Monotonization of dimension spectra
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ABSTRACT. The goal of this note is to provide simple proofs of the
following results. Let X be a non-empty metric space.
(i) Forall0 <6 <1,

dim! X = inf dim} X.
0<A<o

(ii) Suppose in addition that there is a number s < oo and a constant C' > 0
such that N, (B(z,1)) < Cr~®forall0 <r < 1. Thenforall0 < 6 < 1,

-0 . .
dim, X = inf dim} X.
0< <0

Monotonization of the lower spectrum. Let X be a non-empty metric space and
let v be defined for v < u by the rule

~¥(u,v) = log in}f{ No—u(B(x,277)).
re

Here, the logarithm is in base 2. Note that v takes values in [0, co], since we make
no assumptions about the metric space X. It is easy to see that v — ~y(u,v) is a
decreasing function for each fixed w.

We recall the lower spectrum of X defined for 0 < # < 1 and denoted by dim{ X:
it is the supremum over all s > 0 for which there exists an m, > 0 such that for all
u>0

(0.1) v(u, Ou) > su(l —0) — ms.

We also recall the monotone lower spectrum of X defined for 0 < # < 1 and denoted
by di_miX : it is the supremum over all s > 0 for which there exists an m; > 0 such
thatforallu > 0and 0 < XA <4,

y(u, Au) > su(l — X)) — ms.

The following result was proven under the additional assumption that X is
doubling and uniformly perfect in [ , Theorem 1.1], and then with only the
doubling assumption in [ , Theorem A.2]. Here we dispense of the doubling
assumption, and moreover give a simple proof which only uses monotonicity of +.

Theorem 0.1 ([ D. Let X be a non-empty metric space. Then for all 0 < 6 <
L,

dim? X = inf dim; X.
0<A<O



2 ALEX RUTAR
We first note a standard equivalent formula for the lower spectrum.
Lemma 0.2. Let X be a non-empty metric space and 6 € (0,1). Then

7
dim? X = lim inf M
u—oo u(l —0)

Proof. Write A = liminf, Z((?fg)) On one hand, if s > 0 and m; > 0 satisfy
(0.1), dividing by u and taking a limit infimum, it is immediate that A > s. On the

other hand, suppose ¢ is such that for all m > 0 there is a u,, > 0 so that

V(U Otty) < (1 — O)tuyy, — m.

Since 7 is non-negative, we must have lim,,_,, u,, = co and therefore A(y) < t.
We conclude that (1 — 6) dim? K = A. O

Proof (of Theorem 0.1). It suffices to prove that

. .0 > DY
0.2) dl_mLX_oirAlfgedlmLX

since the opposite inequality is immediate from the definition.

We may moreover assume that dim? X < oo, or else the inequality is trivial. Let
t>s> di_miX be arbitrary. By definition of di_miX ,foralln € Nthereisa u, >0
and A, € [0, 6] such that

V(s Antin) < sup(l — A,) — n.

Since v is non-negative, we must have lim,,_,, u,, = co. Passing to a subsequence
if necessary, we may assume that lim,, ..o A, = A € [0,0]. If A = 0, then \,, < 0 for
all n € N so that

Y (U, Otg) < (U, Aptin) < stp(l — Ay,).
Since § < 1, lim,, (1 — X\,) ™' = (1 — 6)~! and therefore by Lemma 0.2,

dim? X < lim inf M

<s<t.
n—oo up(l—N,) — s

Otherwise, A < 6, and let A < k < 6 be such that s(1 — \)/(1 — k) < t. Since \,, < Kk
for all n sufficiently large,

V(Uny Ktp) < A (Uny Aptiy) < s, (1= Ay).

and therefore, exactly as before,

dim; X < liminf v(u n) . <

<t.
n—oo u(l—X,) 1—k = 1-—k

In any case, we have shown for all ¢ > dim? X thereisa A € (0, 0] so that dim; X < t.
Therefore (0.2) follows. 0
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Monotonization of the Assouad spectrum. Similarly to before, we define
ﬂ(u7 U) = IOg sup N2*"<B(x7 2_U))'
zeK

Here, the logarithm is in base 2. Note that J takes values in [0, oc], since we make
no assumptions about the metric space X. It is easy to see that v — [(u,v) is a
decreasing function for each fixed u. Moreover, 3 is subadditive: for allv < w < v,

Bu,v) < B(u,w) + p(w,v).

We recall the Assouad spectrum of X defined for 0 < # < 1 and denoted by
dimi X: it is the infimum over all s > 0 for which there exists an m, > 0 such that
forallu >0

(0.3) Bu, 0u) < su(l —0) + ms.

We also recall the monotone Assouad spectrum of X defined for 0 < § < 1 and
denoted by di_miX : it is the infimum over all s > 0 for which there exists an
ms > 0such thatforallu > 0and 0 < X\ < 0,

Bu, Au) < su(l —N) + msg.
For § = 0, we obtain a local variant of the upper box dimension with constants

which are uniform over all balls.

Lemma 0.3. Let X be a non-empty metric space and suppose diim% X < oo. Then for all
0<6<1,

dimQ X
1—-6

Proof. We begin with the first inequality. If dim} X = 0 there is nothing to
prove. Otherwise, let 0 < £ < dim) X be arbitrary. Then there is a constant m, > 0
and a sequence u,, with lim,,_,,, u,, = 0o so that

(dimQ X — &) - u,, — my < B(up,0)
< B(up, Ou,) + B(0uy,, 0)
< (dimQ X + €)0u, + (dim% X + &)u, (1 — 0) + m.

dim? X < dim%, X < dimy X <

Dividing by u,, and taking the limit in n,

(1 —6)dim} X < (1 —6)dim} X + 2.

Since ¢ > 0 was arbitrary, we conclude that dim, X < dim% X.
Now, the second inequality is trivial by definition. For the final inequality, let
e > (0 be arbitrary. Then there is an my; > 0 so that forall0 < A <fand u > 0,

(dim% X + ¢)

Blu, M) < B(u,0) < (dimQ X + e)u +m, < g

cu(l —0) + ms.

Therefore dimy X < (dim% X + ¢)/(1 — 6), and since £ > 0 was arbitrary the proof
is complete. O
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As before, we also note the following lemma.

Lemma 0.4. Let X be a non-empty metric space with dim} X < oo. Then for all
6 e (0,1),

: . B(u, fu)
dim§ X = hir; soljp m

Proof. Write A = limsup,,_, i ((ll‘fg)) On one hand, if s > 0 and m, > 0 satisfy

(0.3), dividing by v and taking a limit infimum, it is immediate that A < s.
On the other hand, suppose t is such that for all m > 0 there is a u,, > 0 so that

B (U, Ottyy) > t(1 — O)up, +m.

Since dim%, X < oo, there are a constants o, k > 0 so that 3(u, fu) < au + k for all
u > 0. Thus we must have lim,,,_,o, u,, = oo and therefore A > t. We conclude that
(1—6)dim! K = A. O

We can now prove our main result concerning the Assouad spectrum. This was
proven in [ ] under the additional assumption that X is doubling, and in

[ ] under the slightly weaker assumption that limg_,; di_miX < 0.

Theorem 0.5. Let X be a non-empty metric space with dim} X < oco. Then for all

0<0<1,
0 A
dim, X = sup dimj X.
0<A<0
Proof. It suffices to prove that
(0.4) MiX < sup dim) X
0<A<H

since the opposite inequality is immediate from the definition.
If dim, X = 0 there is nothing to prove. Otherwise, let 0 < t < s < dim’ X be

arbitrary. By definition of di_miX , for all n € N thereisa u, > 0and A, € [0,0]
such that

B(tn, Aptin) > su, (1 —\,) + n.

As noted in the proof of Lemma 0.4, we must have lim,,_, u, = cc. Passing to a
subsequence if necessary, we may assume that lim,,_, A, = A € [0,60]. If A =0,
then \,, > 0 for all n € N so that

B(tn, 0) > B(un, Antn) > sun(l —Ay).

Then lim,, (1 — \,)~' = 1 and therefore by Lemma 0.4,

ny O
dim®. X > dim® X > lim inf 20 0tn)

> s5>1.
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Otherwise, A > 0, and let 0 < x < A be such that s(1 — \)/(1 — k) > t. Since \,, > &
for all n sufficiently large,

B(una K'un) Z B(una Anun) Z Sun(l - >\n)

and therefore, exactly as before,

A 1—A 1—A
dimf X < limsup Bltn, Anttn) >
nooo  Un(l—=2X,) 1—k 11—k

>t.
In any case, we have shown forall ¢ < HZX thereisa A € (0, 6] so that dim} X >
t. Therefore (0.2) follows. OJ
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