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ABSTRACT. We study the multifractal analysis of self-affine measures
supported on planar carpets of type Gatzouras–Lalley. We work primarily
with Olsen’s Hausdorff-dimensional variant of the Lq spectrum, which we
denote by ϑ(q). We prove a variational formula for ϑ, from which it follows
that multifractal formalism holds at all values corresponding to points of
differentiability of ϑ.

However, in general, ϑ need not be differentiable and the multifractal for-
malism may fail. In fact, the multifractal spectrum may be non-differentiable
and have jump discontinuities in the interior of its support, and there may be
multiple phase transitions at both negative and positive values of q.
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1. INTRODUCTION

A finite family of maps {fi}i∈I is a self-affine iterated function system (IFS) if fi(x) =
Aix+ ti where Ai is a strictly contracting linear map from Rd to Rd, and ti ∈ Rd is
some translation. (In this paper, we will take d = 2.) Given a probability measure
p = (pi)i∈I on I, there exists a unique compactly supported Borel probability
measure µp satisfying the invariance relation

µp =
∑
i∈I

piµp ◦ f−1
i .

We call µp a self-affine measure and let Λ = suppµp denote the associated self-affine
set. Without loss of generality, we will assume that p is strictly positive.

In this paper, we study the multifractal properties of self-affine measures sup-
ported on a family of planar self-affine carpets. We refer to such measures as
Gatzouras–Lalley measures. We defer a formal definition to §2.1, but in words
the most notable features are that the matrices are diagonal with horizontal
contractions βi,1 and vertical contractions βi,2 for i ∈ I, the contractions satisfy
0 < βi,2 < βi,1 < 1, and the maps are arranged into columns. See Figure 1 for a
representative example of the maps in such an IFS as well as the corresponding
invariant set.

1.1. Background on multifractal analysis. Suppose µ is a Borel probability mea-
sure. The local dimension of µ, denoted by dimloc(µ, x), is given (when the limit
exists) by

dimloc(µ, x) = lim
r→0

log µ
(
B(x, r)

)
log r

.

For instance, for general self-affine measures, it is known that dimloc(µ, x) exists
and is constant for µ-a.e. x; see [Fen23]. However, the set of points for which the
local dimension exists but takes a different value can still be large. Therefore, a
natural object of interest is the multifractal spectrum:

fµ(α) := dimH{x ∈ suppµ : dimloc(µ, x) = α}.
Here and elsewhere, the Hausdorff dimension of the empty set is −∞. We empha-
size here that we actually require the local dimension to exist, rather than take the
lower local dimension.



MULTIFRACTAL GATZOURAS–LALLEY MEASURES 3

0 1
0

1

(A) Maps

0 1
0

1

(B) Attractor

FIGURE 1. Generating maps and attractor associated with a Gatzouras–
Lalley IFS.

Commonly associated with the multifractal spectrum of µ is the (coarse) Lq-
spectrum of µ, defined for q ∈ R by

τµ(q) = lim inf
r→0

log sup
∑

i µ
(
B(xi, r)

)q
log r

.

Here, the supremum is taken over all packings {B(xi, r)}i with xi ∈ suppµ. The
function τµ is an increasing concave function. A heuristic relationship between
the functions fµ and τµ, called the multifractal formalism, was first proposed in the
physics literature [HP83]:

(1.1) fµ(α) = τ ∗µ(α) := inf
q∈R

{qα− τµ(q)}.

Here, τ ∗µ is the concave conjugate of τµ. More generally, one hopes to understand the
function fµ by studying the function τµ and using duality.

In general, however, the Lq-spectrum is not the most natural dual object to the
multifractal spectrum. For instance, it is easy to see that τµ(0) = − dimB suppµ,
and for self-affine measures (in particular, for those which we study in this paper)
it is often the case that dimH suppµ < dimB suppµ (for the earliest examples, see
[Bed84; McM84]). In this case, (1.1) cannot hold.

Instead, we consider a variant of the Lq-spectrum first introduced by Olsen
[Ols95] which is in general a more plausible candidate as a dual to the multifractal
spectrum. We will denote this function by ϑµ, and refer to it as the fine Lq-spectrum.
The precise definition is rather technical, so we defer it to §3.1. In short, the
definition of ϑµ is to the definition of τµ as the definition of Hausdorff dimension
is to the definition of upper box dimension. For example, ϑµ(0) = − dimH suppµ.

1.2. Multifractal analysis of self-affine measures. In the special case that the
maps fi are self-similar (that is, every Ai is a scalar multiple of an orthogonal
transformation) and moreover satisfy the open set condition (that is, there is an
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open set U so that fi(U) ⊂ U for all i and fi(U) ∩ fj(U) = ∅ for all i ̸= j), it is
well-known that ∑

i∈I

pqi r
−τµp (q)

i = 1

where each fi has similarity ratio ri ∈ (0, 1). In particular, τµp is analytic and
moreover the multifractal formalism holds. For exposition concerning this latter fact
and its history, see [AP96; BSS23; CM92; Fal97; Ran89; Rut23+]. In the self-similar
case with separation, it is also known that ϑµ = τµ [Ols95]. Understanding the
overlapping self-similar case is an area of active research; see for instance [FL09;
Rut23; Shm19] and the many references therein.

In contrast, much less is known about multifractal analysis for general self-
affine measures. Firstly, we note that there are some results for Birkhoff averages
[BM08; Ree11] (these results are quite different than for local dimensions stud-
ied here). For self-affine IFSs either with typical translations or under certain
assumptions about projections in Furstenberg directions and assumptions on the
matrices, there are partial results; see [BF13; BKK26; Fal99; FK18]. In the above
results, the Hausdorff and box dimensions are the same so it is natural to work
instead with the “usual” Lq-spectrum τµ. In contrast, for self-affine carpets (such
as Bedford–McMullen carpets, or the carpets considered here), the Hausdorff and
box dimensions are typically distinct so it is natural to study the fine Lq-spectrum
instead. For Bedford–McMullen carpets, there is an explicit closed-form expression
for ϑµ and it is known that ϑµ is analytic, and fµ = ϑ∗

µ (that is, the fine multifractal
formalism holds). This was proven by Olsen [Ols98] (building on earlier work
of King [Kin95]); see also [BM07; JR11]. We are not aware of any other results
concerning the fine Lq spectrum of self-affine measures.

In this paper, we study the fine multifractal spectrum of measures supported
on Gatzouras–Lalley carpets. At first glance, Gatzouras–Lalley carpets seem rather
similar to Bedford–McMullen carpets, with the only extra flexibility being that the
vertical and horizontal contraction ratios can vary between maps (as long as the
column-structure remains preserved). However, to disabuse the reader of such a
belief, we note two important results:

1. Gatzouras–Lalley carpets can support multiple Bernoulli measures of maxi-
mal dimension [BF11].

2. For the natural generalization of Gatzouras–Lalley carpets to R3, it can
happen that there is no ergodic measure of maximal dimension [DS17].

This is in contrast to the case for the box dimension, where explicit formulas
are known for the box dimension [LG92] and for the Lq spectrum [FW05], even
for the natural higher-dimensional generalizations [Kol23]. Also compare, for
instance, the results concerning the Assouad spectrum of Gatzouras–Lalley carpets
from [BFKR26] with the simple formula for Bedford–McMullen carpets proven in
[FY18].

As a consequence of our main results, we contribute a third result to this list:
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3. Gatzouras–Lalley carpets can support Bernoulli measures µ for which the
fine multifractal formalism can fail: ϑµ is non-differentiable and there is a
number α > 0 such that 0 < fµ(α) < ϑ∗

µ(α). In fact, the multifractal spectrum
can be discontinuous in the interior of its support.

We now proceed to state our main results precisely. The notation and defini-
tions required to state the main results can be found in §2.1, §2.2, and §3.1, where
they are introduced in context along with other preliminary material.

1.3. Main results. Throughout this section and later, when µ = µp is a self-affine
measure, we will use the shorthand

fp = fµp , ϑp = ϑµp , τp = τµp .

Here, fp denotes the multifractal spectrum, ϑp denotes the fine Lq-spectrum, and
τp denotes the (usual) coarse Lq-spectrum. Without loss of generality, we may
assume that p is fully supported. We also assume that the IFS has separation of
principal projections (see Definition 2.2).

Our main contribution is to prove a variational formula for ϑp(q) for all q ∈ R.
In order to state the variational formula, we require a bit of notation.

For w,p ∈ P (where P denotes the probability simplex on I), define

(1.2)
v(w) =

H(η(w))

χ1(η(w))
+
H(w)−H(η(w))

χ2(w)
,

up(w) =
H(η(w), η(p))

χ1(η(w))
+
H(w,p)−H(η(w), η(p))

χ2(w)
.

See §2.2 for the definitions of entropy H and Lyapunov exponents χk and §2.1
for the precise definition of the projection η from the space of maps to the space
of columns. The quantity v(w) is just the Hausdorff dimension of µw, and the
quantity up(w) is the µw-a.e. value of the local dimension of µp.

We also introduce a fibred Lq-spectrum. Let Ψ: η(P)× R×R → R be given by

Ψ(v, q, s) = −
∑

ℓ∈η(I)

vℓ log
( ∑
j∈η−1(ℓ)

pqjβ
−s
j,2

)
.

Clearly, Ψ is continuous and strictly decreasing in s. Moreover,

lim
s→−∞

Ψ(v, q, s) = ∞ and lim
s→∞

Ψ(v, q, s) = −∞.

In particular, this implies for each p ∈ P that there is a unique continuous function
Tp : η(P)× R → R satisfying

Ψ
(
v, q, Tp(v, q)

)
= qH(v, η(p)).

We prove the following formula.
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Theorem A. Let µp be a Gatzouras–Lalley measure with separation of principal projec-
tions and let q ∈ R. Then

ϑp(q) = min
w∈P

{qup(w)− v(w)}

= min
v∈η(P)

{qH(v, η(p))−H(v)

χ1(v)
+ Tp(v, q)

}
.

Here are some relevant comments on this theorem.

1. When q = 0, the first line is precisely the variational formula for the Haus-
dorff dimension of Λ, as established in [LG92]. However, even in the case
q = 0, our proof is different.

2. The second formula is new even in the case q = 0. Heuristically, quasi-
concavity (see §3.3) allows us to reduce dimensionality of the optimization
“by one”: in R, there is a closed form expression; and in R2, we still have a
variational formula. However, starting in R3, there is no more variational
formula using ergodic measures [DS17].

3. In the special case that χ1(w)/χ2(w) is constant, our framework also allows
us to prove that ϑp is differentiable. More generally, this argument extends to
higher dimensions, under the assumption that the joint ratios of Lyapunov
exponents are constant. This is a mild generalization of a result due to Olsen
[Ols98].

Using our main result, we obtain consequences for the multifractal formalism. We
first recall the following well-known lower bound:

fp(α) ≥ max
w∈P

{v(w) : up(w) = α} .

Since this lower bound is dual (in the sense explained in §3.2) to the variational
formula for ϑp, we immediately obtain the fine multifractal formalism whenever
ϑp is differentiable.

Corollary B. Let µp be a Gatzouras–Lalley measure with separation of principal projec-
tions. Then, fp(α) = ϑ∗

p(α) for all values α = ϑ′
p(q) where q ∈ R and ϑ′

p(q) exists.

Remark 1.1. The above result also holds at the endpoints, by defining ϑ′
p(±∞) to

be the slopes of the asymptotes at ±∞. This follows by extending Lemma 3.2 to
±∞, using (in the notation there) continuity of u and compactness of ∆.

Moreover, a direct computation (using Corollary B and the formula for the Lq-
spectrum from [FW05]) allows us to characterize precisely when the usual multi-
fractal formalism holds. See §4.6 for more details. Note that the final condition
equivalently states that the Lq-spectra of the column IFSs are all equal.

Corollary C. Let µp be a Gatzouras–Lalley measure with separation of principal projec-
tions. Then the following are equivalent.

(i) fp(α) = τ ∗p(α) for all α ∈ R.
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(ii) τp(q) = ϑp(q) for all q ∈ R.
(iii) The function v 7→ Tp(v, q) is constant.

In general, however, ϑp need not be differentiable. In such cases, we need a way
to bound fp without using the fine Lq-spectrum and duality. Unfortunately, we
cannot do this in general, so we must restrict our attention to Gatzouras–Lalley
measures with two columns.

Theorem D. Let µp be a Gatzouras–Lalley measure with separation of principal projec-
tions and with two columns. Then for all α ∈ R,

fp(α) = max
w∈P

{v(w) : up(w) = α}

= max
v∈η(P)

{
H(v)

χ1(v)
+ T ∗

p

(
v, α− H(v, η(p))

χ1(v)

)}
.

In the above result, the sets in the maximum are non-empty for a compact interval
of α. Similarly to the convention for the multifractal, the maximum over the
emptyset is −∞.

Finally we can give examples exhibiting exceptional behaviour, already in the
case that the IFS has two columns and three maps.

Theorem E. There exists a Gatzouras–Lalley measure on R2 with separation of principal
projections such that fp has a jump discontinuity in the interior of its support. In particular,
the multifractal formalism fails: there is a number α > 0 such that fp(α) < ϑ∗

p(α).

Remark 1.2. In our examples, we must necessarily exploit non-uniqueness of
the minimizing probability vectors in the formula in Theorem A (first observed,
in the case q = 0, in [BF11]). It follows from general facts about optimization
(see for instance Lemma 3.2) that if the minimum in the variational formula for
ϑp(q) is attained at a unique value w ∈ P , then ϑ′

p(q) = up(w) and therefore
the multifractal formalism holds at q. Of course, it could happen that there are
multiple minimizers but ϑ′

p still exists: this is the case precisely when up is constant
across all of the minimizers.

2. BACKGROUND ON GATZOURAS–LALLEY MEASURES

In this section, we introduce standard background and context for Gatzouras–
Lalley measures.

2.1. Gatzouras–Lalley measures and separation conditions. Fix an index set I
with #I ≥ 2, and for j = 1, 2 fix contraction ratios (βi,j)i∈I in (0, 1) and translations
(di,j)i∈I ∈ RI . We then call the IFS Φ = {Ti}i∈I diagonal if

Ti(x1, x2) = (βi,1x1 + di,1, βi,2x2 + di,2) for each i ∈ I.

Without loss of generality, we may assume that Ti((0, 1)2) ⊂ (0, 1)2. We let Λ
denote the unique non-empty compact invariant set.
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Let η denote the projection onto the 1st coordinate axis, i.e. η(x1, x2) = x1.
We denote by ηΦ = {Si}i∈η(I) the projected system, where η ◦ Ti = Si ◦ η. Of
course, Si(x) = βi,1x+ di,1 are similarity maps. In this way, the map η induces an
equivalence relation on the index set I where i ∼ j if Si = Sj . One might think of
elements i ∈ η(I) as referring to columns of the corresponding IFS.

Let I∗ =
⋃∞

n=0 In, and for i = (i1, . . . , in) ∈ I∗, write

Ti = Ti1 ◦ · · · ◦ Tin
Si = Si1 ◦ · · · ◦ Sin

and

pi = pi1 · · · pin
βi,j = βi1,j · · · βin,j

For n ∈ N and γ ∈ IN, we write γ↿n to denote the unique prefix of γ in In.
Throughout, we will denote the unique non-empty compact invariant set

associated with the IFS Φ by Λ. Then the projected IFS ηΦ has invariant set η(Λ).

Definition 2.1. We say that the diagonal IFS {Ti}i∈I is Gatzouras–Lalley if the fol-
lowing additional assumptions hold:

(i) βi,1 > βi,2 for all i ∈ I.
(ii) Ti((0, 1)2) ∩ Tj((0, 1)2) = ∅ for all i ̸= j in I.

(iii) Si((0, 1)) ∩ Sj((0, 1)) = ∅ for all i ̸= j in η(I).
We call its invariant set Λ a Gatzouras–Lalley carpet and each associated self-affine
measure µp a Gatzouras–Lalley measure.

Whenever we refer to the reference Gatzouras–Lalley measure µp, by deleting extra
maps if necessary, we may assume that suppµp = Λ. Of course, other probability
vectors in P need not be fully supported.

Unfortunately, we will require an additional technical separation assumption.
Removing this technical assumption seems difficult (compare, for instance, [Kin95]
and [JR11]).

Definition 2.2. We say that the IFS {Ti}i∈I has (strong) separation of principal pro-
jections if Ti(Λ) ∩ Tj(Λ) = ∅ for all i ̸= j in I and Si(η(Λ)) ∩ Sj(η(Λ)) = ∅ for all
i ̸= j in η(I). We say that a Gatzouras–Lalley measure has separation of principal
projections if its defining IFS does.

Remark 2.3. In the literature, sometimes the terminology “projective separation”
is used to enforce that the projected maps are all distinct; for instance, this is the
case in [BKK26; HL95]. Here, we only require that the projected maps are either
separated or overlap exactly.

2.2. Invariant measures and entropy. More generally, we consider invariant
measures supported on the set Λ. Let π : IN → Λ be defined by the rule{

π
(
(in)

∞
n=1

)}
= lim

n→∞
Ti1 ◦ · · · ◦ Tin(Λ).
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Let P(I) denote the collection of probability vectors on I, i.e.

P = P(I) := {(pi)i∈I : pi ≥ 0 for all i,
∑
i∈I

pi = 1}.

We also denote the corresponding simplex on the index set η(I) by η(P), where η
is the natural map η : P → η(P) defined by the rule

η(w) =

 ∑
i∈η−1(ℓ)

wi


ℓ∈η(I)

.

Given p ∈ P , considering p as a probability measure on I, we let νp denote
the infinite product measure pN supported on IN. We let µp = π∗νp denote the
corresponding Gatzouras–Lalley measure on Λ, where π∗ denotes the pushforward
map. We also set

Ωp =
{
(in)

∞
n=1 ∈ IN : lim

n→∞

#{ℓ : iℓ = j for 1 ≤ ℓ ≤ n}
n

= pj for j ∈ I
}
,

in other words the collection of sequences in IN where the digit frequencies exist
and are given by the probability vector p.

Next, for any w, q ∈ P , we define the cross entropy

H(w, q) =
∑

i∈suppw

wi log(1/qi),

and divergence

DKL(w ∥ q) =
∑

i∈suppw

wi log(wi/qi).

Here, log takes values in the extended real line; these quantities are finite precisely
when suppw ⊆ supp q. We let H(w) = H(w,w) denote the entropy of w. We recall
in general that

0 ≤ DKL(w ∥ q) = H(w, q)−H(w).

Finally, for j = 1, 2, we define the Lyapunov exponents

χj(w) =
∑
i∈I

wi log(1/βi,j),

Since χ1(w) depends only on η(w) we will also write χ1(η(w)) when relevant.

2.3. Approximate squares. A key to understanding the geometry of the self-affine
carpet Λ is the notion of an approximate square. First, given i ∈ In and j ∈ η(I)m,
the corresponding pseudo-cylinder is the set

P (i, j) = {γ = (ik)
∞
k=1 ∈ IN : (i1, . . . , in) = i and η(in+1, . . . , in+m) = j}.
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Note that the map (i, j) 7→ P (i, j) is injective. An equivalent way to think of the
pseudo-cylinder is as the union of the cylinders contained in [i] which lie in the
column η(i)j:

P (i, j) =
⋃

k∈η−1(j)

[ik].

Here, [i] is the set of those words γ ∈ IN which contain i as a prefix.
Now, fix an infinite word γ ∈ IN and some k ∈ N, and let i = γ↿k. The cylinder

[i] corresponds to a rectangle which is wider than it is tall. Let Lk(γ) ≥ k be the
minimal integer so that

βγ↿Lk(γ),1 < βi,2

In other words, Lk(γ) is chosen so that the level Lk(γ) rectangle has approximately
the same width as the height of the level k rectangle. Writing γ↿Lk(γ)

= ij, we then
define the level k approximate square

Qk(γ) = P (i, η(j)).

Observe that

diam(π(Qk(γ))) ≈ βγ1,2 · · · βγk,2 ≈ βγ1,1 · · · βγLk(γ),1,

where ≈ means up to multiplication by fixed constants depending only on the IFS.
It turns out that we can obtain a convenient formula for the µw-measure of

an approximate square. We first introduce some notation for the truncated types
at level k. Given a finite word i = (i1, . . . , in) ∈ In, ξ(i) ∈ P is the empirical
probability vector

ξ(i) =

(
#{j : ij = i}

n

)
i∈I

.

We then set for k ∈ N

λk(γ) = ξ((γ1, . . . , γk)).

In other words, λk(γ) is the empirical digit frequency in the first k digits of γ. We
obtain the following lemma.

Lemma 2.4. There is a bounded function c(k, γ,w) such that for any k ∈ N, γ ∈ IN and
w ∈ P with νw(Qk(γ)) > 0, writing λn = λn(γ) for n ∈ N,

log νwQk(γ))

c(k, γ,w) + log diam(π(Qk(γ)))
=
H(η(λLk

), η(w))

χ1(η(λLk
))

+
H(λk,w)−H(η(λk), η(w))

χ2(λk)

Proof. Throughout, write Lk(γ) = Lk and λk(γ) = λk, and set q = η(w). We
recall for each k ∈ N that

νw(Qk) = wγ1 · · ·wγk · qη(γk+1) · · · qη(γLk
) =

∏
i∈I w

k(λk)i
i ·

∏
ℓ∈η(I) q

Lk(η(λLk
))ℓ

ℓ∏
ℓ∈η(I) q

k(η(λk))ℓ
ℓ
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and

diam(Qk) ≈ βγ1,2 · · · βγk,2 =
∏
i∈I

β
k(λk)i
i,2

≈ βγ1,1 · · · βγLk
,1 =

∏
i∈I

β
Lk(λLk

)i
i,1

with constants not depending on k. Taking logarithms and dividing yields the
desired result. □

We conclude this section with a fundamental property of separation of principal
projections, which ensures that measures of approximate squares Qk(γ) and balls
B
(
π(γ), diamπ(Qk(γ))

)
are the same up to a fixed constant factor.

Lemma 2.5. Suppose that the Gatzouras–Lalley IFS has separation of principal projec-
tions. Write x = π(γ) and rk = βγ↿k,2. There are constants c, C > 0 (depending only on
the IFS) such that

B(x, crk) ∩ Λ ⊂ π(Qk(γ)) ⊂ B(x,Crk).

Proof. Let δ > 0 be sufficiently small so that the sets Ti(Λ) and η(Ti(Λ)) are
either identical or δ-separated. If γ′ /∈ Qk(γ) then either γ↿k ̸= γ′↿k or η(γ↿Lk(γ)

) ̸=
η(γ′↿Lk(γ)

). In either case, it follows that |π(γ′) − x| ≥ δrk. This proves the first
inequality; the second is immediate from the definition of an approximate square.□

3. BACKGROUND ON MULTIFRACTAL ANALYSIS AND DUALITY

3.1. The fine Lq-spectrum. We first recall the usual generalized multifractal
Hausdorff measures from [Ols95]. Fix a Borel probability measure µ. Then for
E ⊂ suppµ, define

Hq,t

µ,δ(E) = inf

{
∞∑
i=1

µ
(
B(xi, ri)

)q
rti : xi ∈ E,E ⊂

∞⋃
i=1

B(xi, ri), ri ≤ δ

}
.

Then write

Hq,t
µ (E) = sup

F⊂E
sup
δ>0

Hq,t

µ,δ(F )

and set

bµ(E, q) = inf{t : Hq,t
µ (E) <∞}.

Note that when q = 0, bµ(E, 0) = dimHE is independent of µ.
Finally, write ϑµ(q) = −bµ(suppµ, q). We will call the function ϑµ(q) the fine

Lq-spectrum, in contrast to the Lq-spectrum τµ(q) defined earlier. Of course, ϑµ(0) =
− dimH suppµ. Unfortunately, ϑµ need not be a concave function of q in general;
see the construction in [Ols95, Section 3].
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We also recall from [Ols95] that ϑµ gives a general upper bound for the multi-
fractal spectrum. Let

fµ(α) := dimH{x ∈ suppµ : dimloc(µ, x) = α}.

Here, we write dimH ∅ = −∞.
We will require exactly one general fact about the fine Lq-spectrum. This is

a special case of [Ols95, Theorem 2.17] (for the endpoints, use [Ols95, Proposi-
tion 2.5(iii) and Lemma 4.4]).

Proposition 3.1. Let µ be a Borel probability measure on Rd. Then for all α ∈ R,

fµ(α) ≤ ϑ∗
µ(α).

3.2. Optimisation geometry. In this section, we recall the setup and collect the
relevant results from [Rut23+, §3.1].

We begin by recalling some general definitions from convex analysis. For a
general function g : R → R∪{−∞}, the concave conjugate is given by

g∗(α) = inf
t∈R

(tα− g(t)).

Note that g∗ is always concave, and g∗∗ is the concave hull of g. In particular, we
always have the inequality

(3.1) g∗(α) + g(t) ≤ αt,

and moreover the subdifferential ∂g(t) is precisely the set of α for which equality
holds in (3.1).

Suppose moreover that g is a concave function. We then let ∂−g(t) (resp. ∂+g(t))
denote the left (resp. right) derivative of g at t, which necessarily exist by concavity
of g. Equivalently, ∂g(t) = [∂+g(t), ∂−g(t)]. In particular, g is differentiable at t if
and only if ∂g(t) = {α}, in which case g′(t) = α.

Now let ∆ be a compact metric space and let u, v : ∆ → R be continuous. We
are interested in the constrained maximum

F (α) = max
w∈∆

{v(w) : u(w) = α} ,

where we set F (α) = −∞ if there does not exist w ∈ ∆ with u(w) = α. Associated
with this constrained optimisation problem is the unconstrained dual

T (t) = min
w∈∆

{t · u(w)− v(w)} .

Since T is a minimum of affine functions, T is necessarily concave. For each t ∈ R,
we denote the set of minimising vectors for T (t) by

M(t) := {w ∈ ∆ : t · u(w)− v(w) = T (t)} .

The following facts will be useful to us; the proofs are short and elementary and
can be found in [Rut23+, §3].
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Lemma 3.2 ([Rut23+]). The following hold.
(i) For all α ∈ R, F (α) ≤ T ∗(α).

(ii) If α = T ′(q), then F (α) = T ∗(α).
(iii) We have

min
w∈M(t)

u(w) = ∂+T (t) and max
w∈M(t)

u(w) = ∂−T (t).

(iv) Suppose t ∈ R and M(t) is connected. Then u(M(t)) = ∂T (t) and F (α) = T ∗(α)
for all α ∈ ∂T (t).

(v) If M(t) is a singleton, then the derivative T ′(t) exists. Moreover, if M(t) = {z(t)}
is a singleton for all t ∈ U where U ⊂ R is open, then z : U → ∆ is continuous.

3.3. Quasi-concavity. We now introduce a few geometric concepts which will be
useful when working with optimization problems. For a more detailed introduc-
tion, see for instance [BV04, §3.4].

Definition 3.3. Let ∆ be a convex space and let f : ∆ → R. We say that f is
quasi-concave if for all t ∈ R the upper level set

{x ∈ ∆ : f(x) ≥ t}

is convex. Moreover, we say that f is strictly quasi-concave if for all x ̸= y ∈ ∆
with f(x) = f(y) = t and λ ∈ (0, 1), f(λx + (1 − λ)y) > t. Similarly, f is (strictly)
quasi-convex if −f is (strictly) quasi-concave.

An important concept in the dimension theory of self-affine sets is the Ledrappier–
Young formula [FH09; LY85a; LY85b]. In the most basic cases, it can be expressed
as a ratio H(w)/χ(w); in our case, recall the formulas from (1.2). Such ratios are
always quasi-concave.

Lemma 3.4. Let ∆ be a convex space. Suppose f : ∆ → R is concave (resp. strictly
concave) and g : ∆ → (0,∞) is affine. Then f/g is quasi-concave (resp. strictly quasi-
concave). Similarly, if f is convex (resp. strictly convex), then f/g is quasi-convex (resp.
strictly quasi-convex).

Proof. We handle the concave case; the quasi-convex case follows analogously.
Suppose f is concave and g is affine. Then for each t ∈ R, using positivity of g,

{x ∈ ∆ : f(x)/g(x) ≥ t} = {x ∈ ∆ : f(x)− tg(x) ≥ 0}.

This is a convex set since f(x)− tg(x) is concave as a function of x. Moreover, if f
is strictly concave, then for fixed t, f(x)− tg(x) is strictly concave so for all x ̸= y
and λ ∈ (0, 1) with f(x)/g(x) = f(y)/g(y) = t,

f
(
λx+ (1− λ)y

)
− tg

(
λx+ (1− λ)y

)
> 0

so f/g is strictly quasi-concave. □
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Remark 3.5. Unlike sums of concave functions, sums of quasi-concave functions
need not be quasi-concave. This simple fact is at the heart of the exceptional
phenomena which begin to occur in the dimension theory of self-affine sets and
measures in dimensions 2 and above.

Applying Lemma 3.2, we immediately obtain the following application.

Lemma 3.6. Let ∆ be a compact convex space and let u, v : ∆ → R be continuous.
Consider the dual functions

F (α) = max
w∈∆

{v(w) : u(w) = α} ,

T (t) = min
w∈∆

{t · u(w)− v(w)} .

Suppose q ∈ R and w 7→ q · u(w)− v(w) is quasi-convex. Then F (α) = T ∗(α) for all
α ∈ ∂T (q). Moreover, if w 7→ q · u(w)− v(w) is strictly quasi-convex, then T ′(q) exists.

4. FINE Lq-SPECTRA OF GATZOURAS–LALLEY MEASURES

4.1. Pointwise Billingsley’s lemma. In this section, we state the key technical
density results which we will require in the later sections.

We first recall an equivalent version of [Rut23+, Definition 3.12].

Definition 4.1. Let ∆ be a family of Borel probability measures on Rd. We say that
∆ has uniform densities if there is a finite Borel measure ν on Rd such that for every
ε > 0, there are constants C > 0 and η ∈ (0, 1) so that for all µ ∈ ∆, r ∈ (0, η), and
x ∈ Rd,

rεµ
(
B(x, r)

)
≤ ν

(
B(x,Cr)

)
.

Next, we recall [Rut23+, Proposition 3.13]; there, the following result is only stated
for self-similar IFSs but the proof works verbatim for any strictly contracting
Lipschitz IFS.

Lemma 4.2 ([Rut23+]). Let d ∈ N and {Ti}i∈I be a finite set of affine contractions from
Rd to Rd. Then the family of measures ∆ := {µp : p ∈ P} has uniform densities.

Finally, we need a multifractal generalization of [Rut23+, Proposition 3.14]. The
proof is similar, but there are a few technical details which must be handled care-
fully. Recall the definition bλ(E, q) from §3.1; for a first reading simply substitute
−ϑµ(q).

Proposition 4.3. Let λ be a compactly supported Borel probability measure in Rd, let
E ⊂ suppλ, and let ∆ be a family of measures with uniform densities. Let q ∈ R and
suppose t is such that for all x ∈ E,

(4.1) lim inf
r→0

inf
µ∈∆

log µ
(
B(x, r)

)
− q log λ

(
B(x, r)

)
log r

≤ t.

Then bλ(E, q) ≤ t.
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Proof. Let ν be the measure realizing the uniform densities of ∆. Fix ε > 0. By
uniform densities, there are constants C ≥ 1 and η0 ∈ (0, 1) such that

(4.2) rεµ
(
B(x, r)

)
≤ ν

(
B(x,Cr)

)
for all µ ∈ ∆, x ∈ Rd, and r ∈ (0, η0). Let F ⊂ E and η ∈ (0, η0) be arbitrary. For
each x ∈ F , by (4.1), choose µx ∈ ∆ and rx ∈ (0, η) such that

(4.3) rt+ε
x λ

(
B(x, rx)

)q ≤ µx

(
B(x, rx)

)
.

Combining Eqs. (4.2) and (4.3) gives

rt+2ε
x λ

(
B(x, rx)

)q ≤ ν
(
B(x,Crx)

)
.

Since F ⊂ suppλ is bounded, we may apply the Besicovitch covering theorem
(see [Mat95, Theorem 2.7]) to B = {B(x, rx) : x ∈ F} to obtain families Bi ⊂ B,
i = 1, . . . , cd, each consisting of pairwise disjoint balls, whose union covers F . For
n ≥ 0, write

Bi,n = {B(x, r) ∈ Bi : 2
−n−1 < r ≤ 2−n}.

Since the balls in each Bi,n are disjoint and have comparable radii, the balls
{B(x,Cr) : B(x, r) ∈ Bi,n} overlap boundedly with constant D depending only
on d and C. Thus

Hq,t+3ε

λ,η (F ) ≤
cd∑
i=1

∞∑
n=0

∑
B(x,r)∈Bi,n

rt+3ελ
(
B(x, r)

)q
≤

cd∑
i=1

∞∑
n=0

2−nε
∑

B(x,r)∈Bi,n

ν
(
B(x,Cr)

)
≤ cdDν(Rd)

∞∑
n=0

2−nε <∞.

The bound is independent of F and η, so Hq,t+3ε
λ (E) <∞. Hence bλ(E, q) ≤ t+ 3ε,

and letting ε→ 0 completes the proof. □

4.2. Column pressure. Let us begin recalling the definition from the introduction.
Define Ψ: η(P)× R×R → R by

Ψ(v, q, s) = −
∑

ℓ∈η(I)

vℓ log
( ∑
j∈η−1(ℓ)

pqjβ
−s
j,2

)
.

Observe that Ψ is continuous and strictly decreasing in s. Moreover,

lim
s→−∞

Ψ(v, q, s) = ∞ and lim
s→∞

Ψ(v, q, s) = −∞.

In particular, this implies the following.



16 JORDAN, KOLOSSVÁRY, & RUTAR

Lemma 4.4. Let p ∈ P . There is a unique continuous function Tp : η(P) × R → R
satisfying

Ψ
(
v, q, Tp(v, q)

)
= qH(v, η(p)).

for q ∈ R and v ∈ η(P). Moreover, Tp(v, 1) = 0.

Now let g : η(P) × R → P be the continuous function defined for v ∈ η(P) and
q ∈ R by the rule

g(v, q) =

(
vη(i)

pqiβ
−Tp(v,q)
i,2∑

j∈η−1(η(i)) p
q
jβ

−Tp(v,q)
j,2

)
i∈I

.

Of course, η(g(v, q)) = v. The point of the choice of the functions Tp and g is the
following lemma.

Lemma 4.5. Let p ∈ P be strictly positive and q ∈ R. For any w ∈ P and v ∈ η(P)
such that supp η(w) ⊆ suppv and Tp(η(w), q) ≥ Tp(v, q),

q
(
H(w,p)−H(η(w), η(p))

)
+H(η(w),v)−H(w, g(v, q))

χ2(w)
≥ Tp(v, q)

with equality if and only if Tp(η(w), q) = Tp(v, q).

Proof. We compute that

H(η(w),v)−H(w, g(v, q))

χ2(w)
=

∑
i∈I wi log

(
pqi β

−Tp(v,q)

i,2∑
j∈η−1(η(i)) p

q
jβ

−Tp(v,q)

j,2

)
χ2(w)

= Tp(v, q)−
qH(w,p)

χ2(w)
+

Ψ
(
η(w), q, Tp(v, q)

)
χ2(w)

≥ Tp(v, q)− q
H(w,p)−H(η(w), η(p))

χ2(w)
.

In the last line, we used Lemma 4.4 and the fact that Ψ is strictly decreasing in the
third argument. In particular, this also implies the equality statement. □

Next, for w ∈ P and v ∈ η(P), write

A(w,v) =
H(w)−H(v)

χ2(w)
, Bp(w,v) =

H(w,p)−H(v, η(p))

χ2(w)
.

For fixed v, the function Tp(v, q) can also be obtained as an explicit optimization
problem.

Corollary 4.6. We have

Tp(v, q) = min
w∈η−1(v)

{qBp(w,v)− A(w,v)}

and moreover the minimum is attained uniquely at g(v, q).
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Proof. Let w ∈ η−1(v). By Lemma 4.5,

qBp(w,v)− A(w,v) = Tp(v, q) +
DKL(w ∥ g(v, q))

χ2(w)
.

To complete the proof, recall that DKL(w ∥ g(v, q)) ≥ 0 with equality if and only if
w = g(v, q). □

4.3. Fine Lq-spectra via fibred optimization. Throughout, we fix a p ∈ P . In this
section, we prove a lower bound on the fine Lq-spectrum of the measure µp. In
order to prove this lower bound, we will use Proposition 4.3: for each x ∈ Λ, we
will choose a probability vector depending on the coding of x and apply (4.1). By
Lemma 4.2, the family of measures {µw : w ∈ P} has uniform densities, which
will give a lower bound on the fine Lq-spectrum.

The majority of the work is to choose the probability vector w. Unlike in the
self-similar case, there is no single choice of a probability vector which works
simultaneously for all x ∈ Λ. The heart of the difficulty lies in the fact that the
µp-measure of an approximate square P (i, j) depends separately on the coding
of i and j, and the corresponding frequency vectors may not agree. However,
since there are only two relevant vectors, we can choose a sequence of scales along
which the column spectrum Tp(v, q) is minimized, and it turns out by Lemma 4.5
that such a sequence of scales suffices.

Given an infinite word γ ∈ IN and a q ∈ R, let

Φ(γ, q) = lim inf
m→∞

Tp(η(λm(γ)), q).

We now obtain our main bound on the fine Lq-spectrum.

Theorem 4.7. Let p ∈ P be strictly positive and let q ∈ R, γ ∈ IN, and δ > 0 be
arbitrary. Then there is a fully supported v ∈ η(P) so that

lim sup
k→∞

q log νp(Qk(γ))− log νg(v,q)(Qk(γ))

log diam π(Qk(γ))
≥ qH(v, η(p))−H(v)

χ1(v)
+ Tp(v, q)− δ.

Proof. For notational clarity, we suppress dependence of our notation on γ. Let
(km)

∞
m=1, w ∈ P , and v ∈ η(P) be chosen so that:

• Φ(γ, q) = Tp(v, q),
• v = limm→∞ η(λLkm

), and
• w = limm→∞ λkm .

Since Lk = O(k) and kη(λk) ≤ Lkη(λLk
) coordinatewise, we have supp η(w) ⊆

suppv. For ε ∈ (0, 1), set

vε = (1− ε)v + εη(p),

so that g(vε, q) is fully supported. Since Tp(η(w), q) ≥ Tp(v, q), Lemma 2.4 and
Lemma 4.5 give

lim
ε→0

lim
m→∞

q log νp(Qkm)− log νg(vε,q)(Qkm)

log diam π(Qkm)
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=
qH(v, η(p))−H(v)

χ1(v)

+
q
(
H(w,p)−H(η(w), η(p))

)
+H(η(w),v)−H(w, g(v, q))

χ2(w)

≥ qH(v, η(p))−H(v)

χ1(v)
+ Tp(v, q).

By continuity of the final expression in v, taking ε > 0 sufficiently small gives the
required inequality with vε in place of v. □

The lower bound for the fine Lq spectrum in Theorem A now follows.

Corollary 4.8. Let p ∈ P be fixed and q ∈ R. Then

ϑp(q) ≥ min
w∈P

{
qH(w,p)−H(w)

χ2(w)
+

(
1− χ1(w)

χ2(w)

)
qH(η(w), η(p))−H(η(w))

χ1(η(w))

}
= min

v∈η(P)

{
qH(v, η(p))−H(v)

χ1(v)
+ Tp(v, q)

}
.

Proof. That the two minima are equal follows from Corollary 4.6; denote the
common value by s. Fix δ > 0 and, for each x = π(γ), choose a fully supported v
as in Theorem 4.7. By Lemma 2.5,

lim inf
r→0

log µg(v,q)

(
B(x, r)

)
− q log µp

(
B(x, r)

)
log r

≤ −s+ δ.

Apply Proposition 4.3 with λ = µp, E = suppµp, t = −s + δ, and the family
∆ = {µz : z ∈ P}, which has uniform densities by Lemma 4.2. Thus ϑp(q) ≥ s− δ.
Since δ > 0 was arbitrary, ϑp(q) ≥ s as claimed. □

4.4. A lower bound for the multifractal spectrum. We now turn our attention
to the multifractal spectrum. As usual, we can obtain a simple lower bound
for the multifractal spectrum as a constrained optimization problem. Recall the
definitions of v and up from (1.2). The following lower bound on the multifractal
spectrum is standard.

Proposition 4.9. Let µp be a Gatzouras–Lalley measure with separation of principal
projections, and let α ≥ 0. Then

fp(α) ≥ Fp(α) := max
w∈P

{v(w) : up(w) = α} .

Proof. Fix w ∈ P with up(w) = α. For νw-a.e. γ, the empirical frequencies λk(γ)
converge to w. Thus Lemmas 2.4 and 2.5 give

dimloc(µp, π(γ)) = up(w) = α, dimloc(µw, π(γ)) = v(w).

Taking the maximum over w proves the claim. □
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Crucially, this simple lower bound is already sufficient to give our exact formula
for ϑp. Essentially, this is because of duality. Recall that we proved in Corollary 4.8
that

ϑp(q) ≥ Vp(q) := min
w∈P

{qup(w)− v(w)} .

The optimization problems defining Vp and Fp are dual in the sense of §3.2. In
particular, we know in general that Vp is a concave function of q with F ∗

p(q) = Vp(q).
However, in general, Fp(α) need not be concave, so it can happen that F (α) <

V ∗
p (α); see Corollary 5.9. Regardless, using the general inequalities along with the

order-reversing property of concave conjugation, we can obtain our variational
formula for ϑp and complete the proof of Theorem A.

Theorem 4.10. Let p ∈ P be fixed and q ∈ R. Then

ϑp(q) = Vp(q) = min
v∈η(P)

(qH(v, η(p))−H(v)

χ1(v)
+ Tp(v, q)

)
.

Proof. The second equality and the inequality ϑp(q) ≥ Vp(q) are precisely
Corollary 4.8. Also, recall Proposition 4.9 and Proposition 3.1:

(4.4) Fp(α) ≤ fp(α) ≤ ϑ∗
p(α).

Taking concave conjugates in (4.4) and recalling that concave conjugates reverse
order,

(4.5) ϑ∗∗
p (q) ≥ ϑp(q) ≥ Vp(q) = F ∗

p(q) ≥ f ∗
p(q) ≥ ϑ∗∗

p (q).

Therefore equality holds everywhere, as claimed. □

Remark 4.11. The first inequality in (4.5) was required since a priori ϑp need not
be concave; see [Ols95, Section 3]. Regardless, we recall that g∗∗ is the concave hull
of g for general functions g, so it always holds that g∗∗ ≥ g which turns out to be
sufficient.

To conclude this section, let us also point out that Fp can be written as an op-
timization over η(P). Let T ∗

p(v, ρ) denote the concave conjugate of Tp(v, q) in
the q-variable. The parameter ρ will be related to α by the following coordinate
change:

ρ(α,v) = α− H(v, η(p))

χ1(v)
.

Finally, recall from Corollary 4.6 that

T ∗
p(v, ρ) = max

w∈η−1(v)
{A(w,v) : Bp(w,v) = ρ.}

We now have the following.
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Proposition 4.12. We have

Fp(α) = max
v∈η(P)

{
H(v)

χ1(v)
+ T ∗

p

(
v, α− H(v, η(p))

χ1(v)

)}
.

Proof. We compute

Fp(α) = max
w∈P

{v(w) : up(w) = α}

= max
v∈η(P)

max
w∈η−1(v)

{
A(w,v) +

H(v)

χ1(v)
: Bp(w,v) = α− H(v, η(p))

χ1(v)

}
= max

v∈η(P)

(
H(v)

χ1(v)
+ max

w∈η−1(v)
{A(w,v) : Bp(w,v) = ρ(α,v)}

)
= max

v∈η(P)

{
H(v)

χ1(v)
+ T ∗

p (v, ρ(α,v))

}
as claimed. □

4.5. Optimizing with constrained eccentricity. In this section, we note an ad-
ditional result which may help to clarify why Gatzouras–Lalley carpets behave
differently than Bedford–McMullen carpets. This result will also be relevant in §5.

For w ∈ P , write

Γ(w) =
χ1(w)

χ2(w)
.

Note that Γ takes values in a compact interval

Γ(P) = [κmin, κmax] ⊂ (0, 1)

where

κmin := min
i∈I

log βi,1
log βi,2

and κmax := max
i∈I

log βi,1
log βi,2

.

We say that the IFS and its associated carpet are homogeneous if κmin = κmax.
We constrain the optimization problems defining Fp and Vp to those probability

vectors with fixed eccentricity. To be precise, for κ ∈ Γ(P), write

Vp,κ(q) := min
w∈Γ−1(κ)

{q · up(w)− v(w)}

Fp,κ(α) := max
w∈Γ−1(κ)

{v(w) : up(w) = α}

These constrained optimization problems are always dual problems.

Proposition 4.13. For each κ ∈ Γ(P) and q ∈ R, there is a unique w ∈ P with
Γ(w) = κ such that

Vp,κ(q) = q · up(w)− v(w).
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In particular, duality holds and

Fp,κ(α) = V ∗
p,κ(α).

Proof. For κ ∈ Γ(P) fixed, write

up,κ(w) =
κH(w,p) + (1− κ)H(η(w), η(p))

χ1(η(w))
,

vκ(w) =
κH(w) + (1− κ)H(η(w))

χ1(η(w))
.

Then, a direct computation gives for w ∈ Γ−1(κ) that

q · up(w)− v(w) = q · up,κ(w)− vκ(w)

But Γ−1(κ) is a convex subset of P and q · up,κ − vκ has a strictly convex numerator
and a positive affine denominator, so it is strictly quasi-convex by Lemma 3.4. The
conclusion follows by Lemma 3.6. □

In particular, we can obtain a result which is a mild generalization of a theorem of
King for Bedford–McMullen carpets [Kin95].

Corollary 4.14. Let µp be a Gatzouras–Lalley measure with separation of principal pro-
jections and whose defining IFS is homogeneous. Then ϑp is differentiable and the fine
multifractal formalism holds.

4.6. Equality of the fine and coarse Lq-spectra. In this section, we characterize
when the fine Lq-spectrum ϑp and the coarse Lq-spectrum τp are equal.

Let Yη(p)(q) denote Lq-spectrum of η∗µp: that is,∑
ℓ∈η(I)

η(p)qℓβ
−Yη(p)(q)

i,1 = 1.

We first recall a special case of [FW05, Theorem 2].

Proposition 4.15 ([FW05]). Let µp be a Gatzouras–Lalley measure and q ∈ R. Then
τp(q) is the unique solution to the equation∑

i∈I

pqiβ
−Yη(p)(q)

η(i),1 β
−(τp(q)−Yη(p)(q))

i,2 = 1.

Now, in order to state our characterization, we need some more notation. For
ℓ ∈ η(I) and p ∈ P , let tp,ℓ(q) be the unique solution to the equation∑

j∈η−1(ℓ)

(
pj

η(p)ℓ

)q

β
−tp,ℓ(q)
i,2 = 1.

Precisely, tp,ℓ is the Lq spectrum of the self-similar IFS corresponding to column ℓ.
Equivalently, tp,ℓ = Tp(δℓ, q) where δℓ is the dirac mass on column ℓ.
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Corollary 4.16. Let µp be a Gatzouras–Lalley measure with separation of principal pro-
jections and let q ∈ R. Then the following are equivalent:

(i) τp(q) = ϑp(q).
(ii) The function ℓ 7→ tp,ℓ(q) is constant.

(iii) The function v 7→ Tp(v, q) is constant.
Moreover, if any of the above equivalent conditions hold, writing tp(q) = tp,ℓ(q) for the
constant value of ℓ 7→ tp,ℓ(q),

τp(q) = ϑp(q) = Yη(p)(q) + tp(q).

Proof. Clearly (iii) implies (ii). For the converse, assuming (ii) and writing tp(q)
for the common value, we know that tp(q) = Tp(δℓ, q) for all ℓ ∈ η(I). Therefore if
v ∈ η(P) is arbitrary,

Ψ(v, q, tp(q)) = −
∑

ℓ∈η(I)

vℓ log

 ∑
j∈η−1(ℓ)

pqjβ
−tp(q)
j,2


= −

∑
ℓ∈η(I)

vℓ log η(p)
q
ℓ

= qH(v, η(p)).

Therefore Tp(v, q) = tp(q) by uniqueness.
Next we prove that (i) and (ii) are equivalent. Define probability vectors

y ∈ η(P) and z ∈ P by the rule

y =
(
η(p)qℓβ

−Yη(p)(q)

ℓ,1

)
ℓ∈η(I), z =

(
pq
iβ

−Yη(p)(q)

η(i),1 β
−(τp(q)−Yη(p)(q))

i,2

)
i∈I .

(These are the minimizing probability vectors for the optimization stated in [Kol23,
Theorem 2.1] in the special case of Gatzouras–Lalley measures.) A direct computa-
tion gives for w ∈ P that

qup(w)− v(w)− τp(q) =
DKL(w ∥ z)
χ2(w)

+

(
1

χ1(η(w))
− 1

χ2(w)

)
DKL(η(w) ∥y).

Taking the minimum over w and recalling Theorem A, we see that ϑp(q) = τp(q) if
and only if η(z) = y, in which case the minimum is attained exactly at z. Now,

η(z)ℓ = η(p)qℓβ
−Yη(p)(q)

ℓ,1

∑
i∈η−1(ℓ)

(
pi

η(p)ℓ

)q

β
−(τp(q)−Yη(p)(q))

i,2 .

Term ℓ in the summation on the right is exactly 1 if and only if τp(q) = Yη(p)(q) +
tp,ℓ(q). Therefore comparing η(z)ℓ to the definition of y, we see that η(z) = y if
and only if (ii) holds. Thus (i) and (iii) are equivalent.

To conclude, we also see from the above that τp(q) = Yη(p)(q) + tp(q), as
claimed. □

We can now complete the proof of Corollary C.
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Proof (of Corollary C). Equivalence of (ii) and (iii) is simply Corollary 4.16.
Assuming (ii), since τp is differentiable, (i) follows using Corollary B. Con-

versely, assuming (ii), it follows that ϑp = f ∗
p = τp, which is (i). □

5. GATZOURAS–LALLEY MEASURES WITH TWO COLUMNS

We now turn our attention to Gatzouras–Lalley measures with two columns. We
will prove our variational formula for the multifractal spectrum Theorem D and
construct some interesting examples to prove Theorem E.

5.1. A variational formula for the multifractal spectrum for systems with two
columns. Recall in Proposition 4.9 that we noted a general lower bound for the
multifractal spectrum. Unfortunately, we are not able to determine in general if
this inequality is necessarily an equality, or if the inequality may in some cases
be strict. (Of course, equality always holds at slopes corresponding to points of
differentiability of ϑp(q).)

Why does a similar approach from our proof of the variational formula for
the fine Lq-spectrum not also handle the multifractal spectrum? The proof of
Corollary 4.8 shows, in general, that it is always possible to choose a good measure
for a given point x ∈ Λ using a well-chosen sequence of empirical frequency
measures, depending on the coding of the point x. The problem is that such a
measure is only valid along an infinite sequence of scales, and at those scales
the local dimension might not satisfy the additional constraint required by the
definition of Fp.

However, when µp is a Gatzouras–Lalley measure with two columns (so that
η(P) is a 1-dimensional space), we can show that equality indeed holds. Before
we can prove our result, we need a continuity result about the map k 7→ λk. Here,
we embed P ⊂ R#I and use the supremum norm.

Lemma 5.1. For all γ ∈ IN and k,m ∈ N,

∥λk(γ)− λk+m(γ)∥∞ ≤ 2m

k
.

Proof. Write γ = (in)
∞
n=1. For notational simplicity, we suppress γ for the

remainder of the proof. Then, by definition,

(k +m) · λk+m − k · λk =
(
#{n : k + 1 ≤ n ≤ k +m, in = j}

)
j∈I ∈ [0,m]#I

so

∥λk − λk+m∥∞ ≤
∥∥λk − k+m

k
λk+m

∥∥
∞ +

∥∥k+m
k

λk+m − λk+m

∥∥
∞ ≤ m

k
+
m

k

as claimed. □

Now, using the assumption that #η(I) = 2, we can use Lemma 5.1 to choose a
good sequence of scales.
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Lemma 5.2. Suppose #η(I) = 2 and let γ ∈ IN be arbitrary. Then there exists a
subsequence (kn)∞n=1 such that

lim
n→∞

η(λkn(γ)) = lim
n→∞

η(λLkn (γ)
(γ)).

Proof. Using Lemma 5.1, this is essentially the intermediate value theorem.
First, since the eccentricity of the rectangles in the IFS are bounded strictly between
0 and 1, there is a constant m such that 0 ≤ Ln+1(γ)− Ln(γ) ≤ m for all n ∈ N.

Since #η(I) = 2, consider the homeomorphism ι : η(P) → [0, 1] given by
ι((p, 1− p)) = p so ∥v −w∥∞ = ∥ι(v)− ι(w)∥∞. Write

αn = ι(η(λLn(γ)(γ)))− ι(η(λn(γ))) ∈ [−1, 1].

By considering subsequences along which ι(η(λn(γ))) is maximal or minimal, we
see that lim infn→∞ αn ≤ 0 ≤ lim supn→∞ αn. But |αn+1−αn| ≤ 4m/n by Lemma 5.1,
where m is fixed, so there exists a subsequence (kn)

∞
n=1 such that limn→∞ αn = 0.

Passing to a subsequence again if necessary, the proof is complete. □

Now we can prove the variational principle for the multifractal spectrum.

Restatement (of Theorem D). Let µp be a Gatzouras–Lalley measure with separation
of principal projections and with two columns. Then for all α ∈ R,

fp(α) = Fp(α) = sup
w∈P

{v(w) : up(w) = α}

= max
v∈η(P)

{
H(v)

χ1(v)
+ T ∗

p

(
v, α− H(v, η(p))

χ1(v)

)}
.

Proof. Recall from Proposition 4.9 that the lower bound fp ≥ Fp always holds.
Fix α ∈ R and set

Eα = {x ∈ Λ : dimloc(µp, x) = α}.

Fix δ > 0. To obtain the upper bound dimHEα ≤ Fp(α), it suffices to show for
all x ∈ Eα that there are w ∈ P and a fully supported z ∈ P such that up(w) = α
and

lim inf
r→0

log µz

(
B(x, r)

)
log r

≤ v(w) + δ.

If the constraint up(w) = α has no solution, then Eα = ∅. Otherwise, v(w) ≤
Fp(α), so Proposition 4.3 with λ = µp, E = Eα, q = 0, t = Fp(α) + δ, and
∆ = {µz : z ∈ P} gives dimHEα ≤ Fp(α) + δ. Here, we recall that ∆ has uniform
densities by Lemma 4.2. Taking δ → 0 will give the upper bound.

Let x = π(γ) ∈ Eα. By Lemma 2.4 and Lemma 2.5,

lim
k→∞

(
H(η(λLk(γ)), η(p))

χ1(η(λLk(γ)))
+
H(λk,p)−H(η(λk), η(p))

χ2(λk)

)
= α.
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Since #η(I) = 2, by Lemma 5.2, there exists a subsequence (kn)
∞
n=1 such that

lim
n→∞

η(λLkn
(γ)) = lim

n→∞
η(λkn) =: v.

Passing to a further subsequence if necessary, we may also assume that w =
limn→∞ λkn . Since η(w) = v,

up(w) =
H(η(w), η(p))

χ1(v)
+
H(w,p)−H(η(w), η(p))

χ2(w)
= α.

For ε ∈ (0, 1), set wε = (1 − ε)w + εp, which is fully supported. Applying
Lemma 2.4 and Lemma 2.5 along the subsequence,

lim inf
r→0

log µwε

(
B(x, r)

)
log r

≤ H(v, η(wε))

χ1(v)
+
H(w,wε)−H(v, η(wε))

χ2(w)
.

As ε → 0, the right-hand side tends to v(w). Taking ε > 0 sufficiently small and
z = wε proves the required bound. □

5.2. Gatzouras–Lalley measures with homogeneous columns. All of our exam-
ples are constructed using a special family of Gatzouras–Lalley carpets with two
columns. These examples will fall in the following special class.

Definition 5.3. We say that a Gatzouras–Lalley IFS and its associated carpet have
homogeneous columns if for all k ∈ η(I) and j ∈ {1, 2} the map i 7→ βi,j is constant
on the column η−1(k). Similarly, we say that a Gatzouras–Lalley measure µp for
p ∈ P(I) has homogeneous columns if the underlying IFS has homogeneous columns
and moreover for every k ∈ η(I) the map i 7→ pi is constant on the column η−1(k).

When the IFS has homogeneous columns, we write βi,1 = aη(i) and βi,2 = bη(i) for
numbers 0 < bj < aj < 1 where j ∈ η(I). We also set ℓj = #η−1(j) for j ∈ η(I).
For a measure with homogeneous columns, we also abuse notation and use p and
η(p) interchangeably.

For v,p ∈ η(P), we use some shorthand:

χ2(v) =
∑

j∈η(I)

vj log(1/bj),

ℓ(v) =
∑

j∈η(I)

vj log ℓj.

When µp has homogeneous columns, for v ∈ η(P),

Tp(v, q) =
(q − 1)ℓ(v)

χ2(v)

and therefore

ϑp(q) = min
v∈η(P)

{
qH(v,p)−H(v)

χ1(v)
+ Tp(v, q)

}
.
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Now, consider the special case that the IFS in addition has two columns. We
reparametrize η(P) as [0, 1] through the map v 7→ v := (v, 1− v). In this case, we
know that

fp(α) = max
v∈[0,1]

{
H(v)

χ1(v)
+ T ∗

p

(
v, α− H(v,p)

χ1(v)

)}
.

Since Tp(v, q) is linear in q,

T ∗
p(v, ρ) =

{
ℓ(v)
χ2(v)

: ρ = ℓ(v)
χ2(v)

,

−∞ : otherwise.

Alternatively, write

(5.1) Ap(v) =
H(v,p)

χ1(v)
+

ℓ(v)

χ2(v)
D(v) =

H(v)

χ1(v)
+

ℓ(v)

χ2(v)
.

Then, we equivalently have

ϑp(q) = min
v∈[0,1]

{q · Ap(v)−D(v)} ,

fp(α) = max
v∈[0,1]

{D(v) : Ap(v) = α} .

In particular, fp(α) is the upper hull of the continuous curve v 7→
(
Ap(v), D(v)

)
for v ∈ [0, 1]. See Figure 2 for a depiction of the function v 7→

(
Ap(v), D(v)

)
.

Let us introduce some more notation for working with Gatzouras–Lalley mea-
sures with two homogeneous columns. First, abbreviate Ap(v) = Ap(v) and
D(v) = D(v), where p = (p, 1 − p) and v = (v, 1 − v). Here is some more short-
hand:

1. Write η(I) = {1, 2}.
2. Let Ip = Ap([0, 1]) = [αmin(p), αmax(p)] denote the support of fp.
3. For j ∈ {1, 2}, let ϕj =

log ℓj
log(1/bj)

denote the dimension of column j.
4. For each α ∈ Ip, define

Qα(v) := χ1(v)χ2(v)
(
Ap(v)− α

)
,

which is a polynomial of degree at most two.
5. Let

ω := log(1/b1) log(1/a2)− log(1/b2) log(1/a1)

measure the difference in eccentricity between 0 and 1.
We note the following degeneracy property of the multifractal spectrum.

Lemma 5.4. Let µp be a Gatzouras–Lalley measure with two homogeneous columns. The
following are equivalent:

(a) Ip is not a singleton.
(b) #A−1

p (α) ≤ 2 for all α ∈ Ip.
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(c) either Ap(0) ̸= Ap(1), or Ap(0) = Ap(1), ϕ1 ̸= ϕ2, and ω ̸= 0.

Proof. Since χ1(v)χ2(v) is positive, either Qα(v) vanishes identically so Ap ≡ α,
or there are at most two solutions to Qα(v) = 0. This shows that (a) and (b) are
equivalent.

Next, if Ap(0) = Ap(1) =: α0, then

Qα0(v) = (ϕ1 − ϕ2) · ω · v(1− v)

which vanishes if and only if ϕ1 = ϕ2 or ω = 0. Thus (a) and (c) are equivalent. □

Finally, we point out that the function Ap is necessarily either quasi-concave or
quasi-convex. This follows immediately from the following slightly more general
result.

Lemma 5.5. Let W ⊂ R be a compact interval and suppose f : W → R is a function of
the form

f =
g1
h1

+
g2
h2

where the functions gi, hi are affine and the functions hi are strictly positive on W . Then
f is either quasi-concave or quasi-convex.

Proof. If h1 = ch2 for some constant c > 0, this result follows from Lemma 3.4
(in fact, f is both quasi-concave and quasi-convex). Otherwise, {h1, h2} spans the
space of all affine functions, so with ψ = h1/h2 we can write

f = ξ ◦ ψ where ξ(p) =
ap2 + bp+ c

p
, p > 0,

for some a, b, c ∈ R. By Lemma 3.4, ξ is quasi-convex if a ≥ 0 and quasi-concave if
a ≤ 0. Since ψ is monotone, the same holds for f = ξ ◦ ψ. □

Remark 5.6. If Ap is non-degenerate (i.e. it satisfies one of the equivalent condi-
tions in Lemma 5.4), it must be strictly quasi-convex or strictly quasi-concave,
which means that one of the global maximum or the global minimum must be
attained at the boundary (i.e. at 0 or 1).

5.3. Discontinuity of the multifractal spectrum. In this section, we construct
examples of Gatzouras–Lalley measures with discontinuous multifractal spectrum.

We begin with a general characterization of (dis)continuity of the multifractal
spectrum.

Lemma 5.7. Let µp be a Gatzouras–Lalley measure with separation of principal projec-
tions and with two homogeneous columns. Let α0 ∈ Ip. Then fp|Ip is discontinuous
at α0 if and only if A−1

p (α0) = {v, z} for some z ∈ {0, 1} and v ∈ (0, 1) such that
D(z) > D(v).



28 JORDAN, KOLOSSVÁRY, & RUTAR

Proof. If Ip is a singleton or Ap is strictly monotone, the assertion is immedi-
ate. Otherwise, by Lemma 5.4 and Remark 5.6, Ap attains a global minimum or
maximum at some c ∈ (0, 1), with strictly monotone restrictions to [0, c] and [c, 1].

Let J1, J2 be the images Ap([0, c]) and Ap([c, 1]), labelled so that J1 ⊆ J2 = Ip,
and let vi : Ji → [0, 1] be the corresponding continuous inverse branches. The
intervals J1, J2 share the endpoint Ap(c). Define the continuous functions di =
D ◦ vi on Ji. Then for α ∈ Ip,

fp(α) =

{
max{d1(α), d2(α)} : α ∈ J1,

d2(α) : α ∈ Ip \ J1.

Thus fp|Ip is continuous except possibly at an endpoint α0 of J1 lying in the interior
of Ip = J2. Precisely, A−1

p (α0) = {z, v} for z ∈ {0, 1} and v ∈ (0, 1): the first branch
ends at z = v1(α0) while the second continues through v = v2(α0). The one-sided
limits are

max{D(z), D(v)} = fp(α0) and D(v).

Hence discontinuity occurs exactly when D(z) > D(v). □

Of course, Lemma 5.7 is not sufficient to give any concrete examples of Gatzouras–
Lalley measures with discontinuous multifractal spectrum. In fact, there are two
cases where it is easy to see that ϑp is differentiable and the multifractal formalism
holds: firstly, if the eccentricity χ1(w)/χ2(w) is constant (equivalently, ω = 0)
so we may apply Corollary 4.14; and secondly, if ϕ1 = ϕ2 =: ϕ in which case
tp,1(q) = tp,2(q) = ϕ(q − 1) so we may apply Corollary 4.16.

It turns out that if neither of these two conditions hold, then there is always an
open set of probability vectors in η(P) for which the multifractal formalism fails.

Theorem 5.8. Let G be a Gatzouras–Lalley carpet with separation of principal projections
and with two homogeneous columns. Suppose G is not homogeneous and ϕ1 ̸= ϕ2. Then,
there exists a non-empty open subset U ⊂ η(P) such that fp has a jump discontinuity in
the interior of its support for all p ∈ U .

Proof. Exchanging the columns if necessary, assume that D(1) = ϕ1 > ϕ2 =
D(0). The function

∆(p) := Ap(1)− Ap(0) = − log p

log(1/a1)
+

log(1− p)

log(1/a2)
+ ϕ1 − ϕ2

decreases strictly from ∞ to −∞ as p increases from 0 to 1. Thus there is a unique
p0 ∈ (0, 1) such that Ap0(0) = Ap0(1) =: α0. Since ϕ1 ̸= ϕ2 and ω ̸= 0, Lemma 5.4
gives A−1

p0
(α0) = {0, 1}.

Choose δ ∈ (0, 1) sufficiently small that D(v) < D(1) for all v ∈ [0, δ]. Then
Ap0(δ) ̸= α0. Since ∆ changes sign at p0, continuity gives a non-empty open
interval J ⊂ (0, 1) with endpoint p0 such that Ap(1) lies strictly between Ap(0) and
Ap(δ) for every p ∈ J . The intermediate value theorem therefore gives vp ∈ (0, δ)
with Ap(vp) = Ap(1). By Lemma 5.4, A−1

p (Ap(1)) = {vp, 1}, and D(vp) < D(1) by
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the choice of δ. Hence Lemma 5.7 gives a jump discontinuity at Ap(1), which lies
in the interior of Ip. Taking U = {(p, 1− p) : p ∈ J} completes the proof. □

The hypotheses of Theorem 5.8 hold for most Gatzouras–Lalley carpets with two
homogeneous columns. The following result therefore immediately follows.

Corollary 5.9. There exists a Gatzouras–Lalley measure in R2 generated by an IFS with
3 maps such that the multifractal spectrum is discontinuous, the fine Lq-spectrum is
non-differentiable, and the multifractal formalism fails.

Proof. Take a1 = 1/2 and a2 = 1/4, ℓ1 = 2, ℓ2 = 1, and b1 = b2 = 1/5, and let
p < p0 ≈ 0.7170150212 be sufficiently close to p0, where p0 is the positive root of
the quadratic p2 + exp − ex = 0 for x = 2(log 2)2/(log 5). For example, a quick
numerical calculation using Lemma 5.7 shows that p = 0.717 works. □

Using the main result of [BF11], we can also give an example of a Gatzouras–Lalley
measure whose fine Lq spectrum is non-differentiable at 0. This is a consequence
of the following observation.

Lemma 5.10. Let Φ be a Gatzouras–Lalley IFS with separation of principal projections,
two homogeneous columns, and two measures of maximal dimension. Then there exists an
open set of values p so that ϑp is non-differentiable at 0 and the multifractal formalism
fails.

Proof. Let 0 ≤ v1 < v2 ≤ 1 be the global maximizers of D(v). Let s > 0 be
chosen so that as1 + as2 = 1 and let z = (as1, a

s
2). Then H(v, z) = sχ1(v) so that

Az(v) = s+
v log ℓ1 + (1− v) log ℓ2

v log(1/b1) + (1− v) log(1/b2)
.

Since there are two measures of maximal dimension, ϕ1 ̸= ϕ2, and therefore Az

is strictly monotone so Az(v1) ̸= Az(v2). By continuity, Ap(v1) ̸= Ap(v2) for all p
in a small neighbourhood of as1. For any such p, non-differentiability therefore
follows by Lemma 3.2 (iii). Since there are no other global maximizers, Theorem D
and (3.1) give fp(α) < D(v1) = −ϑp(0) = ϑ∗

p(α) for every α strictly between Ap(v1)
and Ap(v2), so the multifractal formalism also fails. □

Example 5.11. Here, we outline the details from [BF11, Example 2.1] to give a
concrete example of a Gatzouras–Lalley measure whose fine Lq-spectrum is non-
differentiable at 0. First, set

A = log 3− 7

12
log 2 B = 3 log 2

U = (AB)1/2 − B

2
V =

2B + 4(AB)1/2

4A−B

We then consider the Gatzouras–Lalley carpet with two homogeneous columns
defined by parameters

ℓ1 = 1 ℓ2 = 150
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FIGURE 2. A plot of the multifractal spectrum of a Gatzouras–Lalley
measure with two homogeneous columns. The multifractal spectrum is
the upper hull of the blue curve, depicted in solid blue. The properties
are described in Example 5.12.

a1 = exp(−1) a2 = exp(−(1 + V ))

b1 = b2 =

(
ℓ1
ℓ2

)V/B

It is shown in [BF11] that this carpet has two Bernoulli measures of maximal
dimension. Thus the claim follows by Lemma 5.10.

Example 5.12. Using a computer search, we were able to find an example with
two phase transitions (one for negative q and one for positive q), a point where the
multifractal spectrum has a jump discontinuity, and a point where the multifractal
spectrum is continuous but not differentiable. The jump discontinuity corresponds
to the endpoint Ap(0) and there is a unique measure of maximal dimension corre-
sponding to α ≈ 1.049925193894 (between the two regions of non-concavity). The
exact parameters are:

ℓ1 = 1 ℓ2 = 12

a1 = 0.8484575397963153 a2 = 0.03303678167872682

b1 = b2 = 0.03274279864356218

p = 0.7800520920221643.

See Figure 2 for a depiction of the multifractal spectrum.



MULTIFRACTAL GATZOURAS–LALLEY MEASURES 31

ACKNOWLEDGEMENTS

I.K. is supported by the Hungarian NRDI Office grants STARTING152587 and
K142169 and the János Bolyai Research Scholarship of the Hungarian Academy
of Sciences. The majority of the work on this project was completed while A.R.
was a PhD student at the University of St Andrews, where he was supported by
EPSRC Grant EP/V520123/1 and the Natural Science and Engineering Research
Council (NSERC) via the grant CGS-D/567958-2022. A.R. also received support
from NSERC via the grant PDF/587515-2024 and from the Research Council of
Finland via the project Approximate incidence geometry, grant no. 355453.

AI tools were used in limited amounts during the final preparation of this
paper. Most notably, at the direction of the third author, ChatGPT 5.6 Sol was
used to write Julia code in order to perform the computer search used to find the
example stated in Example 5.12. ChatGPT 5.6 Sol was also used to help with some
minor modifications to the TikZ code underlying Figure 2 (the base image was
auto-generated by the Julia Plots library).

REFERENCES

[AP96] M. Arbeiter and N. Patzschke. Random self-similar multifractals. Math. Nachr.
181 (1996), 5–42. zbl:0873.28003.

[BFKR26] A. Banaji, J. M. Fraser, I. Kolossváry, and A. Rutar. Assouad spectrum of
Gatzouras–Lalley carpets. Adv. Math. 484 (2026), Article No. 110707, 46 pp.
zbl:1587.28018.

[BSS23] B. Bárány, K. Simon, and B. Solomyak. Self-similar and self-affine sets and
measures. Vol. 276. Math. Surv. Monogr. Providence, RI: American
Mathematical Society, 2023. zbl:1543.28001.

[BF11] J. Barral and D.-J. Feng. Non-uniqueness of ergodic measures with full Hausdorff
dimension on a Gatzouras–Lalley carpet. Nonlinearity 24 (2011), 2563–2567.
zbl:1228.37025.

[BF13] J. Barral and D.-J. Feng. Multifractal formalism for almost all self-affine measures.
Commun. Math. Phys. 318 (2013), 473–504. zbl:1280.28010.

[BM07] J. Barral and M. Mensi. Gibbs measures on self-affine Sierpiński carpets and their
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