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ABSTRACT. We study the fine scaling properties of sets satisfying various
weak forms of invariance. Our focus is on the interrelated concepts of (weak)
tangents, Assouad dimension, and a new localized variant which we call the
pointwise Assouad dimension. For general attractors of possibly overlapping
bi-Lipschitz iterated function systems, we establish that the Assouad dimen-
sion is given by the Hausdorff dimension of a tangent at some point in the
attractor. Under the additional assumption of self-conformality, we moreover
prove that this property holds for a subset of full Hausdorff dimension. We
then turn our attention to an intermediate class of sets: namely planar self-
affine carpets. For Gatzouras-Lalley carpets, we obtain precise information
about tangents which, in particular, shows that points with large tangents
are very abundant. However, already for Baranski carpets, we see that more
complex behaviour is possible.
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1. INTRODUCTION

One of the most fundamental concepts at the intersection of analysis and geometry
is the notion of a tangent. For sets exhibiting a high degree of local regularity—
such as manifolds, or rectifiable sets—at almost every point in the set and at
all sufficiently high resolutions, the set looks essentially linear. Moreover, the
concept of a tangent is particularly relevant in the study of a much broader class
of sets: those equipped with some form of dynamical invariance. This relationship
originates in the pioneering work of Furstenberg, where one associates to a set a
certain dynamical system of “zooming in”. Especially in the past two decades,
the study of tangent measures has played an important role in the resolution of
a number of long-standing problems concerning sets which look essentially the
same at all small scales; see, for example, [ ; ; ; ; ].

In contrast, (weak) tangents also play an important role in the geometry of met-
ric spaces. One of the main dimensional quantities in the context of embeddability
properties of metric spaces is the Assouad dimension, first introduced in [ I
It turns out that the Assouad dimension, which bounds the worst-case scaling at
all locations and all small scales, is precisely the maximal Hausdorff dimension
of weak tangents, i.e. sets which are given as a limit of small pieces of enlarged
copies of the original set; see [ ]. We refer the reader to the books [ ;

; ] for more background and context on the importance of Assouad
dimension in a variety of diverse applications.

In this document, we study the interrelated concepts of tangents and Assouad
dimension, with an emphasis on sets with a weak form of dynamical invariance.
Our motivating examples include attractors of iterated function systems where the
maps are affinities (or even more generally bi-Lipschitz contractions); or the maps
are conformal and there are substantial overlaps. In both of these situations, the
sets exhibit a large amount of local inhomogeneity. As we will see, these classes of
sets exhibits a rich variety of behaviour while still retaining some fundamental
properties.
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(A) Gatzouras—Lalley (B) Baranski

FIGURE 1. Some self-embeddable sets, which are attractors of the
iterated function systems depicted in Figure 2.

1.1. Weak tangents, tangents, and pointwise Assouad dimension. Throughout,
we will work in R? for some d € N, though many of our results hold in the broader
context of bounded doubling metric spaces. We let B(z, r) denote the closed ball
with centre x and radius 7.

Now, fix a compact set K C R?. We say that a compact set I’ C B(0,1) is a
weak tangent of K C R if there exists a sequence of similarity maps (7});2, with
similarity ratios \; diverging to infinity such that 0 € 7 (K) and

F = lim T,(K) N B(0,1)

k—o0

with respect to the Hausdorff metric on compact subsets of B(0, 1). We denote the
set of weak tangents of K by Tan(K'). More strongly, we say that F' is a tangent of
K at z if F is a weak tangent and the similarity maps 7} are homotheties which
map z to 0; i.e. Tx(y) = M\(y — z). We denote the set of tangents of K at = by
Tan(K, z). We refer the reader to §2.1 for precise definitions.

Closely related to the notion of a weak tangent is the Assouad dimension of K,
which is the dimensional quantity

dimAK:inf{szElC>Ov0<r§R<1Vw€K

N,(B(z,R) N K) < C(?)}
Here, for a general bounded set F', N, (F') is the smallest number of closed balls
with radius r required to cover F. It always holds that dimy K < dimg K <
dimy K, where dimy K and dimp K denote the Hausdorff and upper box dimen-
sions respectively. In some sense, the Assouad dimension is the largest reasonable
notion of dimension which can be defined using covers. Continuing the analogy
with tangents, we also introduce a localized version of the Assouad dimension
which we call the pointwise Assouad dimension. Given z € K, we set

dimy (K, z) :inf{s :3C >03)p>0vV0<r<R<p

N.(B(z, R) N K) < c(%)}
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The choice of p > 0 in the definition of dimy (K, z) ensures a sensible form
of bi-Lipschitz invariance: if f: K — K’ is bi-Lipschitz, then dimy (K, z) =
dima (f(K), f(x)). It is immediate from the definition that

dimp (K, z) < dimy K.

Moreover, if for instance K is Ahlfors-David regular, then dimy (K, z) = dimp K
for all z € K. We note here that an analogous notion of pointwise Assouad
dimension for measures was introduced recently in [ ].

An observation which goes back essentially to Furstenberg, but was observed
explicitly in [ ], is that the Assouad dimension is characterized by weak
tangents:

dima K = max{dimyg F': F' € Tan(K)}.

Motivated by this relationship, our primary goal in this document is to address
the following questions:
® Does it hold that dimy (K, ) = max{dimy F' : F' € Tan(K,x)}?
¢ [s there necessarily an zy € K so that dimy X' = dimy F' for some F' €
Tan(K, x¢)? If not, is there an xy € K so that dimy K = dimy (K, z)?
* What is the structure of the level set of pointwise Assouad dimension {z €
K : dimy (K, z) = o} for some o > 0?
In the following section, we discuss our main results and provide some preliminary
answers which indicate that answers to these questions are, in general, quite subtle.

1.2. Main results and outline of paper. We begin by stating some easy properties
of the pointwise Assouad dimension for general compact sets K C R”. Firstly, by
Proposition 2.2,

sup{dimg F : F € Tan(K,z)} < dimy(K,z) < dimy K

for all z € K and, by Proposition 2.8 (ii), there is always an # € K so that
dimg K < dima (K, z). However, in general one cannot hope for more than this:
an example in [ ] already has the property that K C R such that dimy K =1
but dimy (K, z) = 0 for all x € K (see Example 2.10 for more detail); and moreover,
in Example 2.11, we construct a compact set K C R with a point z € K so that
dima (K, z) = 1 but each F' € Tan(K, =) consists of at most two points.

However, many commonly studied families of “fractal” sets have a form of
dynamical invariance, which is far from the case for general sets. As a result, it is
of interest to determine general conditions under which the Assouad dimension is
actually attained as the pointwise Assouad dimension at some point. To this end,
we make the following definition.

Definition 1.1. We say that a compact set K is self-embeddable if for each z € K
and 0 < r < diam K, there is a constant a = a(z,r) > 0 and a function f: K —
B(z,r) N K so that

(1.1) arlz —y| < |f(z) = f(W)] < a”'rlz -yl
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for all z,y € K. We say that K is uniformly self-embeddable if the constant a(z, )
can be chosen independently of z and r.

The class of self-embeddable sets is very broad and includes, for example, attrac-
tors of every possibly overlapping iterated function system { f;};cz, where Z is a
finite index set and f; is a strictly contracting bi-Lipschitz map from R? to R”.

The class of uniformly self-embeddable sets includes the attractors of finite
overlapping self-conformal iterated function systems. It is perhaps useful to
compare uniform self-embeddability with quasi self-similarity, as introduced by
Falconer [ ]. Our assumption is somewhat stronger since we also require the
upper bound to hold in (1.1). This assumption is critical to our work since, in
general, maps satisfying only the lower bound can decrease Assouad dimension.
We also note that uniform self-embeddability is the primary assumption in | ,
Theorem 2.1].

Within this general class of sets, we establish the following result which guar-
antees the existence of at least one large tangent under self-embeddability, and an
abundance of tangents under uniform self-embeddability.

Theorem A. Let K C R? be compact and self-embeddable. Then:
(i) dimg K < dimy (K, 7) forall z € K.
(it) Thereis an x € K and F € Tan(K, x) so that H'™AX(F) > 0. In particular,
dimyg F' = dimy (K, z) = dimp K.
If K is uniformly self-embeddable, then there is a constant ¢ > 0 so that

(1.2) dimp{z € K : 3F € Tan(K, z) with H™» E(F) > ¢} = dimy K.

The proof of Theorem A can be obtained by combining Theorem 2.12, Proposi-
tion 2.13, and Theorem 2.14. As a special case of the result for uniformly self-
embeddable sets, suppose K is the attractor of a finite self-similar IFS in the real
line with Hausdorff dimension s < 1. In this case there is a dichotomy: either
H*(K) > 0, in which case K is Ahlfors-David regular, or dima K = 1. In partic-
ular, (1.2) cannot be improved in general to give a set with positive Hausdorff
s-measure.

Beyond being of general interest, we believe this result will be a useful technical
tool in the study of Assouad dimension for general attractors of bi-Lipschitz
invariant sets. For instance, a common technique in studying attractors of iterated
function systems is to relate the underlying geometry to symbolic properties
associated with the coding space. Upper bounding the Hausdorff dimension of
tangents is a priori easier since one may fix in advance a coding for the point. This
is the situation, for example, in [ , Theorem 5.2].

In Theorem A, we have established weak conditions which guarantee the
existence of at least one large tangent, and relatively strong conditions which
guarantee a set of points of full Hausdorff dimension with large tangents. A
natural question to address is the following: to what extent do the results for
uniformly self-embeddable sets extend to more general sets? Moreover, can we
obtain even more precise information for specific families of sets?

With these questions in mind, we now turn our attention to two specific
families of affine iterated function systems in the plane: specifically, the planar
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FIGURE 2. Generating maps associated with a Gatzouras—Lalley and
Barariski system. The parameters from the Bararski carpet correspond
to the example in Corollary 5.6 with § = 1/40.

self-affine carpets of Gatzouras—Lalley [ ] and Barariski [ ]. Note that these
sets are self-embeddable but (except for some degenerate cases) not uniformly
self-embeddable. We defer precise definitions and notation to §4.1; see Figure 2
for examples of the generating maps in these classes. In the following statement,
let n: R?* — R be the orthogonal projection onto the first coordinate axis and for
z € R? let ¢, be the vertical line containing x.

Theorem B. Let K be a Gatzouras—Lalley carpet. Then

HIm K ({2 € K @ dima (K, 2) # dima K}) = 0.

On the other hand, for any dimp K < a < dimy K,

dimpg{zr € K : dimy (K, z) = a} = dimyg K.

Moreover, if n(K) satisfies the SSC, then for any x € K,
(i) max{dimy F : F' € Tan(K,x)} = dimg n(K) + dims ¢, N K,
(ii) dimp (K, z) = max{dimp K, dimp n(K) + dimy ¢, N K}.

Of course, if o ¢ [dimp K, dimy K], then {z € K : dimy (K, z) = o} = @. It follows
immediately from Theorem B that

dima (K, ) = max{dimyg F' : F € Tan(K,z)}

if and only if dims ¢, N K > dimp K — dimpgn(K). Moreover, if s = dimy K,
then H*(K) > 0 and furthermore #*(K) < oo if and only if K is Ahlfors-David
regular (see [ 1), in which case the results are trivial. We thus see that the
majority of points, from the perspective of Hausdorff s-measure, have tangents
with Hausdorff dimension attaining the Assouad dimension of K. However, we
still have an abundance of points with pointwise Assouad dimension giving any
other reasonable value.
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The proof of Theorem B is obtained by combining Theorem 4.12 and Theo-
rem 4.14. The dimensional results given in (i) and (ii) exhibit a precise version of a
well-known phenomenon: at small scales, properly self-affine sets and measures
look like products of the projection with slices. Note that, in order to obtain (i) and
(ii), the strong separation condition in the projection is required or the pointwise
Assouad dimension could be incorrect along sequences which are “arbitrarily
close together at small scales”. The formula holds for more general Gatzouras—
Lalley carpets if one restricts attention to points where this does not happen (see
Definition 4.3).

For Gatzouras—Lalley carpets with projection onto the first coordinate axis
satisfying the strong separation condition, slices through z are precisely attractors
of a non-autonomous iterated function system corresponding to the sequence of
columns containing the point z (such a phenomenon was exploited in a more
general setting in [ ]). In fact, as a pre-requisite to the proof of Theorem B, we
establish a general formula for the Assouad dimension of non-autonomous self-
similar sets satisfying the open set condition and with contraction ratios bounded
uniformly from below. This is given in Theorem 3.7. The proof of Theorem 3.7, and
indeed Theorem B, depends on some general properties of Assouad dimension
which are elementary but may be of independent interest: certain subadditive
regularity properties given in Corollary 3.5, and a reformulation of the Assouad
dimension in terms of disc-packing bounds given in Proposition 3.6.

However, it turns out that the fact that Gatzouras-Lalley carpets have an
abundance of large tangents does not extend to the non-dominated setting.

Theorem C. There exists a Barariski carpet K such that
dimpg{zr € K : dima (K, z) = dimp K} < dimyg K.

In other words, the conclusion of Theorem A for uniformly self-embeddable sets
does not necessarily extend beyond the uniformly self-embeddable case, even in
the at first glance minor generalization consisting only of strictly diagonal self-
affine functions acting in R®. The proof of Theorem C is given in Corollary 5.6,
and it follows from a more general result (Theorem 5.4) describing when Barariski
carpets satisfying certain separation conditions have a large number of large
tangents. This result can be found in Theorem 5.4, and it follows from more
general formulas for the pointwise Assouad dimension at points which are coded
by sequences which contract uniformly in one direction; see Proposition 5.3 for a
precise formulation.

1.3. Some variants for future work. Let ¢: (0,1) — (0, 1) be a fixed function. We
then define the pointwise ¢-Assouad dimension, given by

dim$ (K, ) = inf{s 30 >0V0<r<1

N,

r

1+6(r) (B(:C, )N K) < C'Tf‘ﬁ(r)s}.
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It is a straightforward to see that

, , log N1+on (B(z,7) N K)
dim? (K, z) = lim sup .
AU ) = Bl == og(1/7)

The ¢-Assouad dimensions are an example of dimension interpolation [ ] and
have been studied in detail in [ ; ]. In the specific case that ¢(R) =
5—1forsome 0 € (0, 1), this corresponds precisely to the Assouad spectrum [ ]
which (abusing notation) we may denote by dim% (K, z). In general, we expect the
properties of the pointwise Assouad spectrum to be substantially different than
the properties of the pointwise Assouad dimension.

For instance, in particular for Gatzouras-Lalley carpets, as # — 0 one would
expect to only witness the box dimension at every point in K, and as # — 1 one
would expect to witness the Hausdorff dimension of a maximal tangent, even
when this quantity may be smaller than box dimension. In particular, it may
happen that limy_, dim%(K ,x) > limg_y; dimi(K ,x). For intermediate values of 0,
since the pointwise Assouad spectrum is determined by exponentially separated
pairs of scales, it is likely that the value would depend in an essential way on the
local dimensions of Bernoulli measures projected onto the first coordinate axis.

One might also consider the dual notion of the pointwise lower dimension, defined
for z € K by

dimy, (K, 7) :sup{s 30> 03p>0¥0<r<R<p

N,(B(z,R) N K) > C(?)}

It is established in [ ] that the lower dimension may be analogously charac-
terized as the minimum of Hausdorff dimensions of weak tangents. Therefore, a
natural question is to ask if similar results hold for the pointwise lower dimension
as well. However, the proofs we have given for Theorem A do not immediately
translate to the case of the lower dimension since overlaps may increase dimension.
On the other hand, the results concerning Gatzouras-Lalley carpets in Theorem B
translate directly to the analogous lower dimension counterparts with appropriate
modifications.

Finally, we note that an analogous notion for the pointwise Assouad dimension
of measures was recently introduced in [ ]. It would be interesting to
investigate the relationship between these two notions of pointwise dimension.

1.4. Notation. Throughout, we work in R? equipped with the usual Euclidean
metric. Write Ry = (0, 00). Given functions f and g, we say that f < g if thereis a
constant C' > 0 so that f(z) < Cg(x) for all z in the domain of f and g. We write

f~ygif fSgandg S f.

2. TANGENTS AND POINTWISE ASSOUAD DIMENSION

2.1. Tangents and weak tangents. To begin this section, we precisely define the
notions of tangent and weak tangent, and establish the fundamental relationship
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between the dimensions of tangents and the pointwise Assouad dimension.
Given a set £ C R? and ¢ > 0, we denote the open §-neighbourhood of E by

E® = {z € R?: 3y € E such that |z — y| < §}.

Now given a non-empty subset X C R?, we let K(X) denote the set of non-empty
compact subsets of X equipped with the Hausdorff metric

dy (K1, K3) = max{py(K1; K2), pu(Ko; K1)}
where
(K Ko) = inf{6 > 0: K, ¢ K"},
If X is compact, then (K(X), dy) is a compact metric space itself. We also write
dist(Ey, By) = inf{|z —y| : z € Ey,y € Ey}

for non-empty sets £y, By C R

We say that a set F' € K(B(0,1)) is a weak tangent of K C R” if there exists
a sequence of similarity maps (7})52; with 0 € Tj(K) and similarity ratios A
diverging to infinity such that

F = lim T(K) N B(0, 1)
k—o0

in K£(B(0,1)). We denote the set of weak tangents of K by Tan(K). A key feature
of the Assouad dimension is that it is characterized by Hausdorff dimensions of
weak tangents. This result is originally from [ , Proposition 5.7]. We refer
the reader to [ , Section 5.1] for more discussion on the context and history of
this result.

Proposition 2.1 ([ D. We have

o = dimp K = max dimygF.
FeTan(K)

Moreover, the maximizing weak tangent F can be chosen so that H*(F') > 0.

In a similar flavour, we say that F is a tangent of K at x € K if there exists a
sequence of similarity ratios (\)72, diverging to infinity such that

F = lim A\(K — 2) N B(0, 1)
k—o0
in £(B(0,1)). We denote the set of tangents of K at x by Tan(K, ).

Of course, Tan(K,z) C Tan(K). Unlike in the case for weak tangents, we
require the similarities in the construction of the tangent to in fact be homotheties.
This choice is natural since, for example, a function f: R — R is differentiable at
z if and only if the set of tangents of the graph of f at (x, f(x)) is the singleton
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{B(0,1) N ¢} for some non-vertical line ¢ passing through the origin. In prac-
tice, compactness of the group of orthogonal transformations in R? means this
restriction will not cause any technical difficulties.

We observe that upper box dimensions of tangents provide a lower bound for
the pointwise Assouad dimension.

Proposition 2.2. For any compact set K C R and x € K, dima (K, z) > dimg F for
any F' € Tan(K, z).

_ Proof. Let a > dima (K, ) and suppose F' € Tan(K,x): we will show that
dimp F' < a. First, get C > 0 such that foreach0 <r < R < 1,

R\«
. < — .
N,(B(z, R) N K) < c( T)
Let 0 > 0 be arbitrary, and get a similarity 7" with similarity ratio A such that
T(z) =0and

dy(T(K)N B(0,1), F) <.
Then there is a uniform constant M > 0 so that

M - N5(F) < N;(T(K) N B(0,1)) = Ny (K N B(, ) < C(%)a — oo

In other words, dimg F' < a. O

One should not expect equality to hold in general: in Example 2.11, we construct
an example of a compact set X' C R and a point z € K so that dimy (K, z) = 1 but
every F' € Tan(K, x) consists of at most 2 points.

2.2. Level sets and measurability. We now make some observations concerning
the multifractal properties of the function z — dima (K, z). In particular, we are
interested in the following quantities:

AK,a) ={z € K : dimp (K, z) = a} and () = dimyg A(K, a).

We use the convention that dimy @ = —oo. Observe that ¢ is a bi-Lipschitz
invariant.

Let K(R?) denote the family of compact subsets of R?, equipped with the
Hausdorff distance d3;. We recall that B(z,r) denotes the closed ball at z with
radius r, and we let B°(x,r) denote the open ball at x with radius r. Given a
compact set K C R?, we let N°(K) denote the minimal number of open sets with
diameter r required to cover K, and NP**(K) denote the size of a maximal centred
packing of K by closed balls with radius 7. Then, for 0 < r; < ry, we write

'/vrolmg(K’ T) = N:1(3<x>r2) NK)

Ny (K ) = fo“k(Bo(m, r9) N K)

The following lemma is standard.
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Lemma 2.3. Fix 0 < r; < ry. Then:
(i) N . K(RY) x R* — [0, d] is lower semicontinuous.

T1,72 "

(ii) Nyy .y K(RY) x RY — [0, d] is upper semicontinuous.

We can use this lemma to establish the following fundamental measurability
results.

Proposition 2.4. The following measurability properties hold:
(i) The function (K, x) — dima (K, ) is Baire class 2.
(i) A(K, ) is Borel for any compact set K.

Proof. Since R* is doubling,
dima (K, z) = inf{s .30 >03IM eNVM <k<n
Ny-ngr (K, ) < 02<"—k>8}.

Equivalently, we may use N

71,72

in place of NV, ,,. In particular,

{(K,z) : dimp (K, x) >s}—ﬂﬂ UU o-nok) “L(020mRs o).

C=1M=1 k=M n=k

and

{(K,z):dimps (K, x) < t} = U U ﬂ ﬂNQan (—o0, 02,

CeQN(0,00) M=1 k=M n=k

Thus {(K, z) : dima (K, z) € (s,t)} is a Gs,-set, i.e. it is a countable union of sets
expressible as a countable intersection of open sets, so dim, is Baire class 2.

Of course, the same argument also show that z — dima (£, x) is Baire class 2
for a fixed compact set K, so that A(K, «) is G, and, in particular, Borel. O

2.3. Tangents and pointwise dimensions of general sets. We now establish
some general results on the existence of tangents for general sets. These results
will also play an important technical role in the following sections: for many
of our applications, it is not enough to have positive Hausdorff a-measure for
a = dimy K, since in general Hausdorff a-measure does not interact well with the
Hausdorff metric on K (B(0,1)).

Recall that the Hausdorff a-content of a set E is given by

HE (E) = inf {Z(diam U)*: EC U Us;, U open} :
i=1 =1

Of course, H% (E) < H*(E) and HS (E) = 0 if and only if H*(E) = 0. We recall
(see, e.g. [ , Theorem 2.1]) that H2, is upper semicontinuous on /C(B(0, 1)).
Moreover, if 0 < H*(E) < oo, then the density theorem for Hausdorff content
implies that 7{*-almost every = € E has a tangent with uniformly large Hausdorff
a-content. We use these ideas in the following proofs.

We begin with a straightforward preliminary lemma which is proven, for
example, in [ , Lemma 3.11].
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Lemma 2.5. Let K C R” be compact. Then Tan(Tan(K)) C Tan(K).

Proof. First suppose E € Tan(K) and F' € Tan(E). Write £ = lim,,_,, 7,,(K) N
B(0,1) and F' = lim,,_, S, (E)N B(0, 1) for some sequences of similarities (7;,) and
(S,,) with similarity ratios diverging to infinity. For each € > 0, let N be sufficiently
large so that

dy(Sx(E) N B(0,1), F) <

[NRINe

Suppose Sy has similarity ratio Ay, and let M be sufficiently large so that
ds(Tys(K) N B(0,1). B) < 57—
2N
It follows that

ds(Sx o Tar (K) N B(0,1), F) < e.

But € > 0 was arbitrary, as required. 0

Now, given a set with positive and finite Hausdorff measure, we can always
tind a tangent with large Hausdorff content.

Lemma 2.6. Let K C R be a compact set with 0 < H®(K) < oo. Then for H*-almost
every v € K, thereis an F' € Tan(K, x) such that HS (F') > 1.

Proof. By the same proof as [ , Theorem 6.2], for H*-almost every x € K,
there is a sequence of scales (r,,);>; converging to zero such that

1 < lim r,*HS (B(z,r,) N K).

n—oQ

Then

HE (K — 2) N B(0,1)) = " HE (B, ) 1K) 22 1,
But Hausdorff a-content is upper semicontinuous, so passing to a subsequence if
necessary,

F = lim (r, (K —2) N B(0,1))

n—o0

satisfies HS (F') > 1. O

Of course, we can combine the previous two results to obtain the following im-
provement of Proposition 2.1.

Corollary 2.7. Let K be a compact set with dima K = o. Then there is a weak tangent
F e Tan(K) with HS (F) > 1.

Proof. By Proposition 2.1, there is £ € Tan(/K) such that H*(£) > 0. By [ ,
Theorem 4.10], there is a compact £’ C E such that 0 < H*(E’) < oo. Then
by Lemma 2.6, there is F' € Tan(E’) with HS (F') > 1. But IV C F for some
F € Tan(FE), and by Lemma 2.5, F' € Tan(K) with H (F) > HL(F') > 1. O
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We now establish bounds on the pointwise Assouad dimension and tangents
for general sets.

Proposition 2.8. Let k' C RY. Then:
(i) If K is analytic, for any s such that H*(K) > 0, there is a compact set E C K
with H*(E) > 0 so that for each x € E, there is a tangent F' € Tan(K,x) with
7 (F) > 1.
(i) If K is compact, there is an x € K such that dimy (K, x) > dimg K.

Proof. The proof of (i) follows directly from Lemma 2.6, recalling that we can
always find a compact subset £ C K such that 0 < H*(E) < oo (combine [ ,
Theorem 8.19] and | , Corollary B.2.4]).

We now see (ii). Let dimp K = t. We first observe that for any r > 0, there is an
z € K so that dimg B(z,r) N K = t. In particular, we may inductively construct a
nested sequence of balls B(wy, ry) with limy_,, 7 = 0 so that dimg KN B(xy, 1) =t
for all £ € N. Since K is compact, take x = lim;_,, 2, € K. We verify that
dimy (K, z) > t. Let C > 0 and p > 0 be arbitrary. Since the z;, converge to x and
the 7, converge to 0, get some k so that B(xy, ;) C B(z, p). Thus for any € > 0 and
r > 0 sufficiently small depending on ¢,

No(B(x,p) N K) > Ny (Blay, ) N K) > C (T—k>H.

r

Thus dimu (K, ) > t. O

Remark 2.9. Note that compactness is essential in Proposition 2.8 (ii) since there
are sets with dimg K = 1 but every point is isolated: consider, for instance, the set
E ={(logn)™':n =2,3,...}. In this case, E = E U {0} and dim,(E,0) = 1. This
example also shows that (ii) can hold with exactly 1 point.

Finally, we construct some general examples which go some way to showing
that the results for general sets given in this section are sharp.

Example 2.10. In general, the Assouad dimension can only be characterized by
weak tangents rather than by tangents. For example, consider the set K from
[ , Example 2.20], defined by

K={0yu{2"+u"*:keNe{01,...,k}}

Since K contains arithmetic progressions of length k for all £ € N, dimy K =
1. However, dimy (K, z) = 0 for all z € K and, therefore, by Proposition 2.2,
dimyg F'=0forall F' € Tan(K,z) and z € K.

Example 2.11. We give an example of a compact set K and a point z € K so that
dimy (K, z) = 1 but each F' € Tan(K, x) consists of at most finitely many points.

Set a;, = 4% and observe that kapy1/ar < 1/k. For each k € N, write ¢, =
|2%/k| and set

> 2k — 0, 2Py —1
K:{O}UU{ak ok , A ok ,...,ak}

k=1
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and consider the point x = 0. First observe for all ¢ > 0 and all & sufficiently small
depending on ¢,

l
No-t.ay, (B(0,a) N K) > o > 2079

which gives that dimy (K, 0) = 1.
On the other hand, for & € N,

a,' K N B(0,1) C [0, aps1/ax] U[1/k,1].

Since kayt1/ar < 1/k, it follows that for any A > 1 and AK N B(0,1) can be
contained in a union of two intervals with arbitrarily small length as A diverges to
oo. Thus any tangent I’ € Tan(/, 0) consists of at most 2 points.

2.4. Tangents of dynamically invariant sets. We recall from Proposition 2.8 (ii)
that the Assouad dimension of K need not be attained as the Assouad dimension
of a point, and even the Assouad dimension at a point need not be attained as the
upper box dimension of a tangent at that point.

Now recall the definition of self-embeddability from Definition 1.1. For self-
embeddable sets, we can prove directly that the Assouad dimension of K is
attained as the Hausdorff dimension of a tangent. In fact, the tangent can be
chosen to have positive H“-measure for o = dimy K.

Theorem 2.12. Let K C R* be compact and self-embeddable with o = dims K. Then
there is a dense set of points v € K for which there exist F' € Tan(K,x) such that
HE(F) Za 1.

Proof. By self-embeddability and since dimy (K, z) = dima (f(X), f(x)) for a
bi-Lipschitz map f, it suffices to construct a single point x with this property.

First, begin with some arbitrary ball B(z;,r;) withz; € K and 0 < r < 1.
Since K is self-embeddable, get a bi-Lipschitz map f,: K — K N B(xy, ;). Since
dimy f1(K) = «, by Corollary 2.7 there is a weak tangent F; of fi(K) such that
HS(F1) > 1. Since [ is a weak tangent of f;(K), there is a similarity 7} with
similarity ratio A; > 1 such that 0 € 77 (K) and

dy (Ty(f1(K)) N B(0,1), Fy) < 1.

Then choose 7, € K and r, < 1/2 so that B(xs,75) C T 'B°(0,1).

Repeating the above construction, next with the ball B(xz, ), and iterating,
we obtain a sequence of similarity maps (7},);>; each with similarity ratio A, > n,
bi-Lipschitz maps f,, and compact sets F}, such that

1. 7,1, B(0,1) C T,,' B(0, 1),

2. dy(To(fa(K)) N B(0,1), F,) <

3. Ho(F,) > 1.
Let 2 = lim,, 7, '(0) and note by 1 that = € T, ' B(0, 1) for all n € N. Let h,, be a
similarity with similarity ratio 1/2 such that

,and

S|

S.I»—

dy<%(fn(K) —2)N B(0,1), hn(Fn)> <
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Observe that HZ (h,(F,)) > 2~*. Thus passing to a subsequence if necessary, since
fu(K) C K, we may set

An .
Fy = lim i(fn(K)—m)ﬂB(O,l) and F=lim —(K —2)NB(0,1).
n—oo n—oo
and observe that Fiy C F'. Again passing to a subsequence if necessary, by compact-
ness of the orthogonal group, 2 and the triangle inequality, there is an isometry
h so that lim,,_,. h o h,(F,,) = F,. Thus by upper semicontinuity of Hausdorff
content,

HO(F) > HY (Fy) > lim HY (ho h,(F),)) =27°
n—oo
as required. O

We recall from Proposition 2.8 (ii) that, for a general compact set K, the upper box
dimension of K provides a lower bound for the pointwise Assouad dimension
at some point. For self-embeddable sets, we observe that the upper box dimen-
sion provides a uniform lower bound for the pointwise Assouad dimension at
every point. On the other hand, the upper box dimension does not lower bound
the maximal dimension of a tangent. For an example of this phenomenon, see
Theorem 4.12.

Proposition 2.13. Let K C R? be self-embeddable. Then for any x € K, we have
dimy (K, z) > dimp K.

Proof. Fix a < dimg K and z € K. Let C > 0 and p > 0 be arbitrary. Since
K is self-embeddable, there is some bi-Lipschitz map f: K — B(z,p) so that
f(K) C K. Since dimp f(K) > «, there is some 0 < r < p so that

No(B(z,p) N K) = N(f(K)) = € ()"
Since C' > 0 and p > 0 were arbitrary, dims (K, z) > «, as required. O

Now assuming uniform self-embeddability, we will see that the set of points
with tangents that have positive H“-measure has full Hausdorff dimension for
a = dimy K. Since uniformly self-embeddable sets satisfy the hypotheses of [ ,
Theorem 4], it always holds that dimg K = dimyg K (see also [ , Theorem 2.10]).
On the other hand, it can happen in this class of sets that dimg K < «: for example,
this is the situation for self-similar sets in R with dimg K < 1 which fail the weak
separation condition; see [ , Theorem 1.3]. We provide a subset of full
Hausdorff dimension for which each point has a tangent with positive Hausdorff
a-measure.

The idea of the proof is essentially as follows. Let F' be a weak tangent for
K with strictly positive Hausdorff a-content. For each s < dimp K, using the
implicit method of [ , Theorem 4], we can construct a well-distributed set of
N balls at resolution §, where =° < N. Then, inside each ball, using uniform self-
embeddability, we can map an image of an approximate tangent 7; ' (B(0, 1))NK ~
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F where T} has similarity ratio A\. Choosing NV to be large, the resulting collection of
images of the approximate tangent F' is again a family of well-distributed balls at
resolution A~'9, with (A\~16)~* ~ N. Repeating this construction along a sequence
of tangents converging to F' yields a set E with dimyg £ > s such thateachz € £/
has a tangent which is an image of F' (up to some negligible distortion), which has
positive Hausdorff a-content by upper semicontinuity of content.

We fix a compact set K. To simplify notation, we say that a function f: K — K
isin G(z,r,c) for z € K and ¢,r > 0if f(K) C B(z,r) and

erle —yl < |f (@) = fy)l < ¢ Hrle —y]
forall z,y € K.
Theorem 2.14. Let K C R? be uniformly self-embeddable and let o = dimy K. Then

dimg{r € K : 3F € Tan(K, z) with H® (F) > 1} = dimy K = dimp K.

Proof. Write ov = dimy K. If dimg K = 0 we are done; otherwise, let 0 < s <
dimp K be arbitrary. Since K is uniformly self-embeddable, there is a constant
a € (0,1) so that for each z € K and 0 < r < diam K thereisamap f € G(z,7,a).
Next, from Corollary 2.7, there is a compact set F* C B(0, 1) with H% (F') > 1 and
a sequence of similarities (7});>, with similarity ratios ()72, such that

F = lim Tx(K) N B(0,1)
k—o0
with respect to the Hausdorff metric. Set Q;, = T}, ' (B(0, 1)) N K. We will construct
a Cantor set ¥ C K of points each of which has pointwise Assouad dimension at
least o and has dimyg E > s.

We begin with a preliminary construction. First, since s < dimg K, there is
some r, > 0 and a collection of points {y;}°, C K such that |y; — y;| > 3r for
all i # j and Ny > 2°a~°r;°. Now for each i, take a map ¢; € G(y;, 7o, a). Write
Z=A{1,...,No},and for i = (i1,...,i,) € " set

¢ = ¢j, 00 Py,

and, having fixed some zy € K, write z; = ¢:(x¢) € ¢:(K). Observe that if the
maximal length of a common prefix of i and j is m, then

dist(¢s(K), ¢3(K)) = ro(aro)™.

We now begin our inductive construction. Without loss of generality, we may
assume that \,, > 12 forall n € Nand ry < 1. First, for each n € N, define constants
(my)s2; € {0} UNand (p,)s2, converging monotonically to zero from above by
the rules o

1. gome < L0

2. pg = diam K, and
aX, ! - (arg)™

3. Pn = Pn—1"
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Next, for n € NU{0} we inductively choose points y,; € K and maps V¥, ; €
G(Ynyi, pn,a) for i € I™ x ... x I, Let @ denote the empty word and let
Yo,z € K be arbitrary and let ¥  denote the identity map. Then for each k = ij
withi € Z™ x ... xZI™ 1 and j € 7", sequentially choose:

4. Yoy € G(Vy_11(x5), pnrnat, a)

5. Ynx = Ynxo Tn_l(o)

6. Uik € G(Yni Pn, @)
Finally, write Jy = {@}, J, =ZI"™ X --- x ™ for n € N, and let

E,= | B(ynss:3pn) and E=Kn()E.
ieJn n=1
Suppose i € J,—1 and j € Z™. Since z; € K, ¥,,_1;(K) C B(yn-11,pn-1), and
Ynij € ¥ni;(K) C B(V,_1 (), pu_1), we conclude since p,_1 > 3p, that

B(yn,ija 3pn) C B(yn—l,ia Bpn—l)'

Moreover, y,:; € K, so the sets F, are non-empty nested compact sets and
therefore E is non-empty.

We next observe the following fundamental separation properties of the balls
in the construction of the sets E,,. Let n € N and suppose j; # j, in ™" and
i€ Jyo1 (writing Jy = {@}). Suppose j; and j, have a common prefix of maximal
length m. First recall that |z;, — x3,| > 7o(ar¢)™, so that

(W13 (25,) = 15 (25,)| = paei(arg)™ .

Then, since for j = 1,2

n_1(arg)™
Yn,ij, S wn,ijj (K) C B<\Ijn_1’i<xjj>7 %)
we observe that

m+l 2pn_1(ar0)mn > pn—l(aTO)m+1

3 - 3
Since we assumed that \,, > 12, by the triangle inequality

|Un,i51 — Un.ija| = Pn—1(aro)

)m+1

(21) dist (B(yn,ij1 , Bpn)7 B(yn,ij27 3pn)) > Pn—1 (CLSTO pn—l(GGTO

We first show that dimy £ > s. By the method of repeated subdivision, define
a Borel probability measure p with supp 4 = E and for i € 7,

B 6pn Z >m+1

1
#Tn

Now suppose U is an arbitrary open set with U N I/ # @. Intending to use the
mass distribution principle, we estimate y(U). Assuming that U has sufficiently
small diameter, let n € N be maximal so that

M(B(yn,p 3pn) N K) =

71)\ Mn
d1amU§ a 5 npn:%
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By (2.1), there is a unique i € 7, such that U N B(y, 1, 3p,) # @. We first recall by
choice of the constants m,, that

a’ro\;t

B . . n m1++mn
= (diam K) ( : ) (aro)
> (diam K)2~(mttmn) (g )mt

There are two cases. First assume p,,/6 < diam U. Thus

1 1 s(mit--+mn)
w(U) S < <2aro> < (diam K)"*p;,

IN

(dlam K) (diam U)".

Otherwise, let k € {0, ..., m, 1 — 1} be so that
k+1 k

% < diam U < Pn@g@ |

By (2.1), U intersects at most Ng”"_k balls B(Yn+1.w, 3pn+1) for w € J,,11, S0 since
2—sl~c S 1/

1
,LL(U) < —#j NF < (diam K)—spfl . (2—S(a7’0)5)k
n 0

s k414 s
= <a7“0di6amK> ' (pn(a?) - )

< <L>s . (diam U)s.

argdiam K

This treats all possible small values of diam U, so there is a constant M > 0 such
that (U) < M(diam U)®. Thus dimy £ > s by the mass distribution principle.
Now fix

C=@B+a?)™™

We will show that each z € I has a tangent with Hausdorff a-content at least C.
Let z € F and define

R cEre)

Our tangent will be an accumulation point of the sequence (S,,(K) N B(0,1))22,.
Now fix n € N. Since z € FE, there is some w € 7, so that z € B(yn.,3p,). By
choice of y,, ., Qn = B(wnw(yn ), A, 1) N K so that

’'n

Unw(Qn) C B(Ynw, pna™?) N K C Bz, pu(3+a72)) N K

and therefore, writing ®,, = S, 0 ¢, , 0 T, !,

O, (T, (K) N B(0,1)) € Su(K) N B0, 1).
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Then for z,y € T,,(K) N B(0, 1), by the choice of 1 in (4),

|z —y| |z — 9|
2.2 < |®, - o, < —2
2.2) 3+a2 [©n(2) W)l a’(3+a=2)

Now, passing to a subsequence (n);> ,, we can ensure that

lim @, (F) =%, and  lim S, (K)NB(0,1) = Z.

k—o00 k—o00

Moreover, recall that limy,_,o, 7}, (K) N B(0,1) = F and HZ (F') > 1. Observe by
(2.2) that HS (P, (F')) > C for each k, so by upper semicontinuity of Hausdorff
content, HS (Zy) > C. But again by (2.2),

dH (F7 Tnk(K) N B(0> 1))
a?(3+a2)

dy(Zo, @, (T, (K) N B(0,1))) < dy(Zo, 0, (F)) +

soin fact Zy C Z and HZ (Z) > C, as claimed. O

Remark 2.15. We note that the upper distortion bound in the definition of uni-
form self-embeddability is used only at the very last step to guarantee that the
images @, (T, (K)NB(0,1)) converge to a large set whenever the 7,,, (K)N B(0, 1)
converge to a large set.

3. ASSOUAD DIMENSION OF NON-AUTONOMOUS SELF-SIMILAR
SETS

In this section, we determine a convenient formula for the Assouad dimension of
certain non-autonomous self-similar sets. Beyond being of general interest, this
formula will also play a critical role in §4.

3.1. Non-autonomous self-similar sets. The notion of a non-autonomous self-
conformal set was introduced and studied in [ ], where under certain reg-
ularity assumptions the authors prove that the Hausdorff and box dimensions
are equal and given by the zero of a certain pressure function. In this section, we
consider a special case of their construction. For each n € N, let 7, be a finite index
set and let ®,, = {S,,;};cs, be a family of similarity maps S, ;: R? — R? of the
form

Snj(@) = 1 ;On;x + do
where 7, ; € (0,1) and O, ; is an orthogonal matrix. To avoid degenerate situations,
we assume that associated with the sequence (®,,)7° ; there is an invariant compact

set X C R (thatis S, ;(X) C X foralln € Nand j € J,) and moreover that

(3.1) lim sup{ry;, -+ 7n;, : Ji € Jiforeachi=1,...,n} =0.
n—oo
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Under these assumptions, associated with the sequence (®,,)>° , is an attractor

K= U Syjy 00 Sp . (X).

n=1 (j1,...Jn)ET1 XX Tn

Since X is compact and invariant under any map S, ; with j € 7,, finiteness
of each 7, implies that K is the intersection of a nested sequence of compact
sets and therefore non-empty and compact. The sequence (®,,)>°, is called a
non-autonomous iterated function system (IFS) and the attractor K is called the non-
autonomous self-similar set. We refer the reader to [ , §2] for more detail on this

construction in a general setting.

Definition 3.1. We say that the non-autonomous IFS (®,,)7° ,
(i) satisfies the open set condition if the invariant compact set X can be chosen
to have non-empty interior U = X° so that for each n € N and j,j’ € J,,
Sn;(U)cUandS,;(U)NS,(U)=woforj+#j €T, and
(ii) has uniformly bounded contractions if there is an 7, > 0 so that 7, < r, ; for
alln e Nand j € 7,.

Since Leb (Y. 7 Sn;(U)) < Leb(U) and Leb(S, ;(U)) > ra;, > 0, the above two
conditions combine to give the following additional condition:
(iii) Thereis an M € N so that #.7,, < M for all n € N.

Our main goal in this section is, assuming the open set condition and uniformly
bounded contractions, to establish an explicit formula for dimy K, depending only
on the 7, ;. This will be done in Theorem 3.7. In order to obtain this result, we
first make a reduction to a symbolic representation of the attractor K, which we
will denote by A. Since this symbolic construction will later be required in §4, we

establish this concept in a somewhat more general context.

3.2. Metric trees. First, fix a reference set {2 and write 7, = {Q}. Let {7;}2, be a
sequence of partitions of (2 so that 7;,, is a refinement of the partition 7. For each
Q) € Ty with k € N, there is a unique parent @ € Tr_1 with Q C CAQ Suppose that for
any v; # 72 € Q there is a k € N such that there are ); # ()2 € T, so that 1, € ()4
and 7, € Q. We call such a family {7;}°, a tree, and write 7 = (J;—, -

Now, suppose that there is a function p: 7 — (0, co) which satisfies

~

1. 0 < p(Q) < p(Q), and
2. there is a sequence (7)7° , converging to zero from above such that p(Q) <

forall Q € Ty.
The function p induces a metric d on the space (2 by the rule

d(y1,72) = inf{p(Q) : Q € T and {1,7} C Q}.

In particular, diam(Q) = p(Q)) with respect to the metric d. We then refer to the
data (2, {7}, p) as a metric tree.

We say that a subset A C 7 is a section if ()1 N Q2 = & whenever ;,Q, € A
with Q1 # Q,. If UQeA @ = Qo, we say that A is a section relative to ()y, and we
say that a section is complete if it is a section relative to (2. Note that sections are
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necessarily countable and, for example, each 7}, for k € NU{0} is a section relative
to 2. The set of sections is equipped with a partial order A; < A, if for all @y € A,
there is a Q2 € A, such that Q2 C @Q);. In this situation, we say that A, is refined
by As,. This partial order is equipped with a meet: that is, given a finite family of
sections A, ..., A,, there is a unique section A; A - - - A A, which is maximal with
respect to the partial order such that

Ai N NA S A;

foralli=1,...,n.
A metric tree is equipped with a natural family of sections relative to {2 which
respect the geometry of the metric d. We define

~

T(r)={Q €T :p(Q) <r<p(Q)}
where, abusing notation, we write p(Q) = . Property 1 above ensures that this is
indeed a section and property 2 ensures that 7, < 7 (r) for all k£ sufficiently large.

3.3. Reduction to symbolic representation. Now that we have defined the metric
tree, we introduce a symbolic representation of the set K. Let A = [[>~, 7,,. For
(J1s---,Jn) € T X -+ X T, we denote the cylinder

Uts - dn) = {01} ¥ x {gn} X H T

k=n+1

We associate with this cylinder the valuation p([ji,...,Jn]) =71, - Tnj,- Let Ty,
denote the set of all cylinders corresponding to finite sequences in J; x - -+ X J,.
It is clear that this sequence of partitions, equipped with the valuation p (recalling
the non-degeneracy assumption (3.1)), induces the structure of a metric tree on A.
We also define a natural projection 7: A — K by

{m((Gn)oz)} = () Srjr 0+ 0 Snju (X).

Again, this map is well-defined by (3.1). A direct argument shows that 7 is
Lipschitz.

We now prove that dimy K = dimys A. The open set condition ensures that the
only work in this result is to handle the mild overlaps which occur from adjacent
rectangles. In fact, our result will follow from the following standard elementary
lemma for metric spaces which are “almost bi-Lipschitz equivalent”.

Lemma 3.2. Let (X, dy) and (Y, dy) be non-empty bounded metric spaces and suppose
there is a function f: X — Y and constants M € N and ¢ > 0 so that forall 0 <r < 1,
(i) diam(f(B(x,r))) <crforall x € X; and
(ii) foreveryy €Y thereare xy,...,xy € X such that B(y,r) C Uf\il f(B(xi,m)).
Then dlmA X = dlmA Y.
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Proof. Without loss of generality, we may assume that ¢ > 1. Throughout the
proof, lete > 0 and 0 < » < R < 1 be arbitrary. First, let € X be arbitrary and,

writing, N = N,(f(B(z, R))), get 1, ...,yy € Y so that f(B(z, R)) ¢ UY, B(y:, 7).
Since diam f(B(x, R)) < cR,

N < (ﬁ) dimp Y+e - <E>dimAY+e

r r
Moreover, for eachi = 1,..., N, there are z;;,...,z;» € X such that B(y;,r) C
Uj]\il f(B(z;j,r)). Thus since {B(x;j,r):i=1,...,Nand j =1,..., M} isacover
for B(z, R),

R dimAY+e
r

Since e > 0 and 0 < r < R < 1 are arbitrary, we see that dimy X < dim, Y.

Conversely, let y € Y be arbitrary and get x4, ...,z € X such that B(y, R) C
Uf\il f(B(z;, R)). Moreover, for eachi = 1,..., M, writing N; = N.-1,(B(x;, R)),
there are z; 1, . . ., z; n, where B(z;, R) C U;V:ll B(z;;, ¢ 'r) and

dima X+e dima X+e
N (CRYTT Ry
Thus since {f(B(z;j, ¢ 'r)):i=1,...,Mand j =1,..., N;} is a cover for B(y, R)
with diam f(B(z;;,c¢7'r)) <,

R dima X+e
N.(B(y, R)) Se Ni+ -4+ Ny Se <?) :

Again since ¢ > 0 and 0 < r < R < 1 are arbitrary, we get dim, Y < dimy X,
completing the proof. O
We now obtain our result on the Assouad dimension as a direct corollary.

Corollary 3.3. Let {®,,}°°, be a sequence of self-similar IFSs with associated non-
autonomous self-similar set K and metric tree A. Suppose the IFS also satisfies the
open set condition and has uniformly bounded contractions. Then dimy K = dimy A.

Proof. Let0 < r < 1. First, recall that the map 7: A — K is Lipschitz. Moreover,
if [i1, ... im], [J1,- - -, Je] € A(r) are distinct, then
St © 20 Sy (U) N G5y 0005, (U) = @

and by the uniformly bounded contraction assumption,

Leb (S14, 0+ 08m4,,(U)) = Leb (S, 0---05p;,(U)) ~ re,

But for z € K, Leb(B(x,r)) ~ r¢. Thus there is a constant M € N not depending
on r so that if x € K is arbitrary, there are cylinders [y,..., 1y € A(r) so that
B(z,r) C n(I;)U---Un(Ipy) so that each I; € A(r) and therefore diam I; < r. Thus
the conditions for Lemma 3.2 are satisfied and dima K = dimp A. O
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3.4. Regularity properties of Assouad dimension. In this section, we establish
two regularity properties related to the Assouad dimension.

Lemma 3.4. Let A =TR" or A = {kon : n € N} for some kg > 0. Suppose f: Ax A —
{—o0} UR s any function satisfying the following two assumptions:

(i) f is bounded from above.

(ii) Forall x,y,z € A,

y- flo,y)+z- flx+y,2)
flz,y+2) < —p )

Then

f = limsup limsup f(z,y)

Yy—>00 —00

= lim limsup f(z,y)

Y—=00  r—oo

lim sup f(z,y)

Y= zcA

= inf limsup f(z,y).

YEA 100

Moreover, if B C Ais of the form B = {kn : n € N} for some x > 0, then

£ = lim sup f(x,y).
p fx,y)
Proof. We assume that 5 > —oo: the proof for § = —oo is similar (and substan-

tially easier). Let C' € R be such that f(z,y) < C for all (z,y) € A x A. Note that
applying (ii) inductively, we obtain for any {y;}!_, C Aandy € A

S vt (+ v w)

3.2 Sy <
(3.2) f(Y, 2 i1 vi) S

We take the empty sum to be 0.
We first show that the limit defining 3 exists. Write h(y) = y-limsup,_,., f(z,y).

Applying (3.2),
h(yr +y2) = (y1 + y2) limsup f(z,y1 + y2)

T—00

< (y1 + y2) limsup yif (@, y1) + v f (@ + 41, 40)
T—00 Y1 + Y2

< h(y1) + h(yz).

Therefore the function h: A — R is subadditive, so the limit lim, ,. h(y)/y ex-
ists and is equal to inf,c4 h(y)/y. Note that the same argument applies with a
supremum in place of the limit supremum.

We next show for each ¢ > 0 and all y sufficiently large depending on € and all
T €A,

(3.3) flx,y) < B+ 3e
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By the definition of /3, there are yy and K so thatforallz > K, f(x,y,) < f+e. Now
let y € A be arbitrary and write y = (y, + ¢ for some ¢ € NU{0} and 0 < ¢ < y.
Applying (3.2), there is some M € A (depending only on y, and C') so that for all
y=M,

Yo Zf;é [z +iyo, yo) +tf(x 4 Llyo, )
Yy

14 Ct
S%(5+e)+?§ﬁ+2€.

flz,y) <

Now let z € (0, K)and y > M + K, and set t = K — z. Again applying (3.2),

fog) < M0+ = DIy =)
N )

§§O+y7_t(ﬁ+2e)§6+36

for all y sufficiently large since ¢t < K. This proves (3.3).
Finally, suppose B C A is of the form B = {xn : n € N} for some « > 0. First,
note that since B C A,

B> lim sup f(z,y)
yeB reB
and moreover the limit exists as proven above. Conversely, let (z,y) € A x Abe
arbitrary with y > 2« and get (z¢,v0) € B x B and (t,,t,) € A x Awitht, . t, <k
such that v = ¢ + t, and y — t, = yo + t,. Then applying (ii) twice,

f(xo,90) > yoy:-t S,y —ty) — if(x—l—yo,t)
zf(a:+tx,y—tz>—y(j”2ﬁ
> Y o) - ey ) -
> o) =2

Therefore since C' and « are fixed and yy > y — 2k,

lim sup sup f (o, yo) > limsupsup f(z,y) = 3
on%O rEB y—oo x€EA
Yo

as required. O
As an application, we can use this subadditivity result to obtain a nice reformula-

tion of the Assouad dimension of an arbitrary set. Let X be a compact doubling
metric space and for 6 € (0,1) and r € (0, 1), write

Y(r,8) = sup N5 (B(z,7) N K)

zeX
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and then set

_ log¥(r,9)
U(r,d) = —log(1/5) )

One can think of ¥(r, ) is the best guess for the Assouad dimension of X at scales
0 <76 < 6 < 1. This heuristic is made precise in the following result.

Corollary 3.5. Let X be a compact doubling metric space. Then
(3.4) dimpa X = limsup limsup ¥(r, ) = lim sup ¥(r,d).

60 r—0 6=01¢(0,1)

Proof. Since X is doubling, there is an M > 0 so that ¥(r, ) € [0, M]. Moreover,
given r, 61,02 € (0, 1), by covering balls B(x,rd;) by balls of radius 7d;d,,

w(ra 5162) S ¢(Ta 51)¢(T(517 52)
and therefore

IOg w(r, (51(52)

10g(1/5152)

log ¥(r, 61) + log ¥(rdy, d2)

- 10g(1/5152)

 log(1/01)W(r,61) +log(1/62)W(rdy, d2)
N log(1/01) + log(1/02) .

Thus with the change of coordinate g(z,y) = (e, e”¥), the second equality in (3.4)
follows by applying Lemma 3.4 to the function ¥ o g.

To see the first equality in (3.4), it is a direct consequence of the definition of
the Assouad dimension that

\D(T, (5152) =

lim sup lim sup ¥(r, §) < dimy K

6—0 r—0

and that there are sequences (9,,)°> ; and (r,,)°; with lim,,_, 6, = 0 such that

lim sup ¥(r,d) > limsup ¥(r,,d,) > dimy K,
=0 re(0,1) n—00

as required. O

Finally, we prove that in the definition of the Assouad dimension one may replace
the exponent associated to localized coverings of balls of the same size by an
exponent coming from localized packings of balls which may have different sizes.
This will be useful since the natural covers appearing from the symbolic repre-
sentation of K consist of cylinders which may have very non-uniform diameters
when indexed by length. First, for a metric space X, x € X, and R € (0, 1), denote
the family of all localized centred packings by

. 00 _0<7’1§R,.T2'EX,B(JI¢,T¢)CB(I,R),
pack(X,x,R) N {{B($1,T1) =1 B(J]i,’f’i) N B([Ej,?”j) =0 fOI' all ¢ 7éj ’
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In our proof, we will also require the Assouad dimension of a measure. Given
a compact doubling metric space X and a Borel measure p with supp pn = X, the
Assouad dimension of p is given by

dimAu:inf{aZO:‘V’xGX‘v’O<7‘§R<diamX
B (Y'Y
p(B(x,r) ~* \r ) I

The main result of [ ] (the original Russian version can be found in [ Dis
that for a compact doubling metric space X,

dimpa X = inf{dimp p : suppu = X}.

In the following result, we observe that the existence of good measures provides a
convenient way to control the localized disk packing exponent.

Proposition 3.6. Let X be a bounded metric space. Then

dimy X = inf{a Y0 < R < 1Yz € XV{B(x:,r:)}2, € pack(X, z, R)

Z e <a RO‘}.
i=1
Proof. That

dima X < inf{a Y0 < R < 1z € X V{B(xi,1:)}%, € pack(X, z, R)

o0
>t Sa RYJ
=1

is immediate by specializing to packings with r; = r for some 0 < r < R, using
the equivalence (up to a constant factor) of covering and packing counts.

Now to show the lower bound, if X is not doubling, then dim, X = oo and the
result is trivial. Otherwise, by passing to the completion (which does not change
the value of the Assouad dimension) and recalling that a bounded doubling
metric space is totally bounded, we may assume that X is also compact. Thus let
a > dimy X be arbitrary. By [ , Theorem 1], there is a probability measure
p with suppp = X and dima ¢ < a. Then forany 0 < R < 1, 2 € X, and
{B(x;, 1)}, € pack(X, z, R), by disjointness,

p(Bla,B) = 3" pu(Blair) 2 n(B.®) Y (%)

i=1 i=1

Therefore,

er‘ < R

=1

which, since a > dim, X was arbitrary, yields the claimed result. 0
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3.5. Proof of the Assouad dimension formula. We can now state and prove the
desired formula for the Assouad dimension of the non-autonomous self-similar
set K. Let n € N and m € N be arbitrary, and let #(n, m) denote the unique value
satisfying the equation

DI DI | (VR

jlejn+1 j7n€jn+m k=1

Note that 6(n, m) is precisely the similarity dimension of the IFS

(I)n+lo"'o(1)n+m: {flo"'ofm : fz GcI)n—l—i}-
We establish the following formula for the Assouad dimension of K.

Theorem 3.7. Let (®,,)52, be a non-autonomous IFS satisfying the open set condition
and with uniformly bounded contraction ratios. Denote the associated non-autonomous
self-similar set by K. Then

(3.5) dimy K = lim sup(n,m).

Proof. Let us first show that the limit in (3.5) exists by verifying that the function
f(n, m) satisfies the assumptions of Lemma 3.4 with A = N. First, 6(n,m) € [0, d]
since #J, > 1 for all n € N and the open set condition along with scaling
properties of d-dimensional Lebesgue measure forces Y., 7 ; < 1. Thus it
remains to verify assumption (ii) in Lemma 3.4. Let n, m;, my € N be arbitrary.
Recalling the definitions of 6(n, m,) and 6(n+m1, my), by Holder’s inequality with
exponents (m; + msy)/my and (m; + ms)/mo,

mi 0(n,m1) mi+me 0(n+mi,mz2)
1= Z .. Z <H 7"n+k,jk.) ( H Tn+k7jk>
k=1

J1€Tn+1 Jmy+mg ETntmi+mo k=my+1

m10(n,mq)+mob(nt+my,mo)

mi-+msa my+mg
SIS [T ree
k=1

jleJn+1 jm1+m2 ejn+m1+m2

But §(n, m; + my) is the unique value satisfying ¢(6(n, m; + msy)) = 1, where

d= Y % (H)

jlejn+1 jm1+m2 ejn+m1+m2 k=1

is monotonically decreasing in s, yielding the desired inequality. In particular, the
limit in (3.5) exists.

Let us now verify the formula. First, recall from Corollary 3.3 that dimp K =
dima A. Let € > 0 be fixed and let M be sufficiently large so that for all n € N and
m> M,

|0(n,m) —s| <e where s = lim supé(n,m).
mM—00 neN
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Now fix a cylinder [ji, ..., j,] C A for some (ji,...,jn) € J1 X --- X J, and write
R = diam([j1,...,jn]) =714, - - Tnj,- Note thatif m > M, by definition of §(n, m)

n+m

Z ce Z H TZFZC:m) — Ra(n,m)'

jn+1€~.7n+1 jn+m€jn+m k=1

But the family of cylinders

{[jlv‘ .. 7jn+m] : (jn—i—ly‘ .. 7jn+m) S jn+1 X o X jn+m}

forms a packing of B(z, R). Thus since m > M is arbitrary, by Proposition 3.6,
dimp K > s—e.

Conversely, let us upper bound dimy K. Recall that € > 0 is fixed as above
and let m > M be fixed. Now let 0 < » < R < 1 and fix a ball B(z, R) C A. By
definition of the metric on A, B(z, R) = [j1,...,jn| where 1y - -1, < R. We
inductively build a sequence of covers (B);>, for B(z, R) such that each By, is
composed only of cylinder sets and

(36) Z (7"177;1 s r&iz)s—i—e S Rs+€.

and

(3.7) Ty - Teiy > 1T for all [i1,...,10] € Bg.

Begin with By = {[ju, . . ., jn]}, Which clearly satisfies the requirements.
Now suppose we have constructed B;, for some k € N. Let [i, ..., 1] € By, be

an arbitrary cylinder set. If r ;, - - - r¢;, < r, do nothing; this guarantees that (3.7)
holds. Otherwise, replace the cylinder [iy, .. ., i, with the family of cylinders

{[il,...,’ig,jl,...,jm]Z(jl,...,jm)eﬂJrlX"'X%er}.

The choice of m > M and the definition of 0(¢, m) ensures that (3.6) holds.

Repeat this process until every cylinder in B; has diameter < r. That this
process terminates at a finite level k is guaranteed by (3.1). Thus replacing each
cylinder [iy,...,1%,] with a ball B(z;, . ;,,r) for some z;, _,;, € [i1,...,1], by (3.6)
and (3.7) the corresponding cover has

s+e —m(s+e) s+e s+e
E : r < T'min E : (rlﬂll Y r&il) S R

.....

which guarantees that dimy K < s + ¢, as claimed. O

4. TANGENT STRUCTURE AND DIMENSION OF
GATZOURAS-LALLEY CARPETS

In this section, we introduce the definitions of Gatzouras-Lalley and Bararski
carpets and prove our main results on tangents and pointwise Assouad dimension
of Gatzouras-Lalley carpets.
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4.1. Gatzouras-Lalley and Baranski carpets.

4.1.1. Defining the maps. Fix an index set 7 with #Z > 2, and for j = 1,2 fix
contraction ratios (f; j)icz C (0, 1) and translations (d; ;)icz C R. We then call the
IFS {T;}iez diagonal when

Ti(z1,22) = (Bipx1 + diy, Bipxe + d;2) foreach ieZ.

Let n; denote the orthogonal projection onto the 4™ coordinate axis, i.e. nj(x1, ) =

z;. We denote by A; = {S; ; };cz the projected systems, where n; o T; = S; ; o n;. We

will often write 7 = 7; to denote simply the projection onto the first coordinate

axis. Of course, S; j(z) = B; ;& + d; ; are iterated function systems of similarities.
LetZ* =J,~,Z", and for i = (i1,...,i,) € Z*and j = 1,2, write

T, =Tyo---oT,,
Sij=098uj0 05

and

Pi = pil o .pi»,ﬂ
B = Birg - Bin-

Forn € Nand v € Q := IV, we write 7], to denote the unique prefix of v in Z".

Now 7; induces an equivalence relation ~; on Z where i ~ ¢' if S; ; = Sy ;. Let
nj: T — I/ ~; denote the natural projection. Intuitively, 7;(¢) is the set of indices
which lie in the same column or row as the index i. Then 7); extends naturally to a
map on Q by 1;((in)521) = (7(in))2, C 1,;(Z)*; and similarly extends to a map on
Z*. For notational clarity, we will refer to words in Z* using upright indices, such
as i, and words in 7;(Z*) using their underlined variants, such as i. Note that if
i ~; j, thenand S; ; = S; ;. In particularly, we may unambiguously write S; ; and
B ; for i € n;(Z%).

Associated with the IFS {T;},c7 is a unique non-empty compact attractor K,
satisfying K = (J,.; T;(K). Note that the projected IFS {S; ; }icz has attractor K; =
n;(K) for j = 1,2. Recalling that @ = Z", let 7: Q — K denote the continuous map

{W((Zn)nzl)} = 7}1—{20 Siy 008 (K).
Without loss of generality, and for the remainder of this document, we will
assume that K C [0, 1]>. We can now introduce our two primary classes of self-
affine sets.

Definition 4.1. We say that the carpet is of type Gatzouras—Lalley if:
1. T;((0,1)®) N T3((0,1)?) = @ for all i # j,
2. either S;1((0,1)) = S;,17((0,1)) or S;1((0,1)) N S;1((0,1)) = @ for all 7, j, and
3. 5171 > BZ"Q forall i € Z;
and type Barariski if:
1. T;((0,1)*) N T3((0,1)?) = @ for all i # j, and
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2. either S;,((0,1)) = S0 ([0,1]) or S; (((0,1)) NS;,((0,1)) = @ for all ¢, j and
(=12

Moreover, we say that an IFS { f; },cz with attractor K satisfies the strong separation
condition (or SSC for short) if f;(K) N f;(K) = @ foralli # j € 7.

4.1.2. Dimensions of Gatzouras—Lalley carpets. To conclude this section, we recall
some standard results on the dimensions of Gatzouras-Lalley carpets. We defer
the corresponding results for Barariski carpets to §5.1.

Before we do this, we first recall the notion of the lower dimension, which is in
some sense dual to the definition of Assouad definition. Let K C R? be compact.
Then the lower dimension of K is given by

dimLK:sup{s:EIC>()V0<r§R<1VwEK

R\s
N,(B(z,R) N K) > C<—> }
T
In order to state our results on the Hausdorff dimensions, we must also introduce
some notation for Bernoulli measures. Let P denote the collection of probability

vectorson Z, i.e.

P =P(I) = {@»H .p; > 0foralliand > p, = 1}.
i€T
Equip P with the topology inherited from R*. Given p € P, considering p as a
probability measure on Z, we let p"' denote the infinite product measure supported
on . We let u, = . p" denote the corresponding invariant measure on K, where
7, denotes the pushforward map. Note that the projections 7; also induce natural

maps 7;: P(Z) = P(n;(2)) by 0;(P)e = Xy (o) Pi-
Given a probability vector p € P, we write

H(p) = — sz‘ log p; and Xj(P) = - sz‘ log 53; ;.

i€T i€T

We now recall the main results of [ ]—stated below in (i) and (ii)—as well
as the result of [ ]—stated below in (iii). We also note that the same proof
as givenin [ ] (which is explained more precisely in [ , Theorem 2.13])

gives the analogous result for the lower dimension.
Proposition 4.2 ([ ; D. Let K be a Gatzouras—Lalley carpet.
(i) The Hausdorff dimension of K is given by
dimy K = sup s(p)
peEP

where

H(p) H(n(p))
= =+ .
P ) ) - e
Moreover, the supremum is always attained at an interior point of P.
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(ii) The box dimension of K exists and is given by the unique solution to

z :BdlmB n(K) dlmBK dimgp n(K) -1 Where z : dlmBn

i€ jen(Z)
(iii) The Assouad dimension of K is given by

dima K = dimp n(K) + max t({)
Len(T)

where t({) is defined as the unique solution to the equations

Z ﬁt(é

jen~1(0)

Similarly, the lower dimension of K is given by

dimp, K =t + min ¢(£).
Len(T)

4.1.3. Regular points and interior words. We conclude this section with the notion
of a regular point and an interior word.

Definition 4.3. We say that a point = € K is reqular if for each r € (0, 1), there is
an i € Z* with f; ; < rsuch that B(n(z),r) Nn(K) C Si1(n(K)). Given i € Z*, we
say that i is an interior word if S; ; ([0, 1]) C (0,1). We let B,, C Z" denote the set of
interior words of length n.

The following lemma is standard. Recall that 2 = Z" is the symbolic space
coding the attractor K. Here, and elsewhere, givenann € Nand Y C I", we
embed YV in ) in the natural way. We will abuse notation and interchangeably
refer to elements in the subsystem or in the full system.

Lemma 4.4. Let K be a Gatzouras—Lalley carpet.
(i) If n(K) satisfies the SSC, then each x € K is reqular.
(ii) Suppose v € B for some n € N. Then ©t(v) is regular.

We can now guarantee the existence of large subsystems consisting only of regular
points. This result is essentially [ , Lemma 4.3].

Proposition 4.5 ([ D. Let K be a Gatzouras—Lalley carpet corresponding to the IFS
{T}}icz. Then for every e > 0, there is an n € N and a family J C I" so that the IFS
{T; : j € J} with attractor K. satisfies the following conditions:
(i) each i € J is an interior word,

(ii) dimg K, > dimg K — ¢,

(iii) dimp n(K.) > dimgn(K) — ¢, and

(iv) there are 0 < py < p1 < 1sothat B;1 = pyand ;o = ps forall i € T and each

column has the same number of maps.

In particular, each x € K. is a reqular point with respect to the IFS {T;},cz and dimp K, =
dlmH KE = dlmL Ke-
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Proof. First, if K is contained in a vertical line, then K is the attractor of a
self-similar IFS in R and the result is substantially easier. Now applying [ ,
Lemma 4.3], there exists a family J, C Z"° with attractor K, satisfying conditions
(ii), (iii), and (iv). By condition (iv), thereisat € R so that¢(i) = ¢ for all i € .
Therefore

dimy Ko = dimgn(K) +t

and since K is not contained in a vertical line, we may assume that dimg 7(Xj) > 0.

Since 7(K)) is the attractor of a self-similar IFS, iterating J, if necessary and
removing the maps in the first and last column, obtain a family J C Jj' with
corresponding attractor K, such that ¢(j) = ¢ for any j € J, and dimpn(K,) >
dimp n(K’) — €. Since words which correspond to rectangles that do not lie in the
first or last column are necessarily interior words, combining this construction
with Lemma 4.4 provides a family J satisfying the desired properties. 0

4.2. Approximate squares and symbolic slices. A common technique when
studying invariant sets for iterated function systems on some index set 7 is to
tirst reduce the problem to a symbolic problem on the coding space Z*. However,
the main technical complexity in understanding the dimension theory Gatzouras—
Lalley carpets, and more generally self-affine sets, is that the cylinder sets 7} (K)
are often exponentially distorted rectangles. As a result, we will keep track of two
symbolic systems simultaneously, which together will capture the geometry of the
set K.

Fix a Gatzouras-Lalley IFS A = {T;},cz. We first introduce some notation for
handling cylinders. We then associate with the IFS A, and the related defining
data that we introduced in §4.1, two important metric trees: first, the metric tree of
approximate squares, and second the metric tree of symbolic slices.

First, recall that Q = IV is the space of infinite sequences on Z. Given k €
NU{0} and a word i € Z*, we define the cylinder corresponding to i by

i ={yeQ:91, =1}

The family of cylinders {[i] : 1 € Z"}{, defines a tree: we will often abuse notation
and simply refer to {Z*}7°, as a tree. We will associate with this tree a variety of
metrics, such as those induced by the maps i — 3; ; for j = 1,2. We will also use
the same notation for the projected words {n(Z*)}%2,.

Next, we define the metric tree of approximate squares. Before we do this, we
introduce the notion of a pseudo-cylinder. Suppose i € Z* and j € n(Z*). We then
write

P(i,i) = {’y = (Zn)zozl e0: (’il, e ,Zk) =iand n(ik+1, e ,ik+g) = l}

Note that map (i, j) = P(4, j) is injective. Another equivalent way to understand
the pseudo-cylinder P(i, j) is as a finite union of cylinders inside the cylinder [i],
all of which lie inside the same column; that is,

(4.1) P(i,j)= |J [iK.

ken=1(j)
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[
]
I
[
]
I

FIGURE 3. Two iterations of a Gatzouras—-Lalley IFS within a cylinder,
with a wide pseudo-cylinder in highlighted in blue and a tall pseudo-
cylinder in red.

We refer the reader to Figure 3 for a depiction of the definition of a pseudo-cylinder.
Now given an infinite word v € 2, let L () be the minimal integer so that

671,1 e ﬁva(,Y),l < 571,2 e BWC,Q.

In other words, Lj() is chosen so that the level L, () rectangle has approximately
the same width as the height of the level k rectangle. Write 71, ) = 1j where

i € Z%. We then define the approximate square Qi () C Q by

Qr(y) = P(i,1(3))-

While different v may define the same approximate square, the choice of i and 7(j)
are unique. For fixed i, let U (i) C n(Z*) denote the set of j so that P(1,j) is an
approximate square. Of course, Q.11 (7) C Qx(7) and moreover for any 7,7’ € €,
either Q(v) = Qr(7y) or Qi(v) N Qx(7y') = @. In particular, ¢(1) is a complete
section and the approximate squares P(i, j) are disjoint in symbolic space for
fixed i. B

We say that a pseudo-cylinder P(i, j) is wideif j < k for some k € U(1); in other
words, P(i, j) contains approximate squares of the form P(i,k). Otherwise, we
say that P(i, j) is tall. In other words, one can think of the w1de pseudo-cylinders
as “interpolating” between the cylinder P(i, @) = [i] and the approximate square
P(iai) = Qn(7)-

Denote the set of all approximate squares by
Se={Qe(y):7€Q} and S=|]S
k=0

As discussed above, every approximate square is uniquely associated with a pair
(1,3), so we may therefore define a metric induced by p(Q) = 3; 2, which makes
the collection of approximate squares into a metric tree.

To conclude this section, we define the metric tree of symbolic slices. Suppose
we fix a word 7y € Q. The word v = (i,,)5, defines for each n € N a self-similar
IFS @, = {Sj2:j € n7*(n(i,))}. This IFS is prec1sely the IFS corresponding to the
column containing the index 7,,. Note that there are only finitely many possible
choices for the ®,,, so the sequence (®,,)22; has as an attractor a non-autonomous
self-similar set K,y and corresponding metric tree 2(n(y)), as defined in §3. This
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non-autonomous IFS has uniformly bounded contractions and satisfies the OSC
with respect to the open interval (0, 1). For notational simplicity, we denote the
cylinder sets which compose this metric tree as

]:77(7),71 = {[jl,,jn] : (jl, - ,]n) € Py x---X (I)n} and ‘Fn(’Y) = U .7:77@)

n=0

We call K, the symbolic slice associated with the word ~. If the projected IFS
{Si1 }ien(z) satisfies the SSC, then if x = n(7 (7)),

{x} X Kﬁ(’Y) = 77_1(33) NK

is precisely the vertical slice of K containing x. In general, K, is always con-
tained inside a vertical slice of K. The symbolic fibre K, (and its associated
Assouad dimension) was introduced and studied in [ , §1.2] in the more
general setting of overlapping diagonal carpets.

4.3. Tangents of Gatzouras—Lalley carpets. It turns out that the pointwise As-
souad dimension at z = 7(7) is closely related to the Assouad dimension of the
symbolic fibre K,,,). In this section, we make this notion precise, and moreover
use it to construct large tangents for Gatzouras—Lalley carpets.

In our main result in this section, we prove that approximate squares con-
taining a fixed word v € 2 converge in Hausdorff distance to product sets of
weak tangents of K, with the projection n(kK’), up to some finite distortion and
contributions from adjacent approximate squares. First, we define

s (w.w) = (S5 4(@).85 ().

By choice of Li(7), the maps @, , are (up to some constant-size distortion) homo-
theties. One can think of @, ., as mapping the approximate square 7(Qx(7)) to the
unit square [0, 1]2.

Proposition 4.6. Let K be a Gatzouras—Lalley carpet and let v € 2 be arbitrary. Suppose
(1,)02, is any sequence such that n(i,) = n(v1,). Then

(4.2) P (M) x (S5, () N[0, 1]); oy (K) N[0, 1)) S 6"

where k = max{gff i € I} € (0,1). Moreover, suppose vy is regular. Then for any

v € Qand F € Tan(K, (7)), thereis an E € Tan(K, () and a similarity map h so that
h(F) C n(K) x E.

Proof. We first prove that

o ((F) x (S35 (Foyp) 01 [0,1]), @ (7(Qu(7))) S 5"

Fix n € N and write k = L, (7). Let Q.(y) = P(71,,]j) and enumerate n~'(j) =
{j1,-..,3n} C IF ™ Observe that n(T;,(K)) = S;,1(K) does not depend on
the choice of i = 1,...,m. Now (Dnﬂ(TﬂnJi(K ) 1s contained in the rectangle
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0, 1] x S5, 2(K'). Moreover, the rectangle [0, 1] x Sj, o(K) has height < x". Therefore

(4.3) dy (mm <[ S5,2(00.1). <bn,7<@n<v>>> <

i=1
But approximating the set S;, »([0,1]) N K, ) at level n with cylinders at level
k = L,(7), using the fact that n(i,) = n(v1,),

(44) d7‘l (Sinl,Q(Kﬁ(W)) N [07 1]7 U 5'1,2([07 1])) S./ K"

i=1
Combining (4.3) and (4.4) gives the claim. In particular, noting that Q),,(y) C K

and @,,,(Q,(7)) C [0,1]* gives (4.2).
Now suppose in addition that = () is regular and let » > 0 be arbitrary.
Since x is regular, there is an n € Nwithr < 3, ; < r such that

B(z,r)NK C UTij(K)

where

{in, i ={i € I" 1 (i) = n(y1,) and Ti(K) N B(z,r) # o}
Now exactly as before, each rectangle 7} ,(K') has width ~ r and height < rx".
Therefore identifying » € K with the analogous point = € K, there is a simi-

larity map h, with contraction ratio in some interval [1, ¢] for a fixed ¢ depending
only on the IFS so that

pu (r (K —2) N B(0,1); hy (n(K)) x r Ky — ) S K™
Now suppose F' € Tan(K, z) so that F' = lim,,_,, 7, '(K — x) N B(0, 1). Passing to
a subsequence, we may assume that the £, , have contraction ratios converging to
some 1 > 1. Thus passing again to a subsequence, let Fyy = lim,,_,0 (ro7,) " (K —
x) N B(0,1). Since ry > 1, we have F' C F;. Passing again to a subsequence, let
lim (ror,) ' (K,y) — ) N B(0,1) = E € Tan(K,)).

n—oo

Thus ry'F C Fy C n(K) x E, as claimed. O

To conclude this section, we establish our general result which guarantees the
existence of product-like tangents for arbitrary points in Gatzouras-Lalley carpets.

Proposition 4.7. Let K be a Gatzouras—Lalley carpet. Then for each x € K, there is an
F € Tan(K, z) so that

7 dimn 7 (K)+dima Kn(v)(F) >1

Y

where v € Q) is such that 7(y) = x. In particular,

dima (K, z) > max{dimg n(K) 4+ dimp K, dimp K'}.
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Proof. We will construct the set F' essentially as a product n(K) x E where
E is a weak tangent of K. First, recall from Corollary 3.3 that dims K,y =
dima Q(n(7)). Thus there is a sequence (n;);>, diverging to infinity and words
ix € I™ with n(ix) = 71, such that

E = klggo S;g{2<Kn(w)) N [O, 1]
has H4ma Ko (E) > 1.

Thus by Proposition 4.6 applied along the sequence (i)72,, since the images
@1 ([0, 1]*) are rectangles with bounded eccentricity containing 7(v), there is a
tangent F' € Tan(K, z) containing an image of (K) x E under a bi-Lipschitz map
with constants depending only on K. But n(kK) is Ahlfors-David regular so that

,HdimH n(K)+dimp K’i(V)(F) > HdimH n(K)+dima Ky (n(K) X E) Z 1

as claimed. The result concerning dimy (K, «) then follows by Proposition 2.2 and
Proposition 2.13. U

4.4. Upper bounds for the pointwise Assouad dimension. We now prove our
main upper bound for the pointwise Assouad dimension of Gatzouras—Lalley
carpets. As a result of the local inhomogeneity of Gatzouras-Lalley carpets,
obtaining good upper bounds requires some care. We will prove a sequence of
lemmas which, morally, provide optimal covers for a variety of symbolic objects:
these covers will then be combined to obtain our general upper bound for the
pointwise Assouad dimension.

We first show that, as a result of the vertical alignment of their component
cylinders, pseudo cylinders can essentially be covered by their projection. Recall
that S denotes the set of all approximate squares. Then if P(i,j) is any wide
pseudo-cylinder, we can write it as a union of the approximate squares in the
family

Q(i,j)={Q €S: Q= P(i,k) forsomek € n(Z*) and Q C P(i, j)}.

Since each () = P(i,k) for some k, we have () € S(f;2) so that this family of
approximate squares forms a section.

Lemma 4.8. Let P(i, j) be a wide pseudo-cylinder. Then

. Bij,l dimp n(K)
#9(i,j) ~ ( = ) :
iz
Proof. First,enumerate Q(i,j) = {Q1,...,Qm}, and foreachi = 1,...,m, there
is a unique k; so that (); = P(1,k;). Moreover, {k, ..., k,, } forms a section relative

to [j], so that writing s = dimg 7(K) and recalling that (K) is the attractor of a
self-similar IFS satisfying the open set condition,

(4.5) > Bea=0B51
=1
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But By, 1 = fi 2 since each @, is an approximate square, which gives the desired
result. O

In the next result, we provide good covers for cylinder sets using approximate
squares with diameter bounded above by the height of the corresponding rectangle.
Heuristically, a cylinder set can first be decomposed into approximate squares
using Lemma 4.8, and an “average” approximate square itself has box dimension
the same as the box dimension of K. To make this notion precise, we simply
reverse the order: we begin with a good cover for the box dimension of K, and
take the image under some word i. The image of each approximate square is a
wide pseudo-cylinder, so we may apply Lemma 4.8 to complete the bound.

Lemma 4.9. Suppose i € 7* and 0 < r < B; 5. Then

) dimp K ) dimgp n(K)
Haesn Qe ~(22) (52
1,2

Proof. Fixi € 7" and 0 < r < f3; o. Write 6 = r/f3; », so by inspecting the proofs
of , Lemmas 2.1, 2.2, & 2.3], we see that

HS(6) ~ (1/5)dme

Enumerate S(0) = {Q1,...,Qn} and for each ¢ = 1,...,m, we may write (); =
P(ji, k;) for some j; € Z* and k; € n(Z*). Then foreachi=1,...,m,

Q(iji k;) € S(r) and [i] = U U Q.

i=1 QEQ(lJuKZ)

Thus by Lemma 4.8 applied to each pseudo-cylinder P(ij;,k;), since @; is an
approximate square and (3. 1 = 35,2,

#{Q € S(r)

# lJ’H 7,
dimgp n(K)
ij,
(4

) dimp K B'l dimp n(K)
()™ (2)

as claimed. ]

Q

Q

To conclude our collection of preliminary lemmas, we use the Assouad dimension
of the symbolic fibre K, to control the size of “column sections” of approximate
squares. We note that the word i appears in the hypothesis but not the conclu-
sion: this is simply to clarify the application of this lemma when it is used in
Proposition 4.11.
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Lemma 4.10. Let ¢ > 0 and y € 2 be arbitrary. Suppose k € N and Qx(v) = P(1, j).
Let A be any section of T* such that A < n~'(j). Then

dimp KTI(’Y)+€
: :/8k72 /5677 1.
kcA

Proof. The assumption on the section A precisely means that {ik : k € A} isa
section relative to i in ). Then by Proposition 3.6 applied to the metric space
Q(n(v)) (recalling that dimy (n(v)) = dimy K, from Corollary 3.3), since A is a

section,
Bik ) dimp K,](.Y)-‘re
> (52) <ot
ke A i,2
Cancelling the ; » gives the desired result. OJ

Finally, by combining the various counts that we have established earlier in this
section, we are now in position to compute the upper bound for the pointwise
Assouad dimension.

Let us begin with an intuitive explanation for this proof. Since z is regular,
we will reduce the problem of computing covers of balls to computing covers for
approximate squares. Thus suppose we fix an approximate square P(i, j), which is
the union of cylinders {ik : (k) = j}. We wish to cover this set with approximate
squares in S(r). There are two cases. First, the rectangle corresponding to the
cylinder ik has height greater than or equal to r, in which case we simply keep this
cylinder and obtain a good bound for the cover using Lemma 4.9: this is the family
A;. Otherwise, the rectangle is shorter, and we instead want to cover groups
of cylinders simultaneously. Such groups are precisely wide pseudo-cylinders
corresponding to elements of .4, and have height r, which we can then cover using
Lemma 4.8. These covers are then combined using Lemma 4.10.

Proposition 4.11. Let K be a Gatzouras—Lalley carpet and suppose x = m(y) € K.
Then

dima (K, ) > max{dimg K, dimg n(K) 4+ dimp K}
with equality if x is reqular.

Proof. Recalling the general lower bound proven in Proposition 4.7, we must
show that

dima (K, ) < max{dimp K, dimg n(K) + dimp Ky} = ¢

when z is regular. We obtain this bound by a direct covering argument. We will
prove that for any £ € N and approximate square Qx(y) = P(1,j),if 0 <r < fi o,
then =

RN
(4.6) HOESH:QC Q) < (ﬁ) .

r
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Assuming this, since x is regular, for any ball B(z, R), there is an R’ < R and at
most two approximate squares ()1, Q> € S(R’') lying in the same column such
that B(z, R) C 7(Q1) U m(Q2). Since @1, Q) lie in the same column, Q; = Qy,(7;)
for some k; € N where 7(v;) = n(y). Moreover, if 0 < r < Rand Q € S(r) is
arbitrary, then diam 7(Q)) < r. Thus (4.6) immediately gives the correct bound, up
to a constant factor, for N,.(B(z, R) N K).

It remains to prove (4.6). Fix an approximate square Q;(y) = P(i,j) and
suppose 0 < r < f3; 5 is arbitrary. First, let -

Ag = 77_1(1) N Foe (1/Bi2) and A={ik:k € Ay}.
We then decompose A = A; U Ay, where

A=A \ }'n(v)(r) and A, = AN fn(fy) (7")

First, suppose ik € A;. Then, by definition, 8;x2 > r which, by definition of A,
implies that (k) = j. Thus by Lemma 4.9 applied to the cylinder ik and scale r,
since dimp 7(K) < dimg K and Six1 ~ i,

B' o dimp K 1 dimp n(K)
4.7) #{Q € S(r): Q C [ik]} = ( 17" ) (5_) .
k,2

Otherwise, suppose ik € Ay C Fy)(r). Since Ay < 7'(j), there is a j so that
n(k)j" = j. Thus choice of j’ ensures that

P(ik, j") = @r(y) N [1K].
Thus by Lemma 4.8 and since Q. () = P(4, j) is an approximate square,

1 dimp n(K)
48)  #{QeS(r):Q C Qu(y)N[ik]} = #Q(ik, i = (%) '

Thus by applying (4.7) and (4.8) to the respective components and recalling that
Bix2 ~ r whenever ik € A,,

#HQ e S(r):Q CQr(v)}
=) #QeSr) :QCik}+ Y #{QeS(r):QcCQuly)N[ik]}

ik€ Ay ike Az

B'k ) dimp K 1 dimp n(K) 1 dimp n(K)
ikeA; ike A ’

/Bik,Q B12 dima K () 612 dlmAK )
Z ( r Bixo ﬁk? T Z v

ikeAg ik€Ag
¢
_ /Bi,Q dlmA K”’I(’Y)
=(=2) XA

kEAp

< ﬂi,Z ¢

AT
where the last line follows by Lemma 4.10 applied to the section A,. Thus (4.6)
follows, and therefore our desired result. OJ

Q

AN
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4.5. Dimensions of level sets of pointwise Assouad dimension. Given an index
i € 1, let ®,;) denote the IFS corresponding to the column containing the index i,
that is

D) = {Sj2: 7 € Zand n(j) = n(i)}.

Now given a word v = (i,)p2; € (2, recall that the symbolic slice K, is the
non-autonomous self-similar set associated with the IFS {®,; )} ;. Since there
are only finitely many choices for the ®,;,), the hypotheses of Theorem 3.7 are
automatically satisfied and

dimp Ky () = nlgnoo Slelle Oy (n,m)

where

> [Le0s ™ =1
in)) k=1

We now obtain our main formula for the pointwise Assouad dimension of arbitrary
points in Gatzouras—Lalley carpets.

Theorem 4.12. Let K be a Gatzouras—Lalley carpet. Then for every x € K with v =
7(7), there is an ' € Tan(K, x) with H*(F') 2 1 where
s = dimp n(K) + dima K,
= dimg n(K) + lim sup b, (n,m)
— neN

m

In particular,

max{dimy F': F € Tan(K,z)} > s and dima(K,z) > max{s,dimgn(K)}

where both inequalities are equalities if x is reqular. In particular, if n(K) satisfies the
strong separation condition then equality holds for all x € K.

Proof. By Proposition 4.7, there is an F' € Tan(K, =) so that
HdimH n(K)+dima Ky (F) > 1.

Moreover, dimy K,y = lim,,—,e0 SUP, ey O(+) (7, m) by Theorem 3.7. The formula
for dimy (K, z), including the case when z is regular, then follows by Proposi-
tion 4.11.

If x is regular, it moreover follows from Proposition 4.6 that for any F' €
Tan(K, z), there is a similarity map h and a weak tangent F' € Tan(k,,)) so that
h(F) C n(K) x E. Since dimp n(K) = dimy n(K),

dimy F' = dimy h(F) < dimg n(K) + dimyg E < dimg n(K) + dimy K ()

as required.
Finally, we recall that if n(/K) satisfies the strong separation condition, then
each € K is regular by Lemma 4.4 (i). O
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Our next goal is to prove that the set of pointwise Assouad dimensions forms an
interval. The main observation required in the proof is a stability result for the
expression 0, (n, m) when m is large. In order to facilitate the proof, we establish
some notation. First suppose m € Nand i € Z™. Define ¢, : [0,1] — R by

¢i(s) = Z B3 a-
jezn
n(3)=n(1)
Since ¢; is strictly decreasing with ¢;(0) > 1 and ¢;(1) < 1, there is a unique #(1)
so that ¢; (t(1)) = 1. Note that 0 < spin < £(1) < Spax < 1 where s, = min{t(7) :
i € T} and spax = max{t(i) : i € Z}. Of course, the function ¢ is chosen precisely
so that

Oney) (11,m) = t(Ynt1s - -+ Ynm)-
We can now prove, essentially, that the set of fibre dimensions form an interval.

Lemma 4.13. Let K be a Gatzouras—Lalley carpet and suppose dimy, K < a < dimp K.
Then for all ko € N sufficiently large, for all n € N there is 1,, € By, C I*" satisfying

lim sup t(inJrl Tt 1n+m) = — dlmB W(K)
m—0o0 neN

Proof. Let i € 7™ and j € T be arbitrary. We first show that [¢(ij) — #(1)|
converges to zero uniformly as m diverges to infinity. First, if j € T is arbitrary,
then

(4.9) outA) = > BY ~1.
i€
n(8)=n(4)

On the other hand,

¢35 (1) +€) < ¢4;(t(1)) - (min{ Bz - i € T})™
so that, if ¢(1) + € > t(ij), applying (4.9), we observe that (min{f; 5 : i € Z})™ ~ 1
which forces ¢ ~ 1/m. The same argument also holds for the lower bound.
Iterating the above bound, we have therefore proven that for any m,k € N, i € 7™,
and j € ZF,

@10) #(43) — #(5)| 5 =

We now proceed with our general construction. First, fixing any interior word
j€Z*and i € 7 so that dimp K = dimp n(K) + t(7),

dimpy K = dimg n(K) + klim t(33%);
—00

and similarly for the lower dimension. Thus for all sufficiently large k, there are
words jr, ja € By, so that

dimgn(K) +t(jr) < a < dimgn(K) + t(ja)-

We inductively construct (j x, jax)3>, so that, for each k € N,
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o — lelB T](K) — % < t(JL,k:) <a-— dlmB T](K),
a—dimgn(K) < t(jar) < dimp K + dimg n(K) + %,
Jrg jax € By, and, for k > 2, jpx, jar € {jre—1,jak-1}", and

4. |jL,k| >k and |jA,I<:| > k.
First, set j;1 = jr and ja1 = ja which clearly satisfy the desired properties. Now
suppose we have constructed j , and j 4. Since t(ja ;) > o — dimp n(K), for any
meN,

W

nlggo t(3T ki) = dimpn(K) — a.

Moreover, t( JTL”k) < dimp n(K) — a and, by taking m > k sufficiently large and
applying (4.10), for all n € N sufficiently large,

< 1 _ 1
“k+2 k+1

Combining these two observations, there is a pair m,n so that ja 1 = j7'1.3% €
B;, satisfies conditions 1 and 4. The identical argument gives j1, .1 € By, satisfy-
ing 2, as claimed.

To complete the proof, since jr € By, for all k € N, we may identify the
sequence (jr k)5, with a sequence (i,)>>, where i,, € By, foralln € N. It
immediately follows from 4 that

|t(jﬁkj211) —t(37kdnr)

lim supt(ins1 - ipem) > a — dimg n(K).

m—ro0 neN

To establish the converse bound, it suffices to show for every k € N that

1
lm supt(ingg - ingm) < a—dimgn(K) + —.

m—r00 neN ]{}

By 3, for all k£ € N, thereisa K € Nso thatforalln > K, i,, € {jrx, jaxr}" For
each ¢ € N, write kg = ifpy1 - - 1k (41) and note thatk, € {jr s, jar}* forall £ € N.
Thus for any n,m € N,

m

1 . 1
Hrr Keam) < — > H(keys) < o — dimp n(K) + -

i=1

But by Lemma 3.4 and the subadditivity property of ¢ established in Theorem 3.7,

lim supt(ips1 - ipem) = lm supt(k,q1 - Kpim)
M—00 ;N M= peN

which gives the claim. O
To conclude this section, we assemble the results proven in the prior two sections
to obtain our main result.

Theorem 4.14. Let K be a Gatzouras—Lalley carpet. Then for any dimp K < o <
dim A K ,

(4.11) dimpg{z € K : dimy (K, z) = a} = dimyg K.
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Otherwise, if o ¢ [dimp K, dimp K], then {x € K : dimy (K, z) = a} = @. However,
(4.12) HdimHK({:L‘ € K : dimp (K, x) # dimy K}) =0.

Proof. Note that if dimp K = dim K, then dim (K, z) = dimy K forallz € K
and the results are clearly true. Thus we may assume that dimy K < dimg K <
dim A K.

We first establish (4.11). Let ¢ > 0 be arbitrary and dimg K < o < dimj K.

Apply Proposition 4.5 and get £ € N and a family J C B with corresponding
attractor K, satisfying dimy K — ¢ < dimpg K, = dimp K, and dimgn(K) — € <
dimg n(K). If o < dimp K, iterating the system if necessary, by Lemma 4.13 get a
sequence (i,)>, with i,, € By, for all n € N and moreover
(4.13) lim supt(ing1 - ipem) = a — dimg n(K).
If instead o = dimy K, instead simply take i, = it where iy € Z is any word
such that dimy K = dimgn(K) + t(ig). Note that ¢(j) = dimp K, — dimp n(K,)
for any j € J. Thus by taking ¢ to be sufficiently small, we may assume that
t(j) < a—dimgn(K)forall j € J.

Now, let (IVi,)72 , be a sequence of natural numbers satisfying limy_, o, Ni/k = 0o
and write

Qo = [T x {ar} x -+ x {ix}.
k=1

By taking each N to be sufficiently large, we may ensure that dimy 7(€) >
dimyg K. — e. Fix v € Q: it remains to verify that dima (K, (7)) = a. Since v € BY,
7(7y) is a regular point of K by Lemma 4.4 (ii). By passing to the subsystem
induced by By, C Z*, write v = (k;)$2, where ki, € Bi. Thus by Theorem 4.12 and
Lemma 3.4,

dimy (K, z) = max{dimg K, ligl sup t(knt1 -+ Kntm) }-
m—00 neN
Since i, - - - i,, appears as a subword of of v for arbitrarily large m, by (4.13) and
since o > dimgp K, it follows that dimy (K, z) > «a.

We now obtain the upper bound. Let € > 0 be arbitrary. By (4.13), there is an
ly € N so that whenever ¢ > ¢;,, we have t(i41---ij1¢) < a—dimgn(K)+e. Letm
be sufficiently large so that ¢,/m < e. Since limy_,~, N}, /k = oo, for all n sufficiently
large, there is a j € N so that

Kot Koom = 17 Jmoedjrr - 1jge
Thus for m, n sufficiently large, if £ > ¢,

(m—40) - t(3r-Fme) +L-t(ij01- - 1j10)
m

t(kn—l-l e kn+m) S

mT—E (o — dimg n(K)) + %(a — dimp n(K) + ¢€)

IN
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<a—dimgn(K)+e
and similarly if ¢ < ¢y, recalling that ¢(i,,1---i;40) <1,
t(Kpi1 - Knam) < a—dimgn(K) + %0 < a—dimgn(K) + e
Therefore

limsup limsup ¢(ky41 -+« Kngm) < @ — dimgn(K) + €

m—ro0 n—o0

and since € > 0 was arbitrary,

lim supt(k,41 - Kpam) = limsup imsup t(kp, 11+ - Kpim) < o — dimp n(K)

m—00 neN m—00 n—00

so that dimy (K, z) < «, as claimed. Of course, we recall as well that dimg K <
dimp (K, ) < dima K by Proposition 2.13.

We finally consider the points x such that dims (K, z) < dimy K. Let iy € Z be
such that dimy K = dimg n(K) + t(io). Let

I = {(il,...,ijvj) GIM : (Zl,,ZM) 7& (io,...,io)}

have attractor K, C K. Since Jy is a proper subsystem, dimy Kj; < dimy K
so that Himu K (K, ) = 0. Now let z € K have dimy (K, z) < dims K. Suppose
x = 7(y) where v = (i,,)%,, so that

dimp (K, ) > max {dimB K,dimgn(K) + lim supt(in4q, ... ,in+m)} .

m—0o0 neN
Since dimy (K, z) < dimy K,

Hm sup (i1, .-y inem) < t(io).
m—0o0 neN

In particular, there is a constant M so that v does not contain i) as a subword.
Thus = € K, for some M and therefore

HdimHK({x c K : dlmA<K’x) < dlmAK}) S Z %dimHK<KM> = O
M=1

as required. O

Remark 4.15. We recall that if K is a Gatzouras-Lalley carpet, then H4™# K () >
0, with Himn K (K) < oo if and only if K is Ahlfors regular; see [ ]. In
particular, the positivity of the Hausdorff measure guarantees that the claim
(4.12) in Theorem 4.14 is not vacuous; and, if the Hausdorff measure is finite,
Theorem 4.14 is trivial.
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5. TANGENT STRUCTURE AND DIMENSION OF BARANSKI CARPETS

5.1. Dimensions and decompositions of Baranski carpets. Recall the definition
of the Barariski carpet and basic notation from §4.1. Suppose K is a Barariski carpet
and v € (2 is arbitrary. For each k € N, we define a probability vector £;(~) by the
rule

#{1 <t <k:y=1i}
k

foreachi € 7.

Ek(7)i =

In other words, £ () is the distribution of the letter frequencies in the first & letters
of v. We then define

X1(&x(7))
x2(&k (7)) '

The function I';, induces a partition 2 = Qy U Q; U Q, by

Li(v) =

Qo = {7 : liminf T'x(v) <1 <limsupTx(y)}
k—ro0 k—o0

Q= {v: limsupT'k(y) < 1}
k—o0

Qo ={v:1 <liminfy(y)}.
k—o0

We now recall the dimensional formula for a general Baranski carpet. First, we
decompose P = P; U P, where

—{w e P:x;(w) < x;(w)}.

Now given a measure w € P, recall | , Corollary 5.2] which states that
dimyg myao = L6 | H(w) = Hn(w))
X;(w) X (w)

Here and for the remainder of this document, for notational simplicity, given j = 1
we write j' = 2 and given j = 2 we write j' = 1.

We also introduce some notation for symbolic slices both in the horizontal and
vertical directions. Giveny € Qand j € 1,2, let ¢, ; be defined by the rule

Z Hﬁnm”(nm
j

The value 0,,) = 0,,(,),1 was defined previously in the context of a Gatzouras-
Lalley carpet. As is the case with a Gatzouras-Lalley carpet, if we denote by
K, (v),; the non-autonomous self-similar set associated with the non-autonomous
self-similar IFS {S; ; : i € n= 1 (n(yx))}32,, then

dimp Ky, = lim sup 0, () ;(n, m).

m—0o0 neN
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Assuming 7, (K) (resp. n:(K)) satisfies the SSC, then K, (,)1 (resp. K, 2) is
precisely the intersection of K with the vertical (resp. horizontal) line containing
x = m(7y). We now recall [ , Theorem 2.12] concerning the Assouad dimension
and the main result of [ ] on the Hausdorff dimensions of Barariski carpets.
While this result is not stated explicitly, the relevant details can be obtained directly
by inspecting the proof.

Proposition 5.1 ([ ; D. Let K be a Barariski carpet such that 0 # & and
Qo # &. Then:
(i) Foreachj=1,2,
lelH W(QO U QJ) < dj

where

In particular, dimy K = max{dy, da}.
(ii) We have

dima K = dimp n(K) + max {t,}
j: ?

where

t; = ti(l
j = ax i(0)

and t;({) is the unique solution to the equation

ti(l
> -1

jen; (@)

5.2. Pointwise Assouad dimension along uniformly contracting sequences. In
this section, we state a generalization of our results on Gatzouras-Lalley carpets
to Barariski carpets, with the caveat that we restrict our attention to points coded
by sequences which contract uniformly in one direction. The arguments are
similar to the Gatzouras-Lalley case so we only include detail when the proofs
diverge. Handling more general sequences would result in a more complicated
formula for the pointwise Assouad dimension depending on the scales at which
the contraction ratio is greater in one direction than the other, which we will not
treat here.

We begin by defining the analogues of pseudo-cylinders and approximate
squares. Fix j = 1,2. Suppose i € 7" and j € n;(Z*). We then write

P](l,l) = {’}/ = (Zn)zozl SV (il, e ,’Lk) =iand n(ik+1, R 7ik+l) = l}
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Now let v € (2 be arbitrary and let £ € N. Let j be chosen so that 3., ; > 3, -
We then let Lj(y) > k be the minimal integer so that

Bﬂﬂkaj('y)mj < /Bpﬂkvjl'

Write 71, (,) = 1j and define the approximate square

Qr(v) = Pj(1,1;(3))-

Finally, we call a pseudo-cylinder wide if P;(i, j) contains an approximate square
P;(i,k); otherwise, we call the pseudo-cylinder tall.

In the case when the Baranski carpet is in fact a Gatzouras-Lalley carpet, these
definitions with j = 1 coincide with the definitions in the Gatzouras-Lalley case.

Next, the collection of approximate squares forms a metric tree when equipped
with the valuation p(P;(i,7;(j))) = Bi,;-- Note that for each approximate square
@, there is a unique choice for j except precisely when 3, ; = 3, j, so indeed p
is well-defined.

Similarly as in the Gatzouras-Lalley case, given a pseudo-cylinder P;(i, j), we
write

Q;(1,j) = max{A : Ais a section of S relative to P;(i, j)}

where § is the collection of all approximate squares and the maximum is with
respect to the partial ordering on sections. That the maximum always exists
follows from the properties of the meet. In the case when the pseudo-cylinder is
wide, this coincides precisely with the definition in the Gatzouras—Lalley case.

However, unlike in the Gatzouras-Lalley case, we will also have to handle tall
pseudo-cylinders, which have a more complex structure. This additional structure
is handled in the following covering lemma.

Lemma5.2. (i) Let P;(i, j) be a wide pseudo-cylinder. Then

Bij ; dimgp 7; (K)
By ) '

(ii) Let P;(i, j) be a tall pseudo-cylinder. Then

dimp 7./ (K)
Py '
Bil',j

#Q;(1,3) ~ (

#Q;(1,3) S (

(iii) Let € > 0 be arbitrary. Suppose i € Z* and let j be chosen so that f; ; < [3; ;. Let
0<r<pi. Then

B' ., dimp K +e ﬁ \ dimp 7;(K)
#aesmoems (B2) (5 |
7/. /Bi,j/
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(iv) Let € > 0 and v € Q be arbitrary. Suppose k € N and j = 1,2 are such that
Qr(v) = P;(i, ). Let A be any section of T* satisfying A < n; ' (j). Then

ZﬁdimA Knjenate 4

k,j/ ~EY :
ke A

Proof. The proof of (i) is identical to the proof given in Lemma 4.8 and similarly
the proof of (iv) is identical to that of Lemma 4.10.

We now prove (ii). In order to do this, we must understand the structure of
the pseudo-cylinder P;(i, j). Heuristically, when (for instance) j = 1, P;(1,j) is a
union of cylinders which fall into one of two types: those which are tall, and those
which are wide. If a cylinder is tall, we apply (i) in the opposite direction to cover
it with approximate squares, and if a cylinder is wide, we group nearby cylinders
together to form approximate squares. We then combine these counts using the
slice dimension ¢;, which is bounded above by dimg 7;/(X).

Write A = 7;'(j) and partition A = A; U A, where

Al - {k E A : /Bik,j/ Z /Bllvj} and AQ - A\Al
First, for k € A;, note that Pj(ik, @) is a wide pseudo-cylinder and we set

By = U Qj(ik, @).

k€A
By applying (i), since Bix ; ~ Bilj,
ﬁ ' dimp 7,/ (K)
51 #5- 3 peytae) = 3 ()
kEA; kEA; 3.0

Otherwise if k € Aj, let 1,(k) denote the prefix of k of maximal length so that
Biry ).y = Biyj- Writing k = 1, (k)12(k), this choice guarantees that

B(k) = P;(il1(k), n;(12(k)))
is the unique approximate square contained in [i] containing [ik|. Finally, let
A, ={11(k) : k € Ay} and By ={B(k):k € Ay}

We then note that, since f;; j =~ Biji by the choice of 1, (k),

ﬁ ‘ dimB T]j/ (K)
(5.2) #By~ Y ( Bfl_’{ )
ij,7

1A

To conclude, observe that Q;(i, j) = B; U B; and applying (5.1) and (5.2),

#Q;(1,]) = #B1 + #B>
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dimg 7,/ (K) 3 dimp n;/ (K)
1k ] il,j’
< Z /3 + Z B .
ij,J 13,J

ke Ay 1€ A,

B dimp 1,/ (K)

i,j dlmB ny1
= | —= E ﬁ 7
(Bij,j)

ke A UA)

dimp 7./ (K)
< Bij ’
511,3‘

where the last line follows since A; U A} < n;'(j) is a section and dimg 7,/ (K) >
tj(j) where

t(3)
Z P =1
keA1UA)

Finally, we combine the bounds given in (i) and (ii) with a similar argument to
the proof of Lemma 4.9 to obtain (iii). Let ¢ > 0 be arbitrary and fix i € Z* and
j=0,1sothat0 < r < f; y < f5; ;. Write 6 = r/p; ; so, recalling the proof of
[ , Theorem B],

#S(0) Se (1/5)Hmn e,

Now enumerate

S(0) ={Q1j, -, Qm, i} U{Qujr -, Qi)

where foreach z = j, 7 and 1 < i < m,,

Q _P(JlZ7_zz)

for some j;. € 7" and k; , € 7.(Z*). Observe that each P, (1312,_12) is a wide
pseudo-cylinder if z = j and a tall pseudo-cylinder if z = j'. Thus we may
complete the proof in the same way as Lemma 4.9, by applying (i) to the wide
pseudo-cylinders and (ii) to the tall pseudo-cylinders. O

We can now prove the following formulas for the pointwise Assouad dimension.

Proposition 5.3. Let K be a Barariski carpet. Then for each j = 1,2, if n;(K) satisfies
the SSC, for all v € Q; and x = (),

dimy (K, z) = max{dimg K, dimp n;(K) + dima K, ;}
and

max{dimy F' : F' € Tan(K, x)} = dimp 7;(K) + dima K;),(4) ;-

Furthermore,

dimy K, = lim sup#6,, n,m) < max t;(£
A Bnj(y),y = I eg ’Y)J( ) ot J( ).
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Proof. If v € €, by definition there is a constant x € (0, 1) so that

B’ﬂkvj/ 5 /{n.

In particular, there is a constant v € (0,1) so that each maximal cylinder [i]
contained in Qx () has 8; ;/B8: ; < (+')*, which converges to zero. Thus the same
proof as given in Proposition 4.11 but instead applying Lemma 5.2 in place of the
analogous bounds for Gatzouras-Lalley carpets gives that

dimy (K, z) < max{dimg K, dimg 7;(K) + dima K1) ;}-

Similarly, the same proof as Proposition 4.7 shows that

max{dimy F' : F' € Tan(K, z)} = dimp n;(K) + dimp K, (4) ;-

Finally, using the same subadditivity properties of 6, ;(n, m) established at the
beginning of the proof of Theorem 3.7,

M—00 neII\I) 77](7)71( ) - ﬁénjé) j(_)

as required. O

5.3. Baranski carpets with few large tangents. In contrast to Gatzouras-Lalley
carpets, the analogue of Theorem 4.14 need not hold for Bararski carpets. We first
give a precise characterization of when a Barariski carpet has few large tangents.
Fix the definitions of ¢; and d; from Proposition 5.1.

Theorem 5.4. Let K be a Baratiski carpet such that n;(K') satisfies the SSC and ; # @
for j = 1,2. Suppose foroneof j = 1,2, d; < dj and dimg n;(K)~+t; > dimg n; (K )+t;.
Then

dimp{zr € K : dims (K, z) = dima K} < dimyg K.

Proof. Suppose d; < dy and dimp 7, (K)+t; > dimp 72 (K )+t2 (the opposite case
follows analogously). By Proposition 5.1, dimy K = d and dimy K = dimpg m; (K)+
t1. In particular, by Proposition 5.3, if dima (K, z) = dima K = dimp 7 (K)+t;, then
necessarily T = W(’y) where A QO U Ql. But dll’IlH W(QO U Ql) = d1 < dg = dlmH K,
as required. O

Remark 5.5. In the context of Theorem 5.4, one can in fact prove that the following
are equivalent:
(i) dimpg{z € K : dimp (K, z) = dimy K} < dimy K.

(ii) dimp{zr € K : 3F € Tan(K, x) such that dimyg F' = dimy K} < dimp K.

(iii) Foroneof j = 1,2, d; < dj and dimg n;(K) +t; > dimp n;/ (K) + ;.
Such a proof follows similarly to the Gatzouras-Lalley case with appropriate
modifications to restrict attention only to the family €2, or 2,. The only additional
observation required is that [ , Lemma 4.3] also holds in the Baranski case
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and the uniform subsystem can be chosen so the maps are contracting strictly in
direction j and the dimension of the corresponding attractor is arbitrarily close to
d] .

In particular, if one of the above equivalent conditions hold and without loss
of generality d; > dy and dimg 7, (K) + t; < dimp 72(K) + t9, then the Hausdorff
dimension of the level set p(«) = dimy{z € K : dimy (K, z) = a} is given by the
piecewise formula

(@) dimg K :dimg K < o < dimgn(K) +
« ==
7 do cdimpm (K) + 6 < a < dimy K.

We leave the remaining details to the curious reader.

With Theorem 5.4 in hand, we can now give an explicit example of a Bararski
carpet which has few large tangents.

Corollary 5.6. There is a Barariski carpet K such that
dimp{zr € K : dims (K, z) = dimp K} < dimyg K.

Proof. Fix some § € [0,1/6) and define parameters § = 1/4 — 4§, a; = 1/3 =,
and ay = 1/6 — 0. Now define the families of maps

@, = {(v,y) = (ux, By +ip) :i=0,...,3}
Oy = {(z,y) = (02 + o1 + jao, By +iB) : j =0,1and i = 0,1}
Oop = {(2,y) = (azz + a1 + jag, By +if) : j = 3,4and i = 2,3}

and then set
(1)2 = (1)27(1 U (I)Q,b and = (I)l @) (I>27a U CI)Q,b.

We abuse notation and use functions and indices interchangeably. Now @ is a
Barariski IFS with three columns corresponding to ®,, ®5 ,, and ®, ;. This carpet is
conjugate to the carpet generated by the maps depicted in Figure 2b. Note that if
0 > 0, both projected IFSs satisfy the SSC.

We now simplify the dimensional expression in Proposition 5.1 (ii) for our
specific system. First, forw € P, setp = ), w;. Note that x;(w) = —plogay —
(1 — p)loga; and x2(w) = —log 3 depend only on p. But since entropy and
projected entropy are maximized uniquely by uniform vectors, defining the vector
z(p) € P by

2. jcd
z(p)i:{%. '

we necessarily have

H(m(w)) = H(w) - H(m(w)) _ H(m(z(p)) N H(z(p)) — H(m(z(p)))
x1(w) Xz(w) ~ xal(z(p) x2(2(p))
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_ —plogp — (1 —p)log(l —p)
—plogas — (1 —p)logay

= Di(p)
and
Hnp(w))  H(w) = Him(w)) - H(m(2(p)) | H(z(p) — H(n:(2(p))
Xz(w) X1 (w)  xe(2(p) x1(z(p))
_ log4 N —plogp — (1 —p)log(1 — p) —log 4
—log 3 —plogas — (1 —p)log oy
=: Dy(p).

Moreover, writing py = 1264185 5 ()) ¢ P, ifand only if p € [0, po] and z(p) € Py

log a1 —log aa”

if and only if p € [po, 1]. We thus observe that

Di(p) :0<p<pog
Dsy(p) po<p<1

Now, a manual computation directly shows that, substituting = 0,

dimyg K = sup D(p) where D(p) = {

pE[O,l]

sup D;(p) =~ 0.489536 and sup Ds(p) = 0.529533
p€0,1] pe(0,1]
and moreover the maximum of Dy(p) is attained at a value ps € (pg, 1). Thus for all
4 sufficiently close to 0, since all the respective quantities are continuous functions
of 9, there is a value p, € (pg, 1) so that

d; < sup Di(p) < sup D(p) = Da(p2) = ds.
pef0,1] pe[0,1]
(In fact, one can show that this is the case for all § € (0,1/6), but this is not required
for the proof.)
On the other hand, when 6 = 0, t; = 2 whereas ty, = 1+s < 2 where s ~ 0.72263

is the unique solution to
I 1\°
= 2--) =1L
() ()

Thus for all ¢ sufficiently close to 0, the conditions for Theorem 5.4 are satisfied, as
required. O
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