diam An)*: E C | An, diam 4, < 5} .

n n=1

The Hausdorff measure H*(E) = lims_,o H;(E) is a metric outer measure and defines
a Borel measure on R%. The quantity H3_(E) is called Hausdorff content. Hausdorff
measure (or equivalently Hausdorff content) can be used to define Hausdorff
dimension:

dimpg £ = sup{s : H: (F) > 0} = inf{s : H*(E) < oo}

Hausdorff dimension is quite measure-theoretically robust. However, there is
also a much conceptually simpler notion of dimension called the box or Minkowski
dimension. For a bounded subset £ ¢ R and » > 0, we let N,(E) denote the
least number of balls of radius r required to cover E. Then the lower and upper box
dimensions are given respectively by

log N,.(E - log N,.(E
dimp F = liminf og—() and dimp F = limsup og—()‘
r—0  log(1/r) r0 log(1/7)

When the limits coincide, we call the shared value the box dimension and denote it

Remark 1.4. The terminology Minkowski dimension originates in an alternative
formulation of the box dimension due to Minkowski. Given a set E, let E(") denote
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the open r-neighbourhood of E and let m denote Lebesgue measure in R?. Then
vol(E™) ~ rN,(E)
SO

dim log(r~ vol(E™ log vol( E®
g E = limsup 280 VOUETD)) gy g 08 VOl BT
r—0 log(1/r) =30 log 7

Of course, an analogous formula holds for dimy £. The definition in terms of
covers is typically more convenient since it is independent on the embedding in
ambient space.

It is easy to check that
dimg £ < dimg £ < dimg F

and, for general subsets of R?, the dimensions can be distinct. Essentially, the
main difference between the Hausdorff and lower box dimensions is that the
Hausdorff dimension permits covers using balls of any radius, whereas the lower
box dimension only permits covers of a fixed radius .

1.4. Overview. We will study the Hausdorff dimension and the lower and upper
box dimensions of sets of continued fractions with restricted digits. More generally,
we will work with a general IFS { f; };cz with attractor A, for a finite or countably
infinite index set Z, acting on a compact subset X C R*.

Of particular interest is the family of maps {¢; }i,cp of inverse branches of the
Gauss map, and the corresponding restricted digit sets Ap. The non-linearity of
the maps ¢, results in a decent amount of technical difficulty, which obscures the
overall picture of the proof. Therefore, we will first handle the special case that the
maps f, are in similarities, and only later on §4.1 explain what needs to be done to
handle general conformal maps.

* In §2 we provide an introduction to infinitely-generated self-similar sets,
and prove results concerning the Hausdorff and upper box dimensions.
These results are originally due to Mauldin—-Williams [ ] and Mauldin-
Urbanski [ ; ].

¢ In §3 we turn our attention to the lower box dimension, still in the self-
similar case. These results are originally from [ ]. It turns out that there
is no elegant formula for the lower box dimension, so we will study the
more general question of asymptotics of the covering numbers r — N,.(A).
Then, we will use this to say something about the lower box dimension. For
example, we can obtain a simple classification of when the box dimension of
A exists.

* In §4 we tie up some loose ends, albeit with less detail than the earlier results.
Most notably, we discuss the sharpness of the bounds on the lower box
dimension, and also provide a summary of the key differences in the self-
conformal case and the main ideas of how to handle them. We also spend
some time discussing other notions of dimension.
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1.5. A note on implicit constants. Given functions f,g: A — [0, 00) defined on
some domain A, we write f < g to indicate that there is an implicit constant C' > 0
such that f(a) < Cg(a) foralla € A. If f < gand g < f, we also write f ~ g.

We will fix an IFS {f; },cz defined on a compact subset X C R?. The implicit
constants are permitted to depend on the ambient dimension d, the uniform upper
bound ¢ on the contraction ratio, and diam X. Any other dependence will be
indicated explicitly with a subscript, like <..

2. INFINITELY-GENERATED SELF-SIMILAR SETS

2.1. Self-similar iterated function systems. Let us begin by introducing the key
concepts concerning self-similar iterated function systems.

Definition 2.1. Let (X, d) be a metric space. A map f: X — X is a similarity if
there is a number A > 0 so that for all z,y € X,

d(f(x), f(y)) = Ad(z,y).

We call the number A the similarity ratio.

In R, similarity maps can always be written in the form f(z) = AOz + t where O
is an orthogonal matrix and ¢ € R? is a translation.

A self-similar IFS is an IFS { f; };cz where the maps f,, are contracting similarities.
Given i € Z*, we let p(i) € (0, 1] denote the similarity ratio of f;. Observe that
p is multiplicative: p(ij) = p(i)p(j). The quantity p is important since f;(X) is
essentially a copy of X scaled down by a factor of p(1).

Assuming that the maps f; are similarity maps is very useful, but without
more assumptions it is still rather difficult to understand the dimension theory
of the attractor A. Essentially, the difficulty is that the sets f;(X) may overlap
substantially, in which case the geometry of X depends not only on the similarity
ratios of the maps f; but also on how the images f;(X) are arranged in space.
Even in the case that 7 is finite, this is a very difficult problem and dimension of
the attractor is not known in general. Some of the most general results concerning
the Hausdorff dimension in the overlapping case can be found in [ ; ;

; ; ; I

In the special case of continued fractions, however, the functions ¢, were
obtained as the inverse branches of the Gauss map, so the sets ¢,(I) are disjoint
for distinct values of n. The following assumption is a close sibling to such a
disjointness assumption.

We say that a subset F C Z* is mutually incomparable if i is not a prefix of j for
alli, j € Fwithi #j.

Definition 2.2. We say that the IFS {f;},cr satisfies the bounded neighbourhood
condition if there exists M € N so that for all mutually incomparable F C I*, for
allz € X, and for all r € (0, 1),

#{ie F:p(i)>rand fi(X)N B(x,r) # 2} < M.
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Example 2.3. A simple example of an IFS of similarities can be obtained from the
Liiroth expansion on [0, 1]. For each n € N, let g,,: [0, 1] — [0, 1] denote the unique
orientation-preserving affine map which maps [0, 1] to the interval [1/(n + 1), 1/n].
More precisely,

() x . 1
n(2) = :
g nn+1) n+1

The IFS {g, }.—1 is the set of inverse branches of the transformation

-3 ()|

and produces expansions of the form

L ! +---+ !
P R T
ap  ai(ay —1)ay - H;L;l aj(a; —1)

This is a linearized version of the Gauss map, with the branches flipped.

This IFS satisfies the bounded neighbourhood condition with constant 3 since,
for a mutually incomparable family F, the sets f;((0,1)) for i € F are disjoint
open intervals of width p(i).

2.2. Hausdorff dimension of the attractor. When 7 is a finite index set and { f; };czr
is an IFS of similarity maps satisfying the bounded neighbourhood condition, it is
well-known that the attractor A satisfies

dimpyA=s  where Zp(i)S =1
i€Z
The upper bound is immediate, since the family of sets { f; (X ) }iczv is a cover for
A with

> " (diam f;(X))* = (diam X)* >~ p()*

ieZn ien

= (diam X)® (Z p(i)s>
= (diam X)*

< Q.

The lower bound requires slightly more work, but argument is essentially as
follows. Using the equation ) . _; p(7)° = 1, define a product measure on the space
p" on Z" where p is the measure on Z which assigns mass p(i) = p(i)®. Let u
denote the pushforward of p" under the coding map 7. Then, using the bounded
neighbourhood condition, check that ;. is well-distributed, in that (B(z, 7)) < Cr®
forall 0 < r < diam X and x € A. Finally, we can use p to obtain a lower bound
on the s-cost of any cover of A: if A C |, A,, then

1=p(A) < ZM(B(xn,diamAn)) < C’Z(diamAn)s

n=1
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where z,, € A,,. Since A,, was an arbitrary cover, it follows that #*(A) > 0 and
therefore dimy A > s.

When Z is infinite, we immediately run into an issue: the equation ) ,_; p(i)* =
1 may not have a solution! Regardless, we can still say something useful. Write

P(t) =105 Y i)'

We call P the pressure function corresponding to the IFS. Then, we set
(2.1) h:=inf{t > 0: P(t) < 0}.

The exact same argument as in the finite case shows that dimy A < h. In fact, for
alle > 0,

22) SUSEED POy N

ieT* n=0 i€

On the other hand, it need not hold that P(h) = 0. It can happen that P(t) =
+o00 for small values of ¢, and the moment P(?) is finite it already takes negative
values bounded away from 0. To this extent, we write

Q={t>0:P(t) < oo} and n = inf (0

We call ) the finiteness parameter. Clearly 0 < n < h, and n = 0 if and only if 7 is
finite. Since P is strictly decreasing, either Q2 = (1, c0) or 2 = [, c0).

Moreover, one can check that P is a continuous and convex function on 2. In
particular, if for instance n < h, then necessarily P(h) = 0.

If P(h) = 0, one can (with rather more work) develop a similar theory as in the
finite case Z and define a well-distributed measure ;. on the attractor A, and with
that obtain a lower bound for the Hausdorff dimension of A. This is done in detail
in [ ]. But if one is only interested in the Hausdorff dimension, it turns out
that one only requires the results in the finite case to complete the proof.

Let Fin(Z) denote the set of all finite subsets of Z. Moreover, for & # F C Z,
we let A denote the attractor of the IFS { f;}icr. The following result is [ ,
Theorem 3.15].

Theorem 2.4. Let {f;};cz be an IFS of similarities satisfying the bounded neighbourhood
condition, with pressure function P(t) and attractor A. Then

dimg A = inf{t > 0: P(t) < 0} = sup{dimyg Ar : F € Fin(Z)}.

Proof. We already saw that dimpy A < h. Since A C A for all F € Fin(Z7), it
remains to show that

h < sup{dimy Ar : F € Fin(Z)}.

If h = 0 there is nothing to prove; otherwise, let 0 < s < h be arbitrary so that
P(s) > 0 (note, perhaps, that P(s) = +o00). Equivalently, > ,_; p(i)° > 1. By the
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usual properties of summation, there is a finite subset 7 C Z such that

> pli) > 1.

ieF

But recalling the formula for dimy A £, this means that dimy Az > s. Since s < h
was arbitrary, the proof is complete. O

To summarize, the sets fi(X) provide natural families of covers, and the covers
obtained in this way are optimal from the perspective of Hausdorff dimension.

2.3. Upper box dimension of the attractor. Now that we have a good picture of
the Hausdorff dimension, let us turn our attention to the upper box dimension.
We continue to write h = inf{t > 0: P(t) < 0}.

Unlike the Hausdorff dimension, the upper box dimension can be strictly
greater than 0 even for countable sets. For example, it is a good exercise to verify
that

1
dimg{n~':n € N} = 3

The IFS of similarities { f; };cz contains a countable subset which may be large from
the perspective of the upper box dimension. For each map f,, let x,, denote the
unique fixed point, and let F' = {z, : i € Z}. Certainly, F' C A. Moreover, it could
happen that dimg ' > 0, and this is an obstruction to the upper box dimension:

(23) di_mB A 2 max{h,di_mB F}

This seems like a rather trivial obstruction, but let us note two facts. Firstly,
one must also contend with images f;(F') for i € 7%, and this family of sets is
rather more substantial. Secondly, since dimg A NV = dimp A for any open set V'
intersecting A, by a Baire category argument, it in fact holds that dimg A = dimp A,
where dimp A is the packing dimension which (for our purposes) can be obtained

as countably stabilized upper box dimension:

dimp £ = inf{maxdimp E; : £ C UEZ}

i=1

Since the p_acking dimension is countably stable, dimp F' = 0, but regardless

Remark 2.5. The precise choice of F as the set of fixed points of the maps f; is
convenient for the proofs, but it is not essential. For example, one could take any
point z; € f;(X) fori € Z and let F' = {x; : i € Z}. See §4.2 for more detail.

The following result was first proven in [ ], with a somewhat different
inductive proof. We present an alternative proof since (at least in my opinion) the
proof is more transparent, and moreover the technique generalizes more easily
when we handle the lower box dimension.
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Theorem 2.6. Let {f;};cz be an IFS of similarities with attractor A and fixed point set
F. Then

di_mB A S max{h,di_mB F}

In particular, if dimy A > h (for instance, if the IFS satisfies the bounded neighbourhood
condition), then equality holds.

Proof. Let e > 0 be arbitrary and let » > 0 be small. We will provide an upper
bound for N,.(A).
First, iterate the self-similarity relation:

N,(A) = N, <U fi<A>> :
ieT
At this point, we cannot swap the covering number N, and the union, since the
union is infinite. However, we can split the indices in 7 into two families. If
p(i) < r,since f;(A) N F # @, f;(A) ¢ FtrdamX) Moreover, since we are in RY,
there is a constant C' > 0 so that N5(E©®)) < CN;(E) for any set £ C R*and § > 0.
For the terms p(i) > r, at least heuristically, swapping the union and covering
number is not too lossy. Therefore, we decompose

NN <N U Q)|+ DD N(fi(0)
i€l €T
p(i)Nr p(i)>r

< N(FUAmX)) 1% 7 N(fi(A))
€T
p(i)=r
SCONJ(F)+ > Nypay1(A).
1€T
p(i)zr

In the last line, we used self-similarity: the set f;(A) is a self-similar copy of A so
Ni(fi(A)) = Nyoy-1 (A)-
Now, we can apply the exact same argument to each set IV, ;-1 (A):

N,.(A) < CN,.(F) + Z CNyppiy-1 + Z Nop(ij)—1

i€l jez

p(i)>r p(j)=rp(i)
=CN,(F)+ > CNppiy-1(F) + Y Nopay-r(A).

i€l ie7?

p(i)>r p(i)>r

Now, recall that the IFS is uniformly contracting, so p(i) < &* for i € Z*. In other
words, if we iterate the above procedure k times where £ is sufficiently large so
that ¢¥ < r, the final sum becomes empty and we obtain the general upper bound

(2.4) Nr(A) <C Z Nrp(i)*l(F)'
ieT*
p(i)=r
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So, we have replaced the question of covering A with a problem of bounding the
covering numbers of many copies of F' at many different scales. In order to bound
the above sum, we find a new representation of the sum in a more convenient
form. Define

log p(1)
25 ) =1- &
Equivalently, 6;(r) is chosen so that 7%(") = rp(i)~!. Note that 6;(r) € [0, 1], and
therefore
. mg F+e
p(i)
N () 5. (22)
1 05 (r) (dimp F+e)+(1-0s(r)) (h+e)
(2.6) (1) (_)
”
. 1 max{h,dimpg F}+e

<pi)"*e (-

< p(a ()
Substituting this back into (2.4) and then using (2.2),

1 max{h,dimg F}+¢
Vg 3 (1)
i€T* "
p(i)=r
1 max{h,dimpg F}+e
<(+) 3 pla)e
i€T*
max{h,dimp F}+e
1

< Z

< () |
Therefore dimg A < max{h, dimg F'} +¢. O

3. LOWER BOX DIMENSION AND ASYMPTOTICS FOR COVERING
NUMBERS

We now turn our attention to the lower box dimension. Unlike the upper box
dimension, it turns out that the case of the lower box dimension is quite a bit more
subtle.

Let us begin with a simple bound, which only uses our results on the Hausdorff
and upper box dimensions:

(3.1) max{h,dimg F} < dimg A < dimp A = max{h, dimg F}.

In particular, this immediately provides two trivial mechanisms to guarantee that
the box dimension exists:
(i) We have i > dimg F, in which case dimg A = h. In other words, the Haus-
dorff dimension is sufficiently large that we can simply ignore the set of
tixed points.
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(ii) We have dimy F' = dimg F, in which case dimg A = max{h, dimg F'}. This
case occurs when the fixed point set itself is sufficiently regular.
Perhaps surprisingly, it turns out that these are the only two mechanisms under
which the box dimension can exist. In fact, we will prove the following result:
dimg A = dimg A if and only if max{h, dimp F'} = max{h,dimp F'}. This was first
provenin [ ].

Unfortunately, there is a problem: it turns out that there is no simple formula
for dimy A. More precisely, there is no formula for dimy A which depends only on
h, dimy F, and dimg F.

Let us briefly try to understand the difficult by inspecting the proof of Theo-
rem 2.6, and trying to substitute the lower box dimension in place of the upper
box dimension. Heuristically speaking, (2.4) is not so lossy: below, we will give
a different shorter proof of a slight generalization of (2.4) below in Lemma 3.5,
which is clearly optimal. The main loss occurs in the first inequality in (2.6) if
dimp F < dimp F. Moreover, the optimal exponent here depends on the value
of 6;(r), which could take (essentially) any value in the interval [0, 1]. So, to un-
derstand the covering number at scale r, we need to know something about the
covering numbers of F' at all scales between r and 1.

This motivates us to instead try to answer the following more general question:
can we obtain an asymptotic formula for the covering numbers r — N, (A) given
the Hausdorff dimension i and the covering numbers r — N,.(F')? We are asking
for quite a bit more information about A, but in exchange we receive quite a bit
more information about F'. It will turn out that this question has a concrete answer,
and we can use the concrete answer to this question to provide sharp bounds
on the lower box dimension (in terms of h, dimy F', and dimg F) which in turn
provides the classification of existence of the box dimension of A.

3.1. Branching functions. Let us first briefly introduce a formalism around the
covering numbers r — N, (F). We begin with a normalization which is very
convenient.

Definition 3.1. Given a set E C R?, the branching function of E is the function
BE: [0,00) — [0, 00) given by

Bi(u) = log Ny (E).

Here, the logarithm is in base 2. The reason for choosing this normalization of the
covering number is that the function g is essentially an increasing d-Lipschitz
function with S5(0) = 0. The d-Lipschitz property occurs for the following reason.
Given u,v > 0, we need to upper bound N, (1) (E) in terms of No—u(E). First
fix an optimal cover {B(z1,27%),..., B(x,,27")} for E, where n = Ny-«(E). Then,
working in R?, we can cover each ball B(x;,27") with C;,2% balls of radius 2-(“**),
where C; is some constant depending only on d. Therefore

(32) Bp(u+v) =10g No-win (E) < log (Ca2? No-u(E)) < Br(u) + dv + log Cy.

In other words, (g is d-Lipschitz up to a fixed additive error term.
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Here is a formalization which makes it slightly easier to work with the error
terms. Let B(d) denote the increasing d-Lipschitz functions g: [0,00) — [0, c0)
with ¢(0) = 0.

Proposition 3.2. Forall d € N, there is a constant My € R such that the following holds:
Let E C R?. Then there exists g € B(d) so that for all u > 0,

|BE(u) — g(u)| < Mg+ dlog(l + diam E).
Proof. Let C; > 0 be chosen so that
(3.3) Ny (E) < Cy(diam E)424
and (3.2) holds. Let M,; = log C,;. Now, set

g=sup{h € B(d): h < fg}.

The supremum is non-empty since Sr > 0. Moreover, it is easy to check that 5(d)
is closed under suprema, so g € B(d).
Now, let v > 0 be fixed. If fg(u) < My + dlog(1l + diam E), there is nothing to

prove. Otherwise, consider the piecewise linear function 1, such that:

(@) Yu(u) = Bp(u) — Mg — dlog(1 + diam E) > 0,

(b) v, has constant slope d on [0, u], and

(c) 1, is constant on [u, 00).
By (3.2) and since [ is increasing, it follows that ¢, < g on [0, 00). Moreover,
recall from (3.3)

Br(u) < My + dlog(diam E) + ud.
In particular, 1, (0) < 0. Thus max{0,,} € B(d) so

g(u) > ¥y (u) = Bp(u) — My — dlog(1 + diam E).

Since v > 0 was arbitrary, the proof is complete. 0

We can also choose branching functions which play nicely with the lower and
upper box dimensions.

Proposition 3.3. Let E C R and let s = dimg F and t = dimp E. Then there exists
g € B(d) such that g = g + o(u) and su < g(u) < tu for all u > 0.

Proof. First apply Proposition 3.2 to get f € B(d) such that f = Sz + O(1), and
then set

g(u) = min{max{ f(u), su}, tu}.

In other words, g(u) is obtained by clamping f(u) to the desired range [su, tu]
Clearly g € B(d); we must show that g = f + o(u).

Indeed, for any € > 0, for all u sufficiently large by definition of the lower and
upper box dimension, (s — )u < f(u) < (t + €)u. Therefore either f(u) € [su, tu]
in which case f = g, or | f(u) — g(u)| < eu. Since this holds for all € > 0, it follows
that g = f + o(u). O
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3.2. A candidate asymptotic formula. Recall our goal in this section: given an IFS
of similarities { f; };cz satisfying the bounded neighbourhood condition, we wish
to give essentially sharp bounds on (4 (u) in terms of h and Sr(u). More precisely,
we will provide a formula for the equivalence class 84 (u) + o(u) in terms of i and
Br(u) + o(u). The o(u) error term is acceptable since, for example,

dimpg A = lim inf ﬁA(u)
U—00 u

Remark 3.4. It is an interesting question to try to determine sharper asymptotics,
but as we will see this would likely require (at the very least) additional assump-
tions on the similarity ratios p(7). For an explicit formulation, see Question 4.16.

Our strategy is essentially as follows. For the upper bound, we will follow the
proof of Theorem 2.6 but whenever possible input information about 8. Then,
we prove a matching lower bound by considering finite subsystems.

In the proof of Theorem 2.6, we first obtained the formula (2.4) using an
inductive argument, and then used (2.4) along with some algebraic manipulation
to obtain the upper bound on the upper box dimension. It is not too difficult to
furnish a direct proof of (2.4) with less effort. Given r € (0, 1), define

F(r) = U fi(F).
p2r

Of course, F*(r) C Aforall r € (0,1), and F*(r) = F for r sufficiently close to 1.
Essentially as proven in (2.4), the sets F*(r) provide good approximations to A at
scale r. We recall that £ denotes open §-neighbourhood of E.

Lemma 3.5. Let {f;};cz be an IFS of similarities with attractor A and fixed point set F'.
Then for all v € (0, 1),

AC (F*(T))(r-diamX)'
Proof. Let x € A be arbitrary. Iterating the self-similarity relation, there is an

ieZ*withp(i) <7, p(i7) >r,and z € f;(A). Write i = i~j and let z; € F be
the unique fixed point of f;. Then

fi-(z;) = fi-(fi(z;)) = fi(z;) € fi(A).

Since p(i~) > r, fi-(x;) € F*(r) by definition, so f;(A)NF*(r) # @. Since p(i) < r,
diam f;(A) < rdiam X so that

v € fi(A) C (F(r))rdm )
Since x € A was arbitrary, the proof is complete. O

Now, let us try to guess a formula for 3,, given Sr and h. Using Lemma 3.5 and
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the fact that the f; are similarities,

A) S j{: Nip(ay-1 (F)

ieT*

p(i)=r
The bounded neighbourhood condition implies this inequality is quite close to
being an equality. Now recall the definition of §; = 0;(r) from (2.5). Write r = 27
foru > 0,s0 rp(i)~' = 27%*. Taking logarithms and recalling the computation
from the proof of Theorem 2.6,

u) <log Y Ny (F) = log Z p(3)h201-05) kB (02)
p(i)=r p(i)>r
h
< oiug (Br(z) + h(u—2)) +log Z p(1)
== i€+

In the second line, we used the fact that 6; u takes values on [0, u]. Swapping the
summation and the supremum is not so lossy since, by pigeonholing and losing a
log u error term, we may assume that rp(1)~" is essentially constant, which does
not cause issues since [ is essentially continuous. This gives us the following
candidate formula for §,:

Ba(u) = Oiggu(ﬁp(z) + h(u — z)) + o(u).

In order to make this sketch rigorous, we first prove a few essential technical facts.

3.3. Technical results concerning level sets of cylinders. The first technical
concerns the summation defining the pressure function P.

Lemma 3.6. Forall e > 0, there is a constant C' = C(e) > 1 so that

1\ ¢ . ' 1\ ¢
(;) < D) p)" < ) pE) < (;) -
iel* ieZ*
Cr>p(i)>r p(i)>r

Proof. We begin with the upper bound. Recalling (2.2),

. 1\*
> p(l)hé( ) > pd)e s ( ) :
ieZ* ier*
p(1)=>r

For the lower bound, we approximate the summation using finite subsets of Z.
Since Y, ., p(i)"* > 1, there exists F € Fin(Z) and ¢t > h—esothat ). p(i)" = 1.
Let C' = max{p(i)~' : i € F}, so every infinite word = € F" contains at least one
prefix with r < p(i) < Cr, and therefore

P e ) )= ) pE) >
ieT* iel* ieF*
Cr>p(i)>r Cr>p(i)>r Cr>p(i)>r

The proof is complete after rearranging. O
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Lemma 3.6 shows at the cost of a (1/7) factor, we may restrict attention to maps
with similarity ratio approximately r. Using the bounded neighbourhood condi-
tion, we can transfer the symbolic result concerning the pressure to a geometric
fact about the distribution of the cylinders f;(X).

Lemma 3.7. Let {f;}icz be an IFS of similarities satisfying the bounded neighbourhood
condition with constant M. Then forallC > 1and 0 <r < R <1,

1

MOdr1 Z Nyyr(F) S Ny U fi(F) | st Z N,/r(F)
CR>p(1)>R CR>p(i)>R CR>p(i)>R

Proof. For the upper bound, note that rp(i)~' > r/CR, so the statement holds
with N, cr in place of N, /g, but these covering numbers are the same up to a
factor C times a constant in R?.

For the lower bound, we find a large subset of M = {i € Z* : R < p(i) < CR}
such that the sets f;(F) are R-separated. First, since each infinite x € Z" contains
at most < log(C) + 1 < C prefixes i in M, we may find a mutually incomparable
sub-family M; C M such that #M; > 5#M. Next, since diam f;(F) S CR,
we can cover f;(F) with < C9 balls of radius R. For each such ball B(z, R), by
the bounded neighbourhood condition, there are at most /M words i € M; such
that f;(F) N B(x, R) # @. In particular, there are < MC¢ words j # i such that
d(fi(F), f;(F)) < R. Thus the greedy algorithm yields a subset M, C M; with
#My = M~LC~# M such that d(fi(F), f;(F)) > Rforall i # j in M,. Since

~

r < R, the lower bound follows. 0

3.4. Proof of the asymptotic formula. We now have our main result on the
covering numbers r — N, (A). This result was first established in [ ], in the
more general case that the maps are conformal.

Theorem 3.8. Let { f;}icz be an IFS of similarities satisfying the bounded neighbourhood
condition with attractor A and fixed point set F. Then its branching function satisfies

Ba(u) = Sup (Br(z) + h(u—2)) + o(u).

Proof. Let e > 0 be arbitrary and let C' = C. > 1 be the corresponding constant
guaranteed by Lemma 3.6. Let u > 0 and set r = 27" and let » < R < 1 be arbitrary.
Let 6 be chosen so that r/R = 2% and write N, g(F) = R'2U-0hutBru) Gince
R < p(i) < CR,by Lemma 3.7,

N, U fi(F) | = Z Nyr(F)
iel* iel*
CREp(1)>R CREp(1)>R

— 9(1=0)hu+Bp(0u) Z R"

iel*
CR>p(1)>R
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~, 9 (1=0)hu+Bp (0u) Z p<i)h.

iel*
CR>p(1)>R

By Lemma 3.5 and the pigeonhole principle,

log C.
————— N, (A) < sup N, i(F) | < N.(N).
1+ log(1/r) ( )_rSRI;l ig* AE) W
CR>p(1)>R

As R ranges from r to 1, 6 ranges from 1 to 0. Thus applying Lemma 3.6, there is a
constant M, > 0 so that, taking logarithms,

Baw) — sup (Br(z) + h(u - z))‘ < cu M.

0<z<u

Since € > 0 was arbitrary, we are done. O

3.5. The asymptotic formula as an operator. Let A denote the family of increasing
functions from [0, c0) — [0, 00), and recall the space B(«a) of functions which are
a-Lipschitz and satisfy f(0) = 0. Certainly B(«) C A; we recall from §3.1 that B(d)
is essentially the space of branching functions of subsets of R%.

With Theorem 3.8 in mind, for a number 0 < hand f € A, let

Un(f)(u) = sup (f(2) + h(u—2)).
0<z<u
Since f is increasing, ¥ is the identity map. On the other hand, ¥, for » > 0 is
already a non-trivial operator; for instance ¥, (f)(u) > hu for any f € A.
We begin by establish some basic properties of V), as an operator.

Proposition 3.9. Let h > 0 and f, g € A. The following hold:
(1) v, feA
(ii) If h < aand f € B(«), then U}, f € B(a).
(iii) If n € Aand f < g+ n, then ¥, f < Vg + 1.
(iv) If f < g, then V), f < Wg.
() If f =g+ o(u), then Uy, f = Vg + o(u).
(vi) If f =g+ O(1), then U, f = U9 + O(1).

Proof. For f € Aand z > 0, define

) = f(u) 0<u<z
fo(u) {f(z)—i—h(u—z) 2z <u

Observe that V), f = sup, f.. If f € A, then f. € A, and a supremum of increasing
functions is increasing, so U, f € A giving (i). Similarly, if f € B(a) where a > h,
then f, € B(«); since B(«) is closed under suprema, ¥, f € B(«) giving (ii).
Now, for (iii), observe that
Uy f(u) = sup (f(2) +h(u— 2))

0<z<u
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< sup (g(2) +n(2) + h(u— 2))

0<z<u
< Upg(u) +n(u)

since 7 is increasing. Then (iv) follows by taking n(u) = 0, (v) follows by taking 7
with lim,, ., v 'n(u) = 0, and (vi) follows by taking n(u) = C. O

Recall from Proposition 3.2 that if F C R?, then there is an f € B(d) such that
Br = f+ O(1). By Proposition 3.9, the O(1) error term is preserved by the operator
VU, and ¥, descends to an operator on B(d). Therefore instead of thinking of ¥}, as
acting on the branching function 3r, we think of ¥), as acting on a representative
f € B(d) for Bp.

A convenient consequence of working with a representative f € B(d) is that,
by continuity of f, for each u > 0 there is a maximal 0 < u < (;(u) which realizes
the supremum:

Wn()(w) = F(G(w)) + hu = Gu(u)).
Now we give a simple description of the operator VU, restricted to B(«). For
0<h<aq,set
Bn(a) ={f € B(a): flu+2) > f(u) + hzforall 0 < z < u}.

The space By («) is the set of branching functions which are lower h-Lipschitz: if
Jf(u) denotes the set of derivatives of f at u, then By («) is the set of functions
f:1]0,00) = [0, 00) with f(0) = 0and df(u) C [h, ] for all u > 0.

Proposition 3.10. Let 0 < h < awand f € B(«a). Then

U, (f) =inf{g € Bp(a) : g > f}.
In particular, U}, : B(a) — Bp,(«) is surjective and idempotent.

Proof. Let f € B(«). Clearly ¥, f > f. We next show that ¥, f € Bj,(«). Recall
that ¥), f € B(«) from Proposition 3.9 (ii), so it suffices to check the h-Lipschitz
property. Let 0 < v < u: then

U f(u) > h(u = Gu(v)) + f(Cu(v))
= h(u — Gu(v)) + nf(v) = h(v — G (v))
=V, f(v) + h(u—v)

as required. To complete the proof, suppose g € By, () and g > f: we must show
that g > ¥, f. Indeed, using the h-Lipschitz property of g,

Wnf(u) = f(G(w) + hu = Cu(w)) < g(Gu(w)) + h(u = Cu(u)) < g(u).
as required. O
The formula Proposition 3.10 has a natural geometric interpretation. Momentarily

forget about the formula for /55, and assume we are given the values h and the
function Sr. What can we say about 5,7
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0

FIGURE 1. A branching function f and the corresponding function ¥y, f.

—

Since F' C A, we must have r < ).
2. Suppose we know the value of 5, (u). What can we say about £x(u + v)?

Let {B(z;,27")} be a maximal family of disjoint balls with z; € A. Since A
is self-conformal, in a heuristic sense, we can find a copy of A scaled by a
factor of 27" inside each ball B(z;,27"). Since A is h-dimensional, this means
that Ny (urv) (B(z;,27%) N A) > 27+ in words, A is “at least h-dimensional
in all balls”. But this property of being “at least h-dimensional between all
pairs of scales”, at the level of branching functions, is the same as saying that
B is lower h-Lipschitz.

Proposition 3.10 says that these are the only two obstructions: 3, is as small as

possible, given that it is bounded below by 5 and lower h-Lipschitz.

Note, in the infinite case, that property 2 is not literally true: the issue is that
in a ball B(x,r) with x € A, there need not exist a copy of A rescaled by a factor
of exactly r: the rescaled copy could be much smaller. However, this is still true
on average in a weak sub-exponential sense, and this is what is formalized in the
proof of Theorem 3.8.

3.6. Consequences for the lower box dimension. Now, we use Theorem 3.8 to
obtain some applications concerning the lower box dimension. The first appli-
cation is a non-trivial bound on dimg A in terms of h, dimy F, dimp F, and the
ambient dimension d. Given 0 < s < ¢t < aand 0 < h < ¢, let

{h} 1t <h,
[max{h, sk h+ (t_h)(ﬂ] :t> h.

at—hs

D(h,s, t,a) = {

Note that D(h, s, t, ) is not a singleton if and only if 0 < h < tand 0 < s < t.

Corollary 3.11. Let { f;}icz be an IFS of similarities satisfying the bounded neighbour-
hood condition with attractor A and fixed point set F'. Then

dimg A € D(dimg A, dimg F, dimg F, d).

Proof. Write s = dimg F and t = dimg F. If t < h or s = t, we already
saw that dimg A = max{h, s}, and in these cases D(h, s,t,d) = {max{h,s}}. If
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T tu
— g
- Uyg
t—h)(d—h)s
Z'(h+( dt)ihs : )
T s
U
v w z

FIGURE 2. The upper bound g in the proof of Corollary 3.11, in the
special case that f(w) = sw. The dashed line has slope h. The function
/ (not depicted) is some branching function bounded above by g and
below by su.

dimg F < h or dimg F' = dimg F, we already saw that dimy A = h. Therefore we
may assume that s < ¢t and h < t. By Proposition 3.3, get f € B(d) such that
f = 0Br+o(u), f(u) € [su,tu] for all u > 0. Then Sy = V), f + o(u) by Theorem 3.8
and Proposition 3.9 (v).

Let s < s’ < t be arbitrary. By definition of s = dimy F), there exists arbitrarily
large w > 0 such that f(w) < s'w. Fix such a value w, let v < w be such that
tv = s'w and consider the function

tu U,
g(u) = q tv tv<u<w,
tv+dlu—w) w<u.

Clearly g € B(d). Moreover, since f(u) < tuand f(w) < s'w, f < g. In particular,
by Proposition 3.9 (iv), ¥, f < Uyg.

Since h < t < d, g is bounded above by the affine line {(u) = tv + h(u — v) on
the interval [0, z] where z is the largest intersection point of g and ¢ (and the only
intersection point other than (v, /(v))). For this value z,

Unf(2) < Wng(z) = £(2).

Writing v and z in terms of w (and the ambient data s/, ¢, h, and d), a direct
computation shows that

((2) (t—h)(d—h)s
SR
z i dt — hs'
Since this holds for arbitrarily large 2, and since s’ > s was arbitrary, we conclude
that dimy A € D(h, s,t,d) as claimed. O

Remark 3.12. In fact, the bounds in Corollary 3.11 are sharp in the following sense:
given any values for0 < h < d,0 < s <t <d,and g € D(h, s,t,d) there exists an
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IFS of similarities on R satisfying the bounded neighbourhood condition with
attractor A and fixed point set F’ such that dimy A = h, dimg F' = s, dimp F' = ¢,
and dimy A = . See §4.3 for more details.

Remark 3.13. The sets D(h, s, t, &) are monotonically increasing in o. Moreover,

D(h,s,t,00) = lim D(h,s,t, a)

a—0o0

R :t < h,
B [max{h, s}, s+ (1—2)h] :t>h.

This gives non-trivial bounds which are valid in all dimensions simultaneously.

Using Corollary 3.11, we now obtain our characterization of the existence of the
box dimension of A. This fact is intuitively clear from Figure 2: as long as s < ¢
and h < t, the dashed line intersects the function g strictly below the line with
slope t.

Corollary 3.14. Let { fi}icz be an IFS of similarities satisfying the bounded neighbour-
hood condition with attractor A and fixed point set F. Then dimy A = dimg A if and only
if dimp F' < max{h, dimg F'}.

Proof. Recalling the earlier discussion in (3.1), if dimg F' < max{h, dimg F'},
then it follows immediately that dimy A = dimp A.
Conversely, suppose that dimg F' > max{h, dimg F'}. In particular,

S dimp F
dimg A > h d —
impg /A > an dl_mBF >
Thus by Corollary 3.11 and Remark 3.13,
. . dimg F
dimg A < dimg F' + (1— di_mBF> h
<dl_m13F+(1_di_mBF) imp F
= dimp F
< dimp A
as claimed. O

4. VARIOUS LOOSE ENDS

We now tie up a variety of loose ends, sometimes with full proofs and sometimes
with less detail. Most notably, we discuss the general self-conformal case, discuss
a few other notions of dimension, and conclude with some open problems.
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4.1. Infinitely-generated self-conformal sets. Let us first discuss what must be
changed to handle more general self-conformal iterated function systems. For us,
the following definition will be sufficient.

Definition 4.1. We say that the IFS { f; }.cz is weakly conformal if there are constants
¢c>0,K>1,¢€(0,1),and a function p: Z* — (0, 1] such that:
@) p(2) =1,
(i) p(i) <& foralli € Z,
(i) K~'p(i)p(j) < p(ij) < p(i)p(j), and
(iv) for all » > 0 sufficiently small, x € X, and r > 0,

(4.1) B(fi(x),cp(i)r) € fi(B(z,r)) € B(fi(x), p(i)r).

Remark 4.2. Condition (ii) is just strict contractivity of the IFS.

Since the ball B(z,r) may not be contained in X, Definition 4.1 implicitly
assumes that that there is an open neighbourhood V' of X such that each f; may
be extended to map on V.

Example 4.3. Let us verify that these assumptions are satisfied for the inverse
branches of the Gauss map. For each function ¢, recall that ¢,(z) = 1/(b+ ). Let
us prove, by induction on n, that for each b € N,

(-1

(px + q)?

forintegers 1 < p < ¢. (In fact, the constants p and ¢ are precisely the denominators
of the convergents at steps n — 1 and n respectively.) Clearly this is true for n = 1.
Now let n > 1 be arbitrary and suppose b € N"*'. Write b = b~j so

P D ) e SN ) i
b PG +2) " +a? G+a?  (qz+(gj+p)

(4.2) () =

which is of the claimed form.

Now, it is easy to check using (4.2) that |¢y(x)| < 4|¢;(y)| for all z,y € [0,1];
and therefore in some small open neighbourhood [0, 1] C V we have that |¢} (z)| <
5|¢y(y)| for all z,y € V. Thus we can define the function p(b) = sup,¢y |¢,(x)| and
the IFS is weakly conformal with constants ¢! = K = 5.

Similarly to the definition of the pressure in the self-similar case, the function p
allows us to define the pressure in the self-conformal case:

P(t) = lim ilog Sm(t) where Sm(t) = Z p(i)".

m—oo M, fezm
i

By Definition 4.1 (iii), it always holds that K Sy (¢) S, () < Skm(t) < Sk(t)Sm(t).
Therefore, the limit defining P(¢) always exists and moreover that S,,(¢) < oo if
and only if 5;(¢) < co. Moreover, since the IFS is strictly contracting, we can write

1 1
—log Y p(i) =tlog&+ —log Y (£"p(i))"

iezlm iezm



SETS OF CONTINUED FRACTIONS 23

Since {™p(1) < 1, it follows that P(t) — tlog{ is decreasing, so in particular P(¢)
is strictly decreasing and lim,_,, P(t) = —oo as long as P(t) < oo for some ¢. With
this in mind, if n = inf{t > 0: 5;(¢) < oo} then P(t) < oo forall¢ > 7. In particular,

(4.3) Z p(1)"° < oo.

ielm

If p is multiplicative, then

> pa) = (Z p(i)t> m

ielm €T

so the definition of the pressure coincides with our earlier definition in the special
case that the f; are similarities. In order to work with inequalities involving the
pressure, we must therefore work with the higher iterates { f; }:czn.

For the upper bound, we no longer (in general) control sums of the form
> ier p(1)". Instead, we can obtain bounds of the form

1 &
> s ;)
ie(zm)*
p(i)>r

where m must be chosen sufficiently large in terms of <. Since the “step size” is
now of order m, we instead obtain bounds in terms of the set F},, of fixed points
of {fi : i € I™}. Note that 5, may be much larger than S : regardless, we
still expect that 3, is bounded above by ¥}, 55, (for instance, this must be true
if the main result holds). Moreover, since V¥, is idempotent, this means that
U, 8p = Wy0p,,. So that the argument is not circular, we must show up-front that
that ¥}, 8r,, = W, 8k,. This can be done directly with an induction argument.

It turns out that instead of working with sets of fixed points, it is more conve-
nient to work with the level m orbit set

Fm = U fi(ﬁo)

iezm

where x, is chosen so that f;(xy) = x( for some i € Z. It is not too difficult to show
that if F' is the set of fixed points and Fj is the orbit set above, then Sr = S, +O(1);
see Proposition 4.8. With this choice of z,, observe that

(4.4) Frnp = U fi(F1) C A

iezm

As before, for each i € Z* with p(i) > r =274, let 6;(r) € (0, 1] be chosen so that

rp(i)~! = r%() and therefore
5 Ny s (B) = p(a) - 20 s 01350
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for a general set E. Also, recall that

(4.6) N, U fi(A) | S No(Ep).
iez™
p(i)<r

since each f;(A) where p(i) < r is contained in the r - (diam X )-neighbourhood of
F,,,. We now establish invariance under higher iterates. The idea here is similar to
the idea in the proof of [ , Lemma 2.10].

Lemma 4.4. Let {f;},cz be a weakly conformal IFS. Then for each m € N,

U85, (w) = WiBr (1) + om(u).

Proof. Since Fy C F, C ---, it follows that ¥, 8r, < U0, for all m € N. Thus
it suffices to prove for all ¢ > 0 and all m € N that

(4.7) lim sup (Vs 0r,, (u) — Urfr (u)) < 2eu.

U—00

Fix ¢ > 0. We first prove by induction on m that there are constants A,, > 0 so
that for all » = 27" > 0 sufficiently small,

(4.8) N,.(EF,) < Amz\l’hﬁFl(“)‘i‘uE.

First, recall from (4.3) that

(4.9) B, = Z p(1)"° < oo,
iezm

Now we proceed with the induction. The case m = 1 is trivial since Sz, < V},8p,.
Now suppose we have established (4.8) for some m € N. In the computation
below the implicit constant depends only on the ambient dimension d. For each
r = 27" > 0 sufficiently small to apply (4.1), recalling (4.4) and (4.6),

Ny (Frnq1) = N, ( U fl(Fl))

iezm

5 NT(Fm) + Z Nr-p(i)—l(Fl)

iezm
p(i)>r
= No(F) + Y p(i)t- 207Dt bsr)Be, ()
iezm
p(i)>r
S Nr(Fm) + 2\I}hﬁF1 (u)+ue Z p(i)h+5
iezm
1 Uy Br (r)+e
< (A + By) (_) |
T
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In the last line, we have used the inductive hypothesis and (4.9). Thus (4.8) follows.
We have shown that for all m € N that there is a constant a,, € R so that

B, (w) < W Br (u) + 28U + ap,.

Since ¢ > 0 was arbitrary, it follows that (g, (v) < V.0 (u) + 04 (u). Applying
the operator ¥, on both sides of this inequality and using Proposition 3.9 (iii) and
idempotence of ), from Proposition 3.10, the proof is complete. O

Remark 4.5. We actually proved something somewhat stronger: if { f; };c7 is an IFS
for which there is a function p: Z* — (0, 1] such that p(@) = 1, p(ij) < p(i)p(3),
and

fi(B<.T,7’)> C B(fi(x)>/0<i)r)7
then

VB, (1) = Uy Br (1) + om(u)
where n =inf{t > 0: %", ; p(i)' < oo} is the usual finiteness parameter.

Example 4.6. Using Corollary 3.14, or more precisely, the version of Corollary 3.14
for self-conformal IFSs which we have outlined in this section, we can give an
explicit example of a set I C N for which the lower and upper box dimensions do
not coincide.

The first thing to keep in mind is that we require » < 1/2: since dimg F' =
dimg{n~':n € N} =1/2,if h > 1/2, then dimy Ap = dimp Ap. Since the finiteness
parameter is 1/2, in order to lower the Hausdorff dimension we must first lower
the finiteness parameter.

So, we first consider the digit set D := {n” : n € N,n > N} for some p > 1 and
large N € N. This set has finiteness parameter 1/2p and therefore, taking N to be
large, the Hausdorff dimension of Ap can be made arbitrarily close to 1/2p.

On the other hand, one can compute that

dim F:L>i where F={n"?:neNn>N}
K p+1" 2p ’ ' oY
independently of the choice of N. Moreover, the set of fixed points is essentially F'.

So, to complete the construction, by Corollary 3.14, we just need to modify D
so that the lower box dimension is strictly less than p/(p + 1). This is quite easy;
simply delete long stretches of consecutive entries but sufficiently sparsely so that
the upper box dimension is unchanged.

4.2. Alternatives to the fixed point set. In this section, we discuss a minor techni-
cal fact concerning the choice of the set F' of fixed points.

Definition 4.7. Fix an IFS {f;}.cz acting on a compact set X. We say that a set
E C ez fi(X) is an approximate orbit if there is an integer ¢ such that

L<HENfi(X)) <L
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foralli € 7.

Assuming the bounded neighbourhood condition, it is easy to check that fixed
point set ' and the orbit sets { f;(z¢) : ¢ € Z} (for any z, € X) are approximate
orbits.

From the perspective of branching functions, all approximate orbits are equiva-
lent (with implicit constants depending on the compact set X, the integer ¢, and
the constant implicit in the definition of the bounded neighbourhood condition).
This is essentially [ , Proposition 2.9].

Proposition 4.8. Let A and B be approximate orbits of an IFS {f;},cr satisfying the
bounded neighbourhood condition. Then

Ba=PBp+O(1).

Proof. Letr € (0,1) and let F = {i € Z: p(i) > r}. We partition A = A, U A,
where A, = AN,.7 fi(X), and similarly for 5.

If i ¢ F,then diam f;(X) < p(i)diam X < rdiam X. Since B N f;(X) # @, it
follows that A<, is contained in the 7 - (diam X )-neighbourhood of B. Of course,
the same also holds with A and B swapped, and therefore

No(A<) S Ne(B)  and  Ni(Bs,) S No(A).
To complete the proof, it suffices to show that
Ny (As,) = #F = N, (Bs,).
Let M be the constant implicit in the bounded neighbourhood condition, so that
#lieF: filX)NB(x,r)#20} <M forallz € X.

Fix a cover {B(z;, )}, where n = N,(A-,). On one hand, B(z;,r) intersects at
most M images f;(X), so #F < nM. On the other hand, each f;(X) contains at
most ¢ points in A, so n < (#F. Of course, the same holds with B in place of A, as
required. O

4.3. Sharpness of the bounds on the lower box dimensions. We now explain
why the bounds in Corollary 3.11 are sharp.

We focus our attention on the case d = 1 for notational simplicity; see [ |
for the general case. We will prove the following result:

Proposition4.9. Forany 0 < h < 1,0 < s <t < 1,and p € D(h,s,t,1) there
exists an IFS of similarities on [0, 1] satisfying the bounded neighbourhood condition with
attractor A and fixed point set F' such that dimyg A = h, dimg F' = s, dimg F = t, and
dimg, A = 6.

We will prove something a bit more general, and obtain Proposition 4.9 by applying
the result to a particularly chosen branching function f.
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Theorem 4.10. Let f € B(1) and h € (0,1]. Then there exists an IFS of similarities
{fi}iez with fixed point set F and attractor A such that dimy A = h and f(u) =
Br(u) + o(u). In particular,

Ba(u) =V, f(u) + o(u).

We prove this theorem in two steps:
1. Given f € B(1), we construct a compact set X C [0, 1] with measure 0
and at most one accumulation point and with branching function Sk (u) =
f(u) + o(u).
2. Given a compact set K C [0, 1] of measure 0, we construct an IFS { f; };cz such
that K is approximately the fixed point set of the IFS.
We begin by constructing a compact set corresponding to an arbitrary branching
function.

Lemma 4.11. For all f € B(1), there exists a non-empty compact set K C [0, 1] of
measure 0 such that

P (u) = f(u) + o(u).

Proof. We begin by constructing a compact set K ; which is quite uniform in
space, and then construct F' as a subset of K.

First, by taking a supremum over all integer-valued 1-Lipschitz functions
h with h(0) = 0 bounded above by f, there exists a function h: ZN|[0,00) —
Z N[0, 00) which is also an increasing and 1-Lipschitz function with ~(0) = 0, such
that

f(k)—1<h(k) < f(k) forall k>0.

Then, define a sequence ()52, € {0, 1} by the rule a;, = h(k) — h(k — 1).

We inductively construct nested families of dyadic interval as follows. Let
Qy = {[0, 1]}. Now, suppose we have constructed 9y, as a union of dyadic intervals
at level £, for some k£ > 0. Then, replace each interval ) € Q; with 2%+ sub-
intervals at level k + 1. Finally, set

K=NU e

k=0QcQy

Note that Q; is a union of exactly 2" dyadic intervals, so Sk, (u) = f(u) + O(1).

To guarantee that K has measure 0, we modify the sequence (a;)?°, so that
a,, = 0 along a density 0 subsequence n;. The resulting function is f + o(u) and it
is clear from the above construction that K has measure 0. O

Now given the set K, we construct the IFS of similarities. This is particularly easy
in R.

Lemma 4.12. Let K C [0, 1] be any non-empty compact set of Lebesgue measure 0. Then
there exists an IFS of similarities { f;};cz satisfying the bounded neighbourhood condition
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with attractor A such that dimy A = h and with an approximate orbit F such that
Fu{0,1} = Ku{0,1}.

Proof. Enumerate the maximal disjoint open intervals of K¢ as {J; };cz for a
countable index set Z. For each i € Z, write J; = (a;,b;), and let f;: (0,1) — J; be
defined by the rule

fl(ﬂf) = (bz — ai)l/hm + a;.

Since the intervals J; are pairwise disjoint, it is easy to see that the IFS satisfies
the bounded neighbourhood condition. Moreover, by definition, K U {0,1} =

{f:(0) : i € T} U{0,1}.
The IFS { f; }icz has pressure function

P(t) = (b —a;)"".

€L

Since F' has at most 1 accumulation point, ) :°,(b; — a;) = 1, so P(h) = 1, as
required. O

Proof (of Theorem 4.10). Let f € B(1), and by Lemma 4.11, get a countable set
E C [0,1 with at most 1 accumulation point such that g (u) = f(u) + o(u). Then
apply Lemma 4.12 with the set £ and value h to get an IFS { f;},c7 satisfying the
bounded neighbourhood condition with attractor A and fixed point set F, such
that fr(u) = Be(u) + o(u) = f(u) + o(u) and dimy A = h. The proof is therefore
complete by Theorem 3.8. O

Now we can complete the proof of the sharpness result.

Proof (of Proposition 4.9). If D(h, s,t, 1) is a singleton, let f € B(1) be such that
liminf, oo u™ f(u) = s and liminf, o, u™* f(u) = t. Apply Theorem 4.10 to get an
IFS with fixed point set F' and attractor A such that 5r = f + o(u) and dimy A = h.
Then by Corollary 3.11, since D(h, s,t, 1) is a singleton, it must be that dimg A is
the expected value.

Otherwise, D(h, s,t, 1) is not a singleton, so 0 < h < tand 0 < s < t. For sim-
plicity, assume max{h, s} < fand ¢ < 1; in the general case, apply the construction
inductively with sequences § < f3,, < t,, < t such that 8, > max{h, s} decreases to
g and t, < 1increases to 1.

The building block is a function ¢: [0, 1] — [0, ¢] which is increasing, 1-Lipschitz,
and satisfies ¢)(u) = tu for all v in a neighbourhood of 0 and u = 1. The function
1 is defined in a similar way as depicted in Figure 2: fix values 0 < v < w < 1;
on [0,v], let ¢ have slope ¢, on [v, w], let ¢ have slope 0, and on [w, 1] let ¢) have
slope a. Adjusting v, w, and « and using the fact that 8 € D(h, s,t,1), it can be
arranged so that ¢/(2)/z = [ where z is the unique value for which the segment
joining (v, tv) and (z, v (2)) has slope h.

Finally, to construct the function f, set f(u) = tu for u < 1, and for v" ! < u <
v™ define f(u) = v™(u/v™). Now f on [v" ! v"] is precisely a self-similar copy of
¥ on [v, 1], and the choice of 1) ensures, by Theorem 3.8, that the corresponding IFS
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provided by Theorem 4.10 with branching function f and value h has the desired
dimensions. [

4.4. Intermediate dimensions. The intermediate dimensions are a continuously
parametrized family of dimensions which lie between the Hausdorff and box
dimensions, first introduced in [ ]. The motivation is the following: since the
box dimensions are defined using covers consisting of a fixed radius, whereas the
Hausdorff dimension is defined using arbitrary covers, one can obtain a notion of
dimension by allowing some flexibility of the size of the covers. More precisely, the
covers are permitted to lie in a block of scales of the form [r, 7] where 0 < 6 < 1.

Definition 4.13. Given 0 < # < 1 andr > 0, the (s, r, #)-covering cost is the quantity

(2

C¥(E) = inf{Z(diam A)*: E | A and diam A, € [r,+”] for all z}

Now, the upper intermediate dimensions of E are given by
dimgE = inf{s > 0:C*(E) <, 1forall 0 < r < 1}.

For example, C3(E) = r*N,(E), so dim; E = dimp F.

Analogously to the results for the upper box dimensions, in [ ], Banaji &
Fraser proved that for an infinitely generated self-conformal set satisfying the
usual conditions, for all § € (0, 1],

ﬁg/\ = max{h, HQF}

Similarly to the proof due to Mauldin & Urbariski in the case of the upper box
dimension [ ], they use an induction argument.

We give a simplified proof of this result in the self-similar case using the
approach in Theorem 2.6. In the proof of Theorem 2.6, we needed upper bounds
for the covering numbers N, (f;(F')) where p(i) > r. By self-similarity, this number
is precisely N, o, (F), where we recall that %) = rp(i)~1.

For the upper intermediate dimensions, the bound is slightly different:

CO(fu(F))
= inf{Z(diam A fi(F) C UAi and diam A; € [r, 7“9]}

)

= inf{Z(p(i) ~diam B;)* : F' C UBi and diam B; € [p(i)~'r, p(i)_lre]}.

i

In particular, we now have two cases to consider: either r < p(i) < r? orr? <
p(i) < 1. Equivalently, these are the cases 0 < #;(r) <1—fand 1 — 6 < 0;(r) < 1.
The former case is easy, since p(i) is a permitted diameter so we can cover each
f1(F) with a bounded number of balls. In the latter case, we can use the upper
intermediate dimensions with a smaller value of 6: set

91(T) +9— 1

ki(r,0) = 00

€ (0,0]
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so that
(4.10) CrU(fu(F)) = p(3) - LT (F) < pl3)" - €l (F):
Here is the formal version of the above argument.

Theorem 4.14. Let { f;}icz be an IFS of similarities with attractor A and fixed point set
F. Then

di_mgA S maX{h,di_mgF}.

In particular, if dimy A > h (for instance, if the IFS satisfies the bounded neighbourhood
condition), then equality holds.

Proof. Letr € (0,1) and s > max{h, dimyF}. By Lemma 3.5,
AC (F*(T»(r-diamX)

so that

CrN S Y LAE | <t Y AE) |+ Y] ClLE).
ieT™ ieZ* ieT*
p(i)>r rO>p(i)>r p(i)>r?

To bound the first term, since diam f; (F) <7 and s > h,

Gl D A Y e <) s Sl

ieZ* iel* ieZ*
r9>p(i)>r r9>p(i)>r

To bound the second term, by (4.10) and since in addition s > dimgF,

S CUAE) < ST pA)C(F) S0 Y o) Sa L

iel* iel* ieZ*
p(i)>r? p(i)>r?

Therefore C3Y(A) <, 1, and since s > max{h, dimyF'} was arbitrary this completes
the proof. O

Remark 4.15. Banaji & Fraser also obtained some partial results for the Assouad
dimension (and other related notions of dimension) in [ ]. See that paper for
definitions and more discussion of the results.

4.5. Some open problems. In Theorem 3.8 we proved an asymptotic formula for
the covering numbers N, (A) in terms of the Hausdorff dimension h and N, (F).
However, the asymptotic formula was only up to error terms of the form C.(1/r)%,
for arbitrarily small €. There are multiple places where this error term enters
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the proof, but one notable location where it seems rather unavoidable is when
bounding sums of the form ), ;. p(i)". If such sums do not introduce error
terms, is it possible to get better asymptotics? In the best case scenario, it might be
possible to get an error term which is an absolute constant independent of r.

Question 4.16. Let {f;};cz be an IFS of similarities satisfying the bounded neighbour-
hood condition with attractor A and fixed point set F'. Suppose { f;}iez is regular, in that
the value h satisfies Y, p(i)" = 1. Does its branching function satisfy

Ba(u) = sup (ﬁp(z) + h(u — z)) +0(1)?

0<z<u
What about the more general self-conformal case?

See [ ] for more discussion concerning the assumption that the IFS is regular.

In Theorem 4.14 we saw that the results concerning the upper box dimension
extended quite easily to the case of the upper intermediate dimensions. One can
also define the lower intermediate dimensions:

dimyE = inf{s > 0: C3*(E) <, 1 for arbitrarily small » > 0}.

As before, dim, ' = dimg F.

In order to understand the lower box dimension, we required information
about the covering numbers N, (F') at all scales r. We can also consider such
information for the intermediate dimensions. For values 0 < v < u, define

2

We(s,u,v) = inf{Z(diam A EC UAi and diam A; € [2_",2_(“_”)]}.

This is essentially Definition 4.13 but with a somewhat different parametrization.
One can show that s — log Wg(s, u, v) is strictly decreasing and continuous, and
approximately satisfies log Wg (0, u,v) > 0 and log Wg(d, v, v) < 0in R?. Therefore,
one may define (somewhat informally) a function wg(u, v) so that

log W ((u —v) 'wg(u,v), u,v) = 0.

For example,

0= 1Og WE(U_le<u’ 0)7 u, 0) = BE(U) - WE(ua O)

so wg(u,0) = Pg(u) recovers the usual branching function. Moreover, one can
check for 0 < 6 < 1 that wg encodes the intermediate dimensions:

dimgE = lim sup wi(u, (1 = 6)v)
u—00 Ou

1-6
dim, F = lim inf wi(t, ( )u)

U— 00 u

Here is an explicit question.

Question 4.17. Let { f;};ez be an IFS of similarities satisfying the bounded neighbour-
hood condition with attractor A and fixed point set F. What can be said about dim,A?
Can one obtain a similar classification as proven in Corollary 3.14? More generally, can
one provide a formula for wy in terms of h and wg?
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