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ABSTRACT. We study the multifractal analysis of self-affine measures
supported on planar carpets of type Gatzouras-Lalley. We work primarily
with Olsen’s Hausdorff-dimensional variant of the L¢ spectrum, which we
denote by ¥(q). We prove a variational formula for ¢, from which it follows
that multifractal formalism holds at all values corresponding to points of
differentiability of .

However, in general, ¥ need not be differentiable and the multifractal for-
malism may fail. In fact, the multifractal spectrum may be non-differentiable
and have jump discontinuities in the interior of its support, and there may be
multiple phase transitions at both negative and positive values of g.
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1. INTRODUCTION

A finite family of maps { f;}.cz is a self-affine iterated function system (IFS) if f;(x) =
Az + t; where A, is a strictly contracting linear map from R? to R?, and ¢; € R” is
some translation. (In this paper, we will take d = 2.) Given a probability measure
P = (pi)iez on I, there exists a unique compactly supported Borel probability
measure /i, satisfying the invariance relation

o= pipipo fi
ieT
We call 1, a self-affine measure and let A = supp p,, denote the associated self-affine
set. Without loss of generality, we will assume that p is strictly positive.

In this paper, we study the multifractal properties of self-affine measures sup-
ported on a family of planar self-affine carpets. We refer to such measures as
Gatzouras—Lalley measures. We defer a formal definition to §2.1, but in words
the most notable features are that the matrices are diagonal with horizontal
contractions f3; ; and vertical contractions 3, » for ¢ € 7, the contractions satisfy
0 < Bi2 < Bi1 < 1, and the maps are arranged into columns. See Figure 1 for a
representative example of the maps in such an IFS as well as the corresponding
invariant set.

1.1. Background on multifractal analysis. Suppose p is a Borel probability mea-
sure. The local dimension of p, denoted by dimy..(, z), is given (when the limit
exists) by

dimyee (@, ) = lim w.
r—0 log r
For instance, for general self-affine measures, it is known that dimy.(x, =) exists
and is constant for p-a.e. x; see [ ]. However, the set of points for which the
local dimension exists but takes a different value can still be large. Therefore, a
natural object of interest is the multifractal spectrum:

f#(a) = dlmH{[E € supp p : dimloc(,u, J:) = Oé}.

Here and elsewhere, the Hausdorff dimension of the empty set is —oo. We empha-
size here that we actually require the local dimension to exist, rather than take the
lower local dimension.
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(A) Maps (B) Attractor
FIGURE 1. Generating maps and attractor associated with a Gatzouras—

Lalley IFS.

Commonly associated with the multifractal spectrum of 1 is the (coarse) L9-
spectrum of i, defined for ¢ € R by

.. Jdogsup >, p(B(x, ) 7
Tu(q) = hrgl_}gf log(r ) .

Here, the supremum is taken over all packings { B(z;, r)}; with z; € supp p. The
function 7, is an increasing concave function. A heuristic relationship between
the functions f, and 7, called the multifractal formalism, was first proposed in the
physics literature [ I

(1.1) fule) = 7(@) = inf{ga — 7.(¢)}.

geR
Here, 7 is the concave conjugate of 7,,. More generally, one hopes to understand the
function f, by studying the function 7, and using duality.
In general, however, the L7-spectrum is not the most natural dual object to the
multifractal spectrum. For instance, it is easy to see that 7,(0) = — dimg supp 4,

and for self-affine measures (in particular, for those which we study in this paper)
it is often the case that dimy supp ¢ < dimg supp p (for the earliest examples, see

[ ; ]). In this case, (1.1) cannot hold.
Instead, we consider a variant of the Li-spectrum first introduced by Olsen
[ ] which is in general a more plausible candidate as a dual to the multifractal

spectrum. We will denote this function by ¥,,, and refer to it as the fine L?-spectrum.
The precise definition is rather technical, so we defer it to §3.1. In short, the
definition of ¥, is to the definition of 7, as the definition of Hausdorff dimension
is to the definition of upper box dimension. For example, 9,,(0) = — dimg supp p.

1.2. Multifractal analysis of self-affine measures. In the special case that the
maps f; are self-similar (that is, every A; is a scalar multiple of an orthogonal
transformation) and moreover satisfy the open set condition (that is, there is an
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open set U so that f;(U) C U for all i and f;(U) N f;(U) = @ for all i # j), itis
well-known that

1€

where each f; has similarity ratio ; € (0,1). In particular, 7, is analytic and
moreover the multifractal formalism holds. For exposition concerning this latter fact

and its history, see [ ; ; ; ; ; ]. In the self-similar

case with separation, it is also known that ¥, = 7, [ ]. Understanding the

overlapping self-similar case is an area of active research; see for instance [ ;
; ] and the many references therein.

In contrast, much less is known about multifractal analysis for general self-
affine measures. Firstly, we note that there are some results for Birkhoff averages
[ ; ] (these results are quite different than for local dimensions stud-
ied here). For self-affine IFSs either with typical translations or under certain
assumptions about projections in Furstenberg directions and assumptions on the
matrices, there are partial results; see [ ; ; ; ]. In the above
results, the Hausdorff and box dimensions are the same so it is natural to work
instead with the “usual” L?-spectrum 7,,. In contrast, for self-affine carpets (such
as Bedford-McMullen carpets, or the carpets considered here), the Hausdorff and
box dimensions are typically distinct so it is natural to study the fine L?-spectrum
instead. For Bedford-McMullen carpets, there is an explicit closed-form expression
for ¥, and it is known that 9, is analytic, and f,, = ¥}, (that is, the fine multifractal
formalism holds). This was proven by Olsen [ ] (building on earlier work
of King [ 1); see also [ ; ]. We are not aware of any other results
concerning the fine L¢ spectrum of self-affine measures.

In this paper, we study the fine multifractal spectrum of measures supported
on Gatzouras-Lalley carpets. At first glance, Gatzouras-Lalley carpets seem rather
similar to Bedford-McMullen carpets, with the only extra flexibility being that the
vertical and horizontal contraction ratios can vary between maps (as long as the
column-structure remains preserved). However, to disabuse the reader of such a
belief, we note two important results:

1. Gatzouras-Lalley carpets can support multiple Bernoulli measures of maxi-
mal dimension [ ].

2. For the natural generalization of Gatzouras-Lalley carpets to R3, it can
happen that there is 10 ergodic measure of maximal dimension [ I

This is in contrast to the case for the box dimension, where explicit formulas
are known for the box dimension [ ] and for the L9 spectrum [ ], even
for the natural higher-dimensional generalizations [ ]. Also compare, for
instance, the results concerning the Assouad spectrum of Gatzouras-Lalley carpets
from [ ] with the simple formula for Bedford-McMullen carpets proven in
[ 1.

As a consequence of our main results, we contribute a third result to this list:
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3. Gatzouras-Lalley carpets can support Bernoulli measures p for which the
fine multifractal formalism can fail: 9, is non-differentiable and there is a
number a > 0 such that 0 < f,,(a) < ¥;,(). In fact, the multifractal spectrum
can be discontinuous in the interior of its support.

We now proceed to state our main results precisely. The notation and defini-
tions required to state the main results can be found in §2.1, §2.2, and §3.1, where
they are introduced in context along with other preliminary material.

1.3. Main results. Throughout this section and later, when ;1 = 1, is a self-affine
measure, we will use the shorthand

Io = Tup: Up =y, Tp = Tup-

Here, f,, denotes the multifractal spectrum, ¥,, denotes the fine L?-spectrum, and
7p denotes the (usual) coarse Li-spectrum. Without loss of generality, we may
assume that p is fully supported. We also assume that the IFS has separation of
principal projections (see Definition 2.2).

Our main contribution is to prove a variational formula for 9, (¢) for all ¢ € R.
In order to state the variational formula, we require a bit of notation.

For w, p € P (where P denotes the probability simplex on 7), define

p(w) = Z0W) | Hw) = Hin(w))
(1.2) X1 (n(w)) Xz (w)
() = H(n(w)n(p)) | H(w,p) - H(n(w),n(p))
? X1 (n(w)) X2(w)

See §2.2 for the definitions of entropy H and Lyapunov exponents y; and §2.1
for the precise definition of the projection 7 from the space of maps to the space
of columns. The quantity v(w) is just the Hausdorff dimension of p,,, and the
quantity u,(w) is the j1,,-a.e. value of the local dimension of .

We also introduce a fibred Li-spectrum. Let ¥: n(P) x R x R — R be given by

U(v,q,s) = — Z wlog( Z p?ﬁ;Q‘S)

Len(Z) j€n=1(0)

Clearly, ¥ is continuous and strictly decreasing in s. Moreover,

lim ¥(v,q,s) =00 and lim ¥(v,q,s) = —oc.
S§——00 55— 00

In particular, this implies for each p € P that there is a unique continuous function
Tp: n(P) x R — R satisfying

\If('v, q, Tp(v, q)) = qH(v,n(p)).

We prove the following formula.
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Theorem A. Let 11, be a Gatzouras—Lalley measure with separation of principal projec-
tions and let ¢ € R. Then
Up(q) = min {qup(w) — v(w)}

~ i {qH(vm(p))—H(’v)
ven(P) x1(v)

"’Tp('U,(.I)}'

Here are some relevant comments on this theorem.

1. When ¢ = 0, the first line is precisely the variational formula for the Haus-
dorff dimension of A, as established in [ ]. However, even in the case
q = 0, our proof is different.

2. The second formula is new even in the case ¢ = 0. Heuristically, quasi-
concavity (see §3.3) allows us to reduce dimensionality of the optimization
“by one”: in R, there is a closed form expression; and in R?, we still have a
variational formula. However, starting in R?, there is no more variational
formula using ergodic measures [ I

3. In the special case that x;(w)/x2(w) is constant, our framework also allows
us to prove that ¥, is differentiable. More generally, this argument extends to
higher dimensions, under the assumption that the joint ratios of Lyapunov
exponents are constant. This is a mild generalization of a result due to Olsen

[ ]

Using our main result, we obtain consequences for the multifractal formalism. We
tirst recall the following well-known lower bound:

fola) 2 max{v(w) : up(w) = a}.
Since this lower bound is dual (in the sense explained in §3.2) to the variational
formula for ¥, we immediately obtain the fine multifractal formalism whenever
Uy, is differentiable.

Corollary B. Let ju,, be a Gatzouras—Lalley measure with separation of principal projec-
tions. Then, f,(a) = 9, () for all values o = 9;,(q) where q € R and ¥},(q) exists.

Remark 1.1. The above result also holds at the endpoints, by defining ,(+-oc) to
be the slopes of the asymptotes at £00. This follows by extending Lemma 3.2 to
+o00, using (in the notation there) continuity of u and compactness of A.

Moreover, a direct computation (using Corollary B and the formula for the L-
spectrum from [ ]) allows us to characterize precisely when the usual multi-
fractal formalism holds. See §4.6 for more details. Note that the final condition
equivalently states that the L9-spectra of the column IFSs are all equal.

Corollary C. Let yu, be a Gatzouras—Lalley measure with separation of principal projec-
tions. Then the following are equivalent.
(i) fpla) =1,(a) forall o € R.
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(i) 1p(q) = Vp(q) forall ¢ € R.
(iii) The function v — Tp(v, q) is constant.

In general, however, ¥, need not be differentiable. In such cases, we need a way
to bound f,, without using the fine L¢-spectrum and duality. Unfortunately, we
cannot do this in general, so we must restrict our attention to Gatzouras-Lalley
measures with two columns.

Theorem D. Let ji,, be a Gatzouras—Lalley measure with separation of principal projec-
tions and with two columns. Then for all o € R,

fp(a) = max {v(w) : up(w) = a}

weP
= Lot 5 (o ) )

In the above result, the sets in the maximum are non-empty for a compact interval
of a. Similarly to the convention for the multifractal, the maximum over the
emptyset is —oo.

Finally we can give examples exhibiting exceptional behaviour, already in the
case that the IFS has two columns and three maps.

Theorem E. There exists a Gatzouras—Lalley measure on R* with separation of principal
projections such that f,, has a jump discontinuity in the interior of its support. In particular,
the multifractal formalism fails: there is a number o > 0 such that f,(a)) < 9 ().

Remark 1.2. In our examples, we must necessarily exploit non-uniqueness of
the minimizing probability vectors in the formula in Theorem A (first observed,
in the case ¢ = 0, in [ ]). It follows from general facts about optimization
(see for instance Lemma 3.2) that if the minimum in the variational formula for
Up(q) is attained at a unique value w € P, then ¥;,(¢) = up(w) and therefore
the multifractal formalism holds at ¢q. Of course, it could happen that there are
multiple minimizers but ¥/}, still exists: this is the case precisely when u,, is constant
across all of the minimizers.

2. BACKGROUND ON GATZOURAS—LALLEY MEASURES

In this section, we introduce standard background and context for Gatzouras—
Lalley measures.

2.1. Gatzouras-Lalley measures and separation conditions. Fix an index set 7
with #Z > 2, and for j = 1, 2 fix contraction ratios (5; ;);cz in (0, 1) and translations
(d;;)iez € RZ. We then call the IFS & = {T;}iez diagonal if

T‘i(QTl, [EQ) = (5@11’1 + di71, 51'721‘2 + d@g) fOI' each 1 € 7.

Without loss of generality, we may assume that 7;((0,1)?) C (0,1)% We let A
denote the unique non-empty compact invariant set.
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Let  denote the projection onto the 1% coordinate axis, i.e. n(z1,z2) = .
We denote by n® = {Si}icy(z) the projected system, where 1o T; = S; on. Of
course, S;(x) = f; 17 + d; are similarity maps. In this way, the map 7 induces an
equivalence relation on the index set Z where i ~ j if S; = ;. One might think of
elements i € 7(Z) as referring to columns of the corresponding IFS.

LetZ* =J,~,Z" and for i = (iy,...,%,) € I*, write

and

For n € Nand v € ZV, we write 7], to denote the unique prefix of v in Z".
Throughout, we will denote the unique non-empty compact invariant set
associated with the IFS ® by A. Then the projected IFS 7® has invariant set (/).

Definition 2.1. We say that the diagonal IFS {7} };cz is Gatzouras—Lalley if the fol-
lowing additional assumptions hold:
(1) 5@1 > Bz‘,2 foralli € 7.
(i) 7;((0,1)*) N T;((0,1)*) = @ forall i # j in Z.
(iii) S;((0,1)) N.S;((0,1)) = @ forall i # j in n(Z).
We call its invariant set A a Gatzouras—Lalley carpet and each associated self-affine
measure /i, a Gatzouras—Lalley measure.

Whenever we refer to the reference Gatzouras—-Lalley measure i, by deleting extra
maps if necessary, we may assume that supp p, = A. Of course, other probability
vectors in P need not be fully supported.

Unfortunately, we will require an additional technical separation assumption.
Removing this technical assumption seems difficult (compare, for instance, [ ]
and [ D.

Definition 2.2. We say that the IFS {7 },cr has (strong) separation of principal pro-
jections if T;(A) N T;(A) = @ for all i # jinZ and S;(n(A)) N S;(n(A)) = @ for all
i # jin n(Z). We say that a Gatzouras-Lalley measure has separation of principal
projections if its defining IFS does.

Remark 2.3. In the literature, sometimes the terminology “projective separation”
is used to enforce that the projected maps are all distinct; for instance, this is the
case in [ ; ]. Here, we only require that the projected maps are either
separated or overlap exactly.

2.2. Invariant measures and entropy. More generally, we consider invariant
measures supported on the set A. Let 7: ZV — A be defined by the rule

{7((in);21)} = lim Tj, 0+ 0 T (A).

n—oo
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Let P(Z) denote the collection of probability vectors on Z, i.e.

P =P(I) ={(pi)ier : pi > 0foralli,y p; =1}.
i€T
We also denote the corresponding simplex on the index set n(Z) by 1(P), where n
is the natural map n: P — n(P) defined by the rule

n(w) = Z w;

ien 1 (0) Len(T)

Given p € P, considering p as a probability measure on Z, we let v, denote
the infinite product measure p" supported on Z". We let p,, = 7,1, denote the
corresponding Gatzouras-Lalley measure on A, where 7, denotes the pushforward
map. We also set

Qp:{(in)flo:l e 7V lim #{l:iy=jforl <{<n}

n— 00 n

= p, for j GI},

in other words the collection of sequences in Z" where the digit frequencies exist
and are given by the probability vector p.
Next, for any w, g € P, we define the cross entropy

H(w,q) = Z w;log(1/q:),
1ESUpp w
and divergence
Du(wl @) = Y wilog(wi/q).
1Esupp w

Here, log takes values in the extended real line; these quantities are finite precisely
when supp w C supp q. We let H(w) = H(w, w) denote the entropy of w. We recall
in general that

0 < Dkn(w| q) = H(w, q) — H(w).

Finally, for j = 1, 2, we define the Lyapunov exponents

Xi(w) = wilog(1/B;;),

1€T

Since x;(w) depends only on n(w) we will also write x;(n(w)) when relevant.

2.3. Approximate squares. A key to understanding the geometry of the self-affine
carpet A is the notion of an approximate square. First, given i € I" and j € n(Z)"™,
the corresponding pseudo-cylinder is the set

P(i,3) = {7 = ()i € IV : (i1, ... ,in) = i and n(ini1, - - insm) = 3}-
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Note that the map (i, j) = P(i, j) is injective. An equivalent way to think of the
pseudo-cylinder is as the union of the cylinders contained in [i] which lie in the
column 7(1)j:

P(i,3)= |J [k,
ken=1(j)
Here, [i] is the set of those words v € Z" which contain i as a prefix.
Now, fix an infinite word v € Z" and some k € N, and let i = v1,. The cylinder

[i] corresponds to a rectangle which is wider than it is tall. Let L;(v) > k be the
minimal integer so that

BA/'ILIC('Y)J < /Bi,2

In other words, Lj() is chosen so that the level L, () rectangle has approximately
the same width as the height of the level & rectangle. Writing 71, (,) = 1j, we then
define the level k approximate square

Observe that

diam(ﬂ-(Qk(’y))) ~ 571,2 e /37%2 ~ 5%71 to /Bka(.y),la

where ~ means up to multiplication by fixed constants depending only on the IFS.

It turns out that we can obtain a convenient formula for the p,,-measure of
an approximate square. We first introduce some notation for the truncated types
at level k. Given a finite word 1 = (4,...,i,) € Z", £(i) € P is the empirical

probability vector
€(1) = (#{J = Z}) .
ieT

n

We then set for k € N

Ak(7) = &((v1, -+ ))-

In other words, Ay () is the empirical digit frequency in the first & digits of 7. We
obtain the following lemma.

Lemma 2.4. There is a bounded function c(k,~,w) such that forany k € N, v € " and
w € P with v, (Qr(y)) > 0, writing X, = X, (y) forn € N,

log v Qi (7)) _ Hn(A,),n(w)) N H(A, w) — H(n(Ap), n(w))
c(k, v, w) + log diam(7(Qx(7))) x1(n(Az)) X2(Ar)

Proof. Throughout, write Lj(y) = Ly and Ax(y) = Ax, and set ¢ = n(w). We
recall for each k£ € N that

E(X)s Li(n(Xr,))e
_ B [Lezw: ™" Tleqn @ )
Vi (Qk) = Wy =~ Woy - Qi) Anive,) = k(e ))e

Hzen(z) q,
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and

diam(Qr) = By 2 B2 = H Bi 2)%

€L

Li(AL,)s
zﬁ%l...ﬁnk Hﬁk Ly,

i€l

with constants not depending on k. Taking logarithms and dividing yields the
desired result. O

We conclude this section with a fundamental property of separation of principal
projections, which ensures that measures of approximate squares ) (7y) and balls
B(7 (), diam 7(Qx(7))) are the same up to a fixed constant factor.

Lemma 2.5. Suppose that the Gatzouras—Lalley IFS has separation of principal projec-
tions. Write x = m(v) and rj, = (3, ». There are constants ¢, C' > 0 (depending only on
the IFS) such that

B(x,cr) NA C 71(Qr(vy)) C B(z, Cry).

Proof. Let 6 > 0 be sufficiently small so that the sets T;(A) and n(T;(A)) are
either identical or J-separated. If 7' ¢ Qx(7) then either 71, # 71, or n(v1,, () #
N(Y11,)- In either case, it follows that |7(v') — x| > dry. This proves the first
inequahty, the second is immediate from the definition of an approximate square.[]

3. BACKGROUND ON MULTIFRACTAL ANALYSIS AND DUALITY

3.1. The fine Li-spectrum. We first recall the usual generalized multifractal
Hausdorff measures from [ ]. Fix a Borel probability measure .. Then for
E C supp u, define

1nf{z xz,n f:xiGE,ECUB(xi,m),riSé}.

— i=1

Then write

HE(E) = sup sup H,, ( )

K FCE 650

and set
bu(E,q) = inf{t : HI'(E) < oo}

Note that when ¢ = 0, b,(£, 0) = dimy E is independent of 1.

Finally, write 9,(¢) = —b,(supp x, ¢). We will call the function ¥,(q) the fine
Li-spectrum, in contrast to the L9-spectrum 7,(q) defined earlier. Of course, ¥,(0) =
— dimg supp p. Unfortunately, ¥, need not be a concave function of ¢ in general;
see the construction in [ , Section 3].
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We also recall from [ ] that ¥, gives a general upper bound for the multi-
fractal spectrum. Let

Jula) = dimp{x € supp p : dimyoe(p, ) = a}.

Here, we write dimy @ = —o0.
We will require exactly one general fact about the fine L?-spectrum. This is
a special case of [ , Theorem 2.17] (for the endpoints, use [ , Proposi-

tion 2.5(iii) and Lemma 4.4]).

Proposition 3.1. Let 11 be a Borel probability measure on R%. Then for all o € R,
fula) < Fy(a).

3.2. Optimisation geometry. In this section, we recall the setup and collect the
relevant results from [ , §3.1].

We begin by recalling some general definitions from convex analysis. For a
general function g: R — R U{—o0}, the concave conjugate is given by

9" (a) = inf(ta — g(0)).

Note that g* is always concave, and ¢g** is the concave hull of g. In particular, we
always have the inequality

(3.1) 9" (o) +g(t) < at,

and moreover the subdifferential Og(t) is precisely the set of a for which equality
holds in (3.1).

Suppose moreover that g is a concave function. We then let 9~ ¢(¢) (resp. 97 g(t))
denote the left (resp. right) derivative of ¢ at ¢, which necessarily exist by concavity
of g. Equivalently, dg(t) = [0 ¢(t), 0 ¢(t)]. In particular, g is differentiable at ¢ if
and only if Jg(t) = {a}, in which case ¢/(t) = a.

Now let A be a compact metric space and let u,v: A — R be continuous. We
are interested in the constrained maximum

F(a) = max {v(w) : u(w) = a},

where we set F'(a) = —oc if there does not exist w € A with u(w) = «. Associated
with this constrained optimisation problem is the unconstrained dual

T(t) = min {t - u(w) — v(w)}.

wEA

Since T' is a minimum of affine functions, 7" is necessarily concave. For each ¢ € R,
we denote the set of minimising vectors for 7'(¢) by

M) ={weA:t ulw)—v(w)=T(t)}.

The following facts will be useful to us; the proofs are short and elementary and
can be found in [ , 831
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Lemma 3.2 ([ D. The following hold.
(i) Foralla € R, F(a) < T*(a).
(ii) If a =T"(q), then F(a) = T* ().
(iii) We have

. o + . —
wrenj\zr%t) uw(w) =07 T(t) and wrélj\aﬁ)u(w) =0 T(t).

(iv) Supposet € R and M (t) is connected. Then u(M(t)) = 9T (t) and F(a) = T*(«)
forall o € OT(t).

(v) If M(t) is a singleton, then the derivative T'(t) exists. Moreover, if M (t) = {z(t)}
is a singleton for all t € U where U C R is open, then z: U — A is continuous.

3.3. Quasi-concavity. We now introduce a few geometric concepts which will be
useful when working with optimization problems. For a more detailed introduc-
tion, see for instance [ , §3.4].

Definition 3.3. Let A be a convex space and let f: A — R. We say that f is
quasi-concave if for all t € R the upper level set

{red: fz)=t}

is convex. Moreover, we say that f is strictly quasi-concave if for all z # y € A
with f(z) = f(y) =tand A € (0,1), f(Ax + (1 — N)y) > t. Similarly, f is (strictly)
quasi-convex if — f is (strictly) quasi-concave.

An important concept in the dimension theory of self-affine sets is the Ledrappier—
Young formula [ ; ; ]. In the most basic cases, it can be expressed
as a ratio H(w)/x(w); in our case, recall the formulas from (1.2). Such ratios are
always quasi-concave.

Lemma 3.4. Let A be a convex space. Suppose f: A — R is concave (resp. strictly
concave) and g: A — (0, 00) is affine. Then f/g is quasi-concave (resp. strictly quasi-
concave). Similarly, if f is convex (resp. strictly convex), then f /g is quasi-convex (resp.
strictly quasi-convex).

Proof. We handle the concave case; the quasi-convex case follows analogously.
Suppose f is concave and g is affine. Then for each ¢ € R, using positivity of g,

{x e At fla)/g(e) >t} = {x € A f(x) — tg(x) > O}.

This is a convex set since f(z) — tg(x) is concave as a function of x. Moreover, if f
is strictly concave, then for fixed ¢, f(x) — tg(z) is strictly concave so for all x # y

and A € (0,1) with f(z)/g(z) = f(y)/9(y) =1,
fAz+ (1 =Ny) —tg(Az+ (1= N)y) >0

so f/g is strictly quasi-concave. O
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Remark 3.5. Unlike sums of concave functions, sums of quasi-concave functions
need not be quasi-concave. This simple fact is at the heart of the exceptional
phenomena which begin to occur in the dimension theory of self-affine sets and
measures in dimensions 2 and above.

Applying Lemma 3.2, we immediately obtain the following application.

Lemma 3.6. Let A be a compact convex space and let uw,v: A — R be continuous.
Consider the dual functions
F(a) = max {v(w) : u(w) = a},
T(t) = mig {t - u(w) —v(w)}.
we
Suppose ¢ € Rand w — ¢ - u(w) — v(w) is quasi-convex. Then F(a) = T*(«) for all
a € 0T'(q). Moreover, if w — q - u(w) — v(w) is strictly quasi-convex, then T"(q) exists.

4. FINE L?-SPECTRA OF GATZOURAS—-LALLEY MEASURES

4.1. Pointwise Billingsley’s lemma. In this section, we state the key technical
density results which we will require in the later sections.
We first recall an equivalent version of [ , Definition 3.12].

Definition 4.1. Let A be a family of Borel probability measures on R?. We say that
A has uniform densities if there is a finite Borel measure v on R? such that for every
e > 0, there are constants C' > 0 and 1 € (0, 1) so that forall u € A, r € (0,7), and
T E Rd,

r*u(B(z,r)) < v(B(z,Cr)).

Next, we recall [ , Proposition 3.13]; there, the following result is only stated
for self-similar IFSs but the proof works verbatim for any strictly contracting
Lipschitz IFS.

Lemma 4.2 ([ D. Let d € Nand {T;},c1 be a finite set of affine contractions from
R? to R?. Then the family of measures A = {y, : p € P} has uniform densities.

Finally, we need a multifractal generalization of [ , Proposition 3.14]. The
proof is similar, but there are a few technical details which must be handled care-
fully. Recall the definition b)(E, q) from §3.1; for a first reading simply substitute

_ﬂu(Q)'

Proposition 4.3. Let \ be a compactly supported Borel probability measure in RY, let
E C supp A, and let A be a family of measures with uniform densities. Let ¢ € R and
suppose t is such that for all v € E,

1og,u(B(x, 7")) — qlog )\(B(:B,r)) oy

4.1) liminf inf
r—0 peA log r

Then by(E, q) < t.
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Proof. Let v be the measure realizing the uniform densities of A. Fix ¢ > 0. By
uniform densities, there are constants C' > 1 and 7, € (0, 1) such that

(4.2) r*u(B(z,r)) < v(B(z,Cr))

forallp € A,z € R%, and r € (0,7). Let F C E and n € (0,7) be arbitrary. For
each x € F, by (4.1), choose i, € A and r, € (0, ) such that

(4.3) riEN(B(z, 1))t < pe (B2, 13)).
Combining Egs. (4.2) and (4.3) gives
rijs/\(B(x,rx))q < V(B(ZE, CTx)).

Since F' C supp A is bounded, we may apply the Besicovitch covering theorem
(see [ , Theorem 2.7]) to B = {B(z,r,) : * € F'} to obtain families 5; C B,
i =1,...,cq, each consisting of pairwise disjoint balls, whose union covers F'. For
n > 0, write

Bi,={B(z,r)€B;: 27" <r <27},

Since the balls in each B;,, are disjoint and have comparable radii, the balls
{B(z,Cr) : B(z,r) € B;,} overlap boundedly with constant D depending only
ondand C. Thus

ﬂ(j\,;i-fﬂa(F) § ZZ Z Tt+3£)\(B($,T))q

i=1 n=0 B(:z,r)EBi’n

SZZTM Z v(B(z,Cr))

i=1 n=0 B(1‘7T)€Bi,n

< cgDv(RY) Z 27" < o0
n=0

The bound is independent of F and 7, so HY'***(E) < co. Hence by(E, q) < t + 3¢,
and letting ¢ — 0 completes the proof. O

4.2. Column pressure. Let us begin recalling the definition from the introduction.
Define ¥: n(P) x R xR — R by

Vo)== Y wios( 3 #55).

Len(T) jen=1(e)

Observe that ¥ is continuous and strictly decreasing in s. Moreover,

lim ¥(v,q,s) =00 and lim ¥(v,q,s) = —oc.

§——00 §—00

In particular, this implies the following.
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Lemma 4.4. Let p € P. There is a unique continuous function T,,: n(P) x R — R
satisfying

\IJ(’U7 q7 Tp(v7 Q)) = qH(’U, 77(17))
for g € Rand v € n(P). Moreover, T,(v, 1) = 0.

Now let g: n(P) x R — P be the continuous function defined for v € n(P) and
q € Rby the rule

5 Tp(v,q)
g9(v,q) = (vn(i) L2 T )) .
Zyen Ln () pj@, s i€T

Of course, 7(g(v, q¢)) = v. The point of the choice of the functions 7}, and g is the
following lemma.

Lemma 4.5. Let p € P be strictly positive and ¢ € R. For any w € P and v € n(P)
such that supp n(w) C supp v and T,(n(w), q) > Tp(v, q),

q(H(w,p) — H(n(w),n(p))) + H(n(w),v) — H(w,g(v,q))
Xa(w)
with equality if and only if T,(n(w), q) = Tp(v, q).

> Tp(va Q>

Proof. We compute that

qB—Tp(‘U ,a) >
o7 Wilog ( ——
H(n(w),v) — Hw,g(v,q)) ict > sen—1 iy P18 P

Xa(w) X2(w)
7oy WHw.p)  Y(n(w) ¢, Tp(v,9)
= Tp(v,q) ) T e
> Th(v, q) — qH(w>p) — H{n(w), n(p))
X2(w)

In the last line, we used Lemma 4.4 and the fact that U is strictly decreasing in the
third argument. In particular, this also implies the equality statement. O

Next, for w € P and v € n(P), write

H(w) — H(v)
Xz(w)

H(w7p) B H('U, 77(19)) )

Alw,v) = ()

Bp(w,v) =
For fixed v, the function 7}, (v, ¢) can also be obtained as an explicit optimization

problem.

Corollary 4.6. We have

Ty(v,q) = min {gBy(w,v) — A(w,v)}

wen~1(v)

and moreover the minimum is attained uniquely at g(v, q).
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Proof. Letw € n~*(v). By Lemma 4.5,

Dir(w [ g(v,9))

qu<’UJ,’U) - A(’lU, 'U) = Tp(’v’ Q) + XQ(w)

To complete the proof, recall that Dy, (w || g(v, ¢)) > 0 with equality if and only if
w=g (’U, Q> O

4.3. Fine L?-spectra via fibred optimization. Throughout, we fixa p € P. In this
section, we prove a lower bound on the fine L?-spectrum of the measure f,. In
order to prove this lower bound, we will use Proposition 4.3: for each x € A, we
will choose a probability vector depending on the coding of x and apply (4.1). By
Lemma 4.2, the family of measures {i, : w € P} has uniform densities, which
will give a lower bound on the fine L?-spectrum.

The majority of the work is to choose the probability vector w. Unlike in the
self-similar case, there is no single choice of a probability vector which works
simultaneously for all z € A. The heart of the difficulty lies in the fact that the
pp-measure of an approximate square P(i, j) depends separately on the coding
of i and j, and the corresponding frequency vectors may not agree. However,
since there are only two relevant vectors, we can choose a sequence of scales along
which the column spectrum 7, (v, ¢) is minimized, and it turns out by Lemma 4.5
that such a sequence of scales suffices.

Given an infinite word v € ZN and a ¢ € R, let

®(7,q) = lim inf T, (1(Am (7)), 0)-

We now obtain our main bound on the fine L?-spectrum.

Theorem 4.7. Let p € P be strictly positive and let ¢ € R, v € IV, and § > 0 be
arbitrary. Then there is a fully supported v € n(P) so that

limsup qlog vp(Qi(7)) — 108 Vg(w.0) (Qk(7)) _ ¢H(v,(p)) — H(v)
k—00 log diam m(Qx(7)) - X1(v)

+ Tp(’U, Q) — 0.

Proof. For notational clarity, we suppress dependence of our notation on . Let
(km)se_;, w € P, and v € n(P) be chosen so that:

* (v,q) =Tp(v,q),

* v =limy, 0 n(A,,, ), and

* w = limm_mo Akm.
Since L, = O(k) and kn(Ag) < Lin(AL,) coordinatewise, we have supp n(w) C
suppv. Fore € (0,1), set

v = (1 —¢)v +en(p),

so that g(v., ¢) is fully supported. Since T},(n(w),q) > Tp(v,q), Lemma 2.4 and
Lemma 4.5 give

lim lim qlog Vp(ka)‘ — log Vg(w.,¢) (Qk.n)
e—0 m—00 log diam 7(Q,, )




18 JORDAN, KOLOSSVARY, & RUTAR

x1(v)
. ¢(H(w,p) — H(n(w),n(p))) + H(n(w),v) — H(w, g(v,q))
Xz2(w)
2 qH(’Uv n)ilpgz)_ H(”) + Tp(’l), q)

By continuity of the final expression in v, taking ¢ > 0 sufficiently small gives the
required inequality with v, in place of v. O

The lower bound for the fine L? spectrum in Theorem A now follows.

Corollary 4.8. Let p € P be fixed and q € R. Then

(gH(w.p)— Hw) [ xaw)\ ¢Hnw), n(p) — Hinw))
ﬁ“”25${ o) *(1 mh@) T (n(w)) }
(@) - HE)
N veEN(P) { Xl(’U) * Tp( ’Q)} '

Proof. That the two minima are equal follows from Corollary 4.6; denote the
common value by s. Fix 6 > 0 and, for each x = 7(7y), choose a fully supported v
as in Theorem 4.7. By Lemma 2.5,

o 108 o) (B(x,7)) — qlog yip (B(z, 7))

< —s5+0.
r—0 log r

Apply Proposition 4.3 with A\ = pup, E = suppup, t = —s + 6, and the family
A = {u, : z € P}, which has uniform densities by Lemma 4.2. Thus ¥,,(q) > s — 6.
Since ¢ > 0 was arbitrary, ¥,(¢q) > s as claimed. O

4.4. A lower bound for the multifractal spectrum. We now turn our attention
to the multifractal spectrum. As usual, we can obtain a simple lower bound
for the multifractal spectrum as a constrained optimization problem. Recall the
definitions of v and u,, from (1.2). The following lower bound on the multifractal
spectrum is standard.

Proposition 4.9. Let 1, be a Gatzouras—Lalley measure with separation of principal
projections, and let o > 0. Then

fola) 2 Fpla) = max{v(w) : up(w) = a}.

Proof. Fix w € P with u,(w) = «. For v,,-a.e. 7, the empirical frequencies Ay ()
converge to w. Thus Lemmas 2.4 and 2.5 give

ditioc(ptp, 7(7)) = wp(w) = 0, ditige(pt, 7(7)) = v(w).

Taking the maximum over w proves the claim. 0
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Crucially, this simple lower bound is already sufficient to give our exact formula
for ¥,,. Essentially, this is because of duality. Recall that we proved in Corollary 4.8
that

Up(4) > Vpla) 1= min {qup(w) — v(w)}.
The optimization problems defining V,, and F}, are dual in the sense of §3.2. In
particular, we know in general that V;, is a concave function of ¢ with F;(¢) = V;(q).
However, in general, F},(«) need not be concave, so it can happen that /(o) <
V. («); see Corollary 5.9. Regardless, using the general inequalities along with the
order-reversing property of concave conjugation, we can obtain our variational
formula for ¥, and complete the proof of Theorem A.

Theorem 4.10. Let p € P be fixed and q € R. Then

(qH@An@ﬁ)—fﬂv)

ﬁp(q> = Vp(q> = min Xl(v)

ven(P)

+ Tp('v,q)).

Proof. The second equality and the inequality 9,(¢) > V,(q) are precisely
Corollary 4.8. Also, recall Proposition 4.9 and Proposition 3.1:

(4.4) Fpla) < fypla) < 95(a).

Taking concave conjugates in (4.4) and recalling that concave conjugates reverse
order,

(4.5) U, (q) = Up(q) = Vp(q) = F,(q) = fp(q) = 9,7 (q).

Therefore equality holds everywhere, as claimed. O

Remark 4.11. The first inequality in (4.5) was required since a priori ¥, need not
be concave; see [ , Section 3]. Regardless, we recall that g** is the concave hull
of g for general functions g, so it always holds that g** > ¢g which turns out to be
sufficient.

To conclude this section, let us also point out that F}, can be written as an op-
timization over 7(P). Let T;(v, p) denote the concave conjugate of 7}, (v, q) in
the g-variable. The parameter p will be related to a by the following coordinate
change:

H(w,1(p)

ployv) =a == )

Finally, recall from Corollary 4.6 that

T,(v,p) = max {A(w,v): By(w,v)=p.}

wen~1(v)

We now have the following.
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Proposition 4.12. We have

Fy(a) = max {HW T (U,Q_M)}.

venP) | xa(v) P x1(v)

Proof. We compute
Fpla) = mas {v(w) : up(w) = o}

= max  max {A(w,v)+ HW)  p w,v0) = a— H(v,n(p))}

wen(P) w10 ) )
= max H(v) max w, v w,v) = p(a, v
~ ven(P) (X (v) +w€n L(v) A )+ By ) =p( )}
= max H(v) v, pla, v
- o { ey T et
as claimed. 0

4.5. Optimizing with constrained eccentricity. In this section, we note an ad-

ditional result which may help to clarify why Gatzouras-Lalley carpets behave

differently than Bedford-McMullen carpets. This result will also be relevant in §5.
For w € P, write

Note that I' takes values in a compact interval
F(P) = [Hmina '%max] C (Oa 1)
where

o — min log B;1
min - ieT IOg BZ )

We say that the IFS and its associated carpet are homogeneous if Kpin = FKmax-
We constrain the optimization problems defining £}, and V}, to those probability
vectors with fixed eccentricity. To be precise, for x € ['(P), write

Vpr(q) = wergln( ){q Uup(w) — v(w)}

Fpu0) = max {v(w) : uplw) = o}

These constrained optimization problems are always dual problems.

Proposition 4.13. For each k € I'(P) and q € R, there is a unique w € P with
I'(w) = k such that

Vpu(q) = ¢ up(w) — v(w).
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In particular, duality holds and

Fprla) = V;}K(oz).
Proof. For k € I'(P) fixed, write
rH(w,p) + (1 = k) H(n(w),n(p))

x1(n(w))
kH(w) + (1 — K)H (n(w))

x1(n(w))

Up (W) =

Y

vs(w) =

Then, a direct computation gives for w € I'"*(x) that
q - up(w) — v(w) = q - Up(w) — v, (w)

But I'"!(k) is a convex subset of P and ¢ - u,, , — v,; has a strictly convex numerator
and a positive affine denominator, so it is strictly quasi-convex by Lemma 3.4. The
conclusion follows by Lemma 3.6. O

In particular, we can obtain a result which is a mild generalization of a theorem of
King for Bedford—-McMullen carpets [ I

Corollary 4.14. Let i, be a Gatzouras—Lalley measure with separation of principal pro-
jections and whose defining IFS is homogeneous. Then 0, is differentiable and the fine
multifractal formalism holds.

4.6. Equality of the fine and coarse L%-spectra. In this section, we characterize
when the fine L9-spectrum 1J,, and the coarse L?-spectrum 7, are equal.
Let Y,,» (¢) denote L9-spectrum of 7. /1,: that is,

Z n(p)! ;f/n(p)(‘ﬁ —1

Len(T)
We first recall a special case of [ , Theorem 2].
Proposition 4.15 ([ D. Let i, be a Gatzouras—Lalley measure and q € R. Then

7p(q) is the unique solution to the equation
S
(SA

Now, in order to state our characterization, we need some more notation. For
¢ en(Z)and p € P, let t,((q) be the unique solution to the equation

P\ otoula) _
2 (n@)) P =1

Jjen=1(e)

Precisely, t,,, is the L? spectrum of the self-similar IFS corresponding to column /.
Equivalently, ¢, , = T,(d, ¢) where 6, is the dirac mass on column /.
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Corollary 4.16. Let 11, be a Gatzouras—Lalley measure with separation of principal pro-
jections and let g € R. Then the following are equivalent:
(i) 7p(q) = Up(q)-
(ii) The function { — t, ,(q) is constant.
(iii) The function v — T,(v, q) is constant.
Moreover, if any of the above equivalent conditions hold, writing t,(q) = t,(q) for the
constant value of { — t,¢(q),

p(q) = Up(q) = Yy) (@) + tp(q).

Proof. Clearly (iii) implies (ii). For the converse, assuming (ii) and writing ¢,,(¢q)
for the common value, we know that ¢,(q) = 7,,(dy, ¢) for all ¢ € n(Z). Therefore if
v € n(P) is arbitrary,

U(v,q,tp(q) = — Y welog Z pg

Len(T) JEN™
= — Z velogn(p
Len(7)
= qH(v,n(p)).

Therefore T,,(v, q) = t,(¢) by uniqueness.
Next we prove that (i) and (ii) are equivalent. Define probability vectors
y € n(P) and z € P by the rule

Yo (@) ~Yop) (@) o= (7p(@)=Yy(p) ()
Yy = (77(19)%@,1 " )3677(1)’ z = <p3/8n(z)ﬁ’(1p) ﬁi,2 ? ") >ieI'
(These are the minimizing probability vectors for the optimization stated in [ ,

Theorem 2.1] in the special case of Gatzouras-Lalley measures.) A direct computa-
tion gives for w € P that

Dxr(w] ) ! .
Xz(w) (Xl(ﬁ(w)) x2<w>)DKL<n< )y).

Taking the minimum over w and recalling Theorem A, we see that ¥,,(q) = 7,(q) if
and only if n(z) = y, in which case the minimum is attained exactly at z. Now,

q
-Y, § D —(1p(q)-Y,
n(z)e = TI(.p)Z/BAl W(P)(q) (ﬁ) /8172( P(q) n(p)(q)).

ien—1(0) (P)e

qup(w) — v(w) = 7p(q) =

Term ¢ in the summation on the right is exactly 1 if and only if 7,(¢) = Y;,;p)(¢) +
tp.e(q). Therefore comparing 71(z), to the definition of y, we see that (z) = y if
and only if (ii) holds. Thus (i) and (iii) are equivalent.

To conclude, we also see from the above that 7,(q) = Y, (q) + tp(q), as
claimed. O

We can now complete the proof of Corollary C.
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Proof (of Corollary C). Equivalence of (ii) and (iii) is simply Corollary 4.16.
Assuming (ii), since 7, is differentiable, (i) follows using Corollary B. Con-
versely, assuming (ii), it follows that J,, = f; = 7,, which is (i). O

5. GATZOURAS-LALLEY MEASURES WITH TWO COLUMNS

We now turn our attention to Gatzouras-Lalley measures with two columns. We
will prove our variational formula for the multifractal spectrum Theorem D and
construct some interesting examples to prove Theorem E.

5.1. A variational formula for the multifractal spectrum for systems with two
columns. Recall in Proposition 4.9 that we noted a general lower bound for the
multifractal spectrum. Unfortunately, we are not able to determine in general if
this inequality is necessarily an equality, or if the inequality may in some cases
be strict. (Of course, equality always holds at slopes corresponding to points of
differentiability of ¥, (q).)

Why does a similar approach from our proof of the variational formula for
the fine Li-spectrum not also handle the multifractal spectrum? The proof of
Corollary 4.8 shows, in general, that it is always possible to choose a good measure
for a given point z € A using a well-chosen sequence of empirical frequency
measures, depending on the coding of the point . The problem is that such a
measure is only valid along an infinite sequence of scales, and at those scales
the local dimension might not satisfy the additional constraint required by the
definition of Fj,.

However, when i, is a Gatzouras-Lalley measure with two columns (so that
n(P) is a 1-dimensional space), we can show that equality indeed holds. Before
we can prove our result, we need a continuity result about the map k — ;. Here,
we embed P C R#*” and use the supremum norm.

Lemma 5.1. Forall v € IV and k,m € N,

A7) = MmN oo < ——-

Proof. Write v = (i,,);2,. For notational simplicity, we suppress v for the

n=1"

remainder of the proof. Then, by definition,

(k+m)  Xesm — k- A= (#{n:k+1<n <k+m, iy =j}), ., € [0,m]**
SO
3= Al < 0= B+ [ A = Mo, < 2
as claimed. ]

Now, using the assumption that #n(Z) = 2, we can use Lemma 5.1 to choose a
good sequence of scales.
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Lemma 5.2. Suppose #n(Z) = 2 and let v € I" be arbitrary. Then there exists a
subsequence (k)2 such that

Tim 7(Ag, (7)) = lim n(Ar, () (7))
Proof. Using Lemma 5.1, this is essentially the intermediate value theorem.

First, since the eccentricity of the rectangles in the IFS are bounded strictly between

0 and 1, there is a constant m such that 0 < L, ;(y) — L,(y) < mforalln € N.
Since #n(Z) = 2, consider the homeomorphism ¢: n(P) — [0, 1] given by

U(p,1=p)) =pso v —wl = [(v) - w)] . Write

an = (AL, (7)) = (A7) € [=1,1].

By considering subsequences along which ¢(7(A,,(7))) is maximal or minimal, we
see that lim inf,,_, o, <0 < limsup,,_,, a,. But |, 11—, | < 4m/nby Lemma 5.1,
where m is fixed, so there exists a subsequence (k,)?° ; such that lim,_,, a;,, = 0.
Passing to a subsequence again if necessary, the proof is complete. O

Now we can prove the variational principle for the multifractal spectrum.

Restatement (of Theorem D). Let y,, be a Gatzouras—Lalley measure with separation
of principal projections and with two columns. Then for all o € R,

fol@) = Fp(@) = sup {v(w) : up(w) = a}

wePpP
H(v)

=max « —~ + 17 [v,a—
ven@){xl(v) ”(

H(e.10)) ]

x1(v)
Proof. Recall from Proposition 4.9 that the lower bound f, > F}, always holds.
Fix o € R and set

E, = {z € A : dimyoe(pp, ) = a}.

Fix 6 > 0. To obtain the upper bound dimy E, < Fj,(«), it suffices to show for
all z € E, that there are w € P and a fully supported z € P such that u,(w) = «
and

1 2 (B(x,
lim inf e ( (@ T))
r—0 logr

< v(w) + 4.

If the constraint u,(w) = « has no solution, then £, = @. Otherwise, v(w) <
Fp(a), so Proposition 4.3 with A = p,, £ = E,, ¢ = 0,t = Fp(a) + 4, and
A ={u,: z € P} gives dimy E, < F,(a) + J. Here, we recall that A has uniform
densities by Lemma 4.2. Taking § — 0 will give the upper bound.

Let z = 7(y) € E,. By Lemma 2.4 and Lemma 2.5,

i (H(n(ALkm),n(p)) L HOwp) — H(n(M)m@))) .
X1(n(AL,())) X2(Ar) '

k—o0
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Since #n(Z) = 2, by Lemma 5.2, there exists a subsequence (k)52 such that

lim n(Az, (7)) = lim n(Ag,) = v.

n—oo n—oo
Passing to a further subsequence if necessary, we may also assume that w =
lim,, oo Ag,. Since n(w) = v,

H(n(w),n(p))  H(w,p)— H(n(w),n(p))
)

x1(v " Xz(w) -

up(w) =

For ¢ € (0,1), set w. = (1 — ¢)w + ep, which is fully supported. Applying
Lemma 2.4 and Lemma 2.5 along the subsequence,

i 08 (BG)) _ H{vn(w.) | H(w,w.) — H(v,n(w.)
r—0 log r x1(v) Xa(w)

As ¢ — 0, the right-hand side tends to v(w). Taking ¢ > 0 sufficiently small and
z = w, proves the required bound. O

5.2. Gatzouras-Lalley measures with homogeneous columns. All of our exam-
ples are constructed using a special family of Gatzouras-Lalley carpets with two
columns. These examples will fall in the following special class.

Definition 5.3. We say that a Gatzouras-Lalley IFS and its associated carpet have
homogeneous columns if for all k € n(Z) and j € {1,2} the map ¢ — (3, ; is constant
on the column 7! (k). Similarly, we say that a Gatzouras-Lalley measure i, for
p € P(Z) has homogeneous columns if the underlying IFS has homogeneous columns
and moreover for every k € 1(Z) the map i — p; is constant on the column n (k).

When the IFS has homogeneous columns, we write 3;; = a,(;) and f3; 2 = b, for
numbers 0 < b; < a; < 1 where j € n(Z). We also set {; = #n~'(j) for j € n(Z).
For a measure with homogeneous columns, we also abuse notation and use p and
n(p) interchangeably.

For v, p € n(P), we use some shorthand:

xa(v) = Y v;log(1/b)),
jen(Z)

l(v) = Z vjlog{;.

jen(D)
When /1, has homogeneous columns, for v € 7(P),

_ (g=1)¢(v)
00 =)
and therefore

qH(v,p) — H(v)

x1(v)

ven(P)

oyla) = i, { +Ty(w.0) )
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Now, consider the special case that the IFS in addition has two columns. We
reparametrize n(P) as [0, 1] through the map v — v := (v,1 — v). In this case, we

know that

Since T, (v, ¢) is linear in g,

£(v) Lp= £(v)
T (v, p) = 2@ "7 xa(v)
»(v:7) {—oo . otherwise.

Alternatively, write

H(v.p) | ()

5.1) Ap(v) = @) o)

Then, we equivalently have

Up(q) = min {g- Ap(v) = D(v)},

ve(0,1]

fy(@) = max {D(v) : A(v) = a} .

v€E[0,1]

In particular, f,(«) is the upper hull of the continuous curve v — (A4, (v), D(v))
for v € [0, 1]. See Figure 2 for a depiction of the function v — (A,(v), D(v)).

Let us introduce some more notation for working with Gatzouras-Lalley mea-
sures with two homogeneous columns. First, abbreviate 4,(v) = A,(v) and
D(v) = D(v), where p = (p,1 — p) and v = (v, 1 — v). Here is some more short-
hand:

1. Write n(Z) = {1, 2}.

2. Let I, = A,(]0,1]) = [min(P), umax(p)] denote the support of f,,.

3. Forj € {1,2},let ¢, = %4 denote the dimension of column j.
4.

log(1/b;)
For each « € I, define

Qa(v) = x1(v)x2(v) (Ap(v) — @),

which is a polynomial of degree at most two.
5. Let

w = log(1/by)log(1/as) — log(1/by) log(1/ay)

measure the difference in eccentricity between 0 and 1.
We note the following degeneracy property of the multifractal spectrum.

Lemma 5.4. Let (1, be a Gatzouras—Lalley measure with two homogeneous columns. The
following are equivalent:

(a) I, is not a singleton.

(b) #A (o) < 2forall o € I,



MULTIFRACTAL GATZOURAS-LALLEY MEASURES 27

(c) either A,(0) # A,(1), or A,(0) = Ap(1), ¢1 # ¢o, and w # 0.

Proof. Since x1(v)x2(v) is positive, either (), (v) vanishes identically so A4, = «,
or there are at most two solutions to ), (v) = 0. This shows that (a) and (b) are
equivalent.

Next, if A,(0) = A,(1) = o, then

Qap(v) = (¢1 = ¢2) -w - v(1 —v)

which vanishes if and only if ¢; = ¢ or w = 0. Thus (a) and (c) are equivalent. [J

Finally, we point out that the function A, is necessarily either quasi-concave or
quasi-convex. This follows immediately from the following slightly more general
result.

Lemma 5.5. Let W C R be a compact interval and suppose f: W — R is a function of
the form

a1 g2
f =

hi  hy

where the functions g;, h; are affine and the functions h; are strictly positive on W. Then
f is either quasi-concave or quasi-convex.

Proof. 1f hy = ch, for some constant ¢ > 0, this result follows from Lemma 3.4
(in fact, f is both quasi-concave and quasi-convex). Otherwise, {h1, hy} spans the
space of all affine functions, so with ¢y = hy/hs we can write

2
b
f=¢od  where 5(p>=%, p>0,

for some a, b, c € R. By Lemma 3.4, { is quasi-convex if a > 0 and quasi-concave if
a < 0. Since 1) is monotone, the same holds for f = £ 0 . O

Remark 5.6. If A, is non-degenerate (i.e. it satisfies one of the equivalent condi-
tions in Lemma 5.4), it must be strictly quasi-convex or strictly quasi-concave,
which means that one of the global maximum or the global minimum must be
attained at the boundary (i.e. at 0 or 1).

5.3. Discontinuity of the multifractal spectrum. In this section, we construct
examples of Gatzouras-Lalley measures with discontinuous multifractal spectrum.

We begin with a general characterization of (dis)continuity of the multifractal
spectrum.

Lemma 5.7. Let 1, be a Gatzouras—Lalley measure with separation of principal projec-
tions and with two homogeneous columns. Let o € I,,. Then fy|;, is discontinuous
at ag if and only if AJ'(ag) = {v, 2} for some z € {0,1} and v € (0,1) such that
D(z) > D(v).
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Proof. 1f 1, is a singleton or A, is strictly monotone, the assertion is immedi-
ate. Otherwise, by Lemma 5.4 and Remark 5.6, A, attains a global minimum or
maximum at some ¢ € (0, 1), with strictly monotone restrictions to [0, ¢| and [c, 1].

Let Ji, Jo be the images A,([0, ¢]) and A,(]c, 1]), labelled so that J; C J, = I,
and let v;: J; — [0, 1] be the corresponding continuous inverse branches. The
intervals .J;, J; share the endpoint A,(c). Define the continuous functions d; =
D ow; on J;. Then for a € I,

_)max{di(a),dx(a)} :a € Jy,
Jola) = {dg(a) rae )\ Ji.

Thus fp|;, is continuous except possibly at an endpoint o of J; lying in the interior
of I, = J,. Precisely, A ' (ag) = {2,v} for z € {0,1} and v € (0, 1): the first branch
ends at z = v; (o) while the second continues through v = v5(ayg). The one-sided
limits are

max{D(z), D(v)} = fp() and D(v).
Hence discontinuity occurs exactly when D(z) > D(v). O

Of course, Lemma 5.7 is not sufficient to give any concrete examples of Gatzouras—
Lalley measures with discontinuous multifractal spectrum. In fact, there are two
cases where it is easy to see that 1, is differentiable and the multifractal formalism
holds: firstly, if the eccentricity x;(w)/x2(w) is constant (equivalently, w = 0)
so we may apply Corollary 4.14; and secondly, if ¢; = ¢» = ¢ in which case
tp1(q) = tp2(q) = ¢(¢ — 1) so we may apply Corollary 4.16.

It turns out that if neither of these two conditions hold, then there is always an
open set of probability vectors in n(P) for which the multifractal formalism fails.

Theorem 5.8. Let G be a Gatzouras—Lalley carpet with separation of principal projections
and with two homogeneous columns. Suppose G is not homogeneous and ¢ # ¢o. Then,
there exists a non-empty open subset U C n('P) such that fy, has a jump discontinuity in
the interior of its support for all p € U.

Proof. Exchanging the columns if necessary, assume that D(1) = ¢; > ¢, =
D(0). The function

__logp  log(l—p)
log(1/a1)  log(1/az)

decreases strictly from oo to —oo as p increases from 0 to 1. Thus there is a unique
po € (0,1) such that A,,(0) = A,,(1) = . Since ¢; # ¢ and w # 0, Lemma 5.4
gives A_ H(ag) = {0,1}.

Choose § € (0,1) sufficiently small that D(v) < D(1) for all v € [0,6]. Then
A, (8) # ap. Since A changes sign at py, continuity gives a non-empty open
interval J C (0, 1) with endpoint p, such that A,(1) lies strictly between A4,(0) and
A,(6) for every p € J. The intermediate value theorem therefore gives v, € (0,0)
with A,(v,) = Ay(1). By Lemma 5.4, A1 (A,(1)) = {vp, 1}, and D(v,) < D(1) by

A(p) = Ap(1) — A4,(0) =

+¢1— P2
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the choice of §. Hence Lemma 5.7 gives a jump discontinuity at A,(1), which lies
in the interior of I,. Taking U = {(p,1 — p) : p € J} completes the proof. O

The hypotheses of Theorem 5.8 hold for most Gatzouras—Lalley carpets with two
homogeneous columns. The following result therefore immediately follows.

Corollary 5.9. There exists a Gatzouras—Lalley measure in R* generated by an IFS with
3 maps such that the multifractal spectrum is discontinuous, the fine Li-spectrum is
non-differentiable, and the multifractal formalism fails.

Proof. Take a; = 1/2and ay = 1/4, ¢, = 2,0y = 1,and b; = by = 1/5, and let
p < po ~ 0.7170150212 be sufficiently close to py, where p, is the positive root of
the quadratic p* 4+ ep — e = 0 for x = 2(log 2)?/(log 5). For example, a quick
numerical calculation using Lemma 5.7 shows that p = 0.717 works. 0

Using the main result of [ ], we can also give an example of a Gatzouras—-Lalley
measure whose fine L? spectrum is non-differentiable at 0. This is a consequence
of the following observation.

Lemma 5.10. Let ® be a Gatzouras—Lalley IFS with separation of principal projections,
two homogeneous columns, and two measures of maximal dimension. Then there exists an
open set of values p so that ¥, is non-differentiable at 0 and the multifractal formalism
fails.

Proof. Let 0 < v; < vy < 1 be the global maximizers of D(v). Let s > 0 be
chosen so that aj + a5 = 1 and let z = (af, a3). Then H(v, z) = sx1(v) so that

N vlog ty + (1 —v)log s
vlog(1/by) + (1 — v)log(1/bs)

Since there are two measures of maximal dimension, ¢; # ¢,, and therefore A,
is strictly monotone so A, (v1) # A.(v2). By continuity, A,(v) # A,(v2) for all p
in a small neighbourhood of aj. For any such p, non-differentiability therefore
follows by Lemma 3.2 (iii). Since there are no other global maximizers, Theorem D
and (3.1) give fp(a) < D(v1) = —,(0) = ¥, () for every a strictly between A, (v;)
and A,(vs), so the multifractal formalism also fails. O

A,(v) =5

Example 5.11. Here, we outline the details from [ , Example 2.1] to give a
concrete example of a Gatzouras—-Lalley measure whose fine L9-spectrum is non-
differentiable at 0. First, set

7
A:10g3—ﬁlog2 B =3log?2
B 2B + 4(AB)'/?
= (AB)Y/? - = =
U=(4B) 2 v 4A — B

We then consider the Gatzouras-Lalley carpet with two homogeneous columns
defined by parameters

(=1 ly =150
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fp(@) <Pp(a) fp(a) <p(e)

0.6 |-

0.4 |

fp(a)

0.2 |

0.0 |-

FIGURE 2. A plot of the multifractal spectrum of a Gatzouras-Lalley
measure with two homogeneous columns. The multifractal spectrum is
the upper hull of the blue curve, depicted in solid blue. The properties
are described in Example 5.12.

a; = exp(—1) ay =exp(—(1+V))
0\ /B
by =by = | —
It is shown in [ ] that this carpet has two Bernoulli measures of maximal

dimension. Thus the claim follows by Lemma 5.10.

Example 5.12. Using a computer search, we were able to find an example with
two phase transitions (one for negative ¢ and one for positive ¢), a point where the
multifractal spectrum has a jump discontinuity, and a point where the multifractal
spectrum is continuous but not differentiable. The jump discontinuity corresponds
to the endpoint A,(0) and there is a unique measure of maximal dimension corre-
sponding to a ~ 1.049925193894 (between the two regions of non-concavity). The
exact parameters are:

(=1 ly =12

a; = 0.8484575397963153 az = 0.03303678167872682
by = by = 0.03274279864356218

p = 0.7800520920221643.

See Figure 2 for a depiction of the multifractal spectrum.
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