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ABSTRACT. We study regularity properties of frequency measures arising
from random substitutions, which are a generalisation of (deterministic) sub-
stitutions where the substituted image of each letter is chosen independently
from a fixed finite set. In particular, for a natural class of such measures, we
derive a closed-form analytic formula for the L?-spectrum and prove that
the multifractal formalism holds. This provides an interesting new class of
measures satisfying the multifractal formalism. More generally, we establish
results concerning the L?-spectrum of a broad class of frequency measures.
We introduce a new notion called the inflation word Li-spectrum of a random
substitution and show that this coincides with the L?-spectrum of the cor-
responding frequency measure for all ¢ > 0. As an application, we obtain
closed-form formulas under separation conditions and recover known results
for topological and measure theoretic entropy.
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1. INTRODUCTION

A substitution is a combinatorial object consisting of a finite alphabet .4 along
with a set of transformation rules. The theory of substitutions, along with statistical
properties of the system under repeated iteration, is a large and actively researched
tield at the interface of combinatorics and symbolic dynamics. A thorough intro-
duction to the statistical properties and dynamics of substitutions can be found
in [ ; ]. Associated with a (deterministic) substitution is a frequency
measure, which encodes the frequency of subwords under repeated iteration. No-
tably, the corresponding subshift supporting this measure has zero topological
entropy, and the frequency measure is the unique ergodic measure supported on
this subshift.

Random substitutions are a generalisation of (deterministic) substitutions
[ ] where we apply a transformation rule to each letter randomly and inde-
pendently chosen from a finite set of possibilities. Similarly to the deterministic
case, subshifts associated with random substitutions support ergodic frequency
measures which capture the expected rate of occurrence of subwords under ran-
dom iteration. But in contrast to the deterministic case, the corresponding subshift
typically has positive topological entropy and supports uncountably many ergodic
measures. Random substitutions include examples exhibiting deterministic be-
haviour, while also including examples which are subshifts of finite type [ I
Moreover, there is a large amount of intermediate behaviour: subshifts of ran-
dom substitutions can simultaneously exhibit long range correlation [ ] (an
indication of order) and positive topological entropy [ ] (an indication of
disorder).

As a generalisation of substitutions, random substitutions model quasicrystals
with errors; namely, crystalline structures with local disorder [ ; ]. Ran-
dom substitutions have also proved a useful tool for modelling fractal percolation
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[ ; ; ]. Properties of these physical phenomena can be associ-
ated with almost sure properties of the frequency measure corresponding to the
underlying random substitution [ I

In this paper, we study the fine scaling properties of frequency measures
associated with random substitutions from the perspective of multifractal analysis.
This perspective is relevant in a wide variety of contexts, such as the geometry
of fractal sets and measures and in dynamical systems, with typical applications
to geometric measure theory and number theory. In our setting, our primary
objects of study are the L?-spectrum, which is a parametrised family of quantities
which capture the inhomogeneous scaling properties of a measure, and the local
dimension, which capture the exponential growth rate of a measure around a point.
The L?-spectrum and local dimensions are related through a heuristic relationship
known as the multifractal formalism, first introduced and studied in a physical
context in [ ]. It is an important and well-studied question to determine
settings in which the multifractal formalism holds, and to determine qualitative
conditions describing its failure.

Much of the work on multifractal analysis has been done in the setting of
local dimensions of self-similar measures (for some examples, see [ ; ;
; ; ]) and Birkhoff sums of potentials in dynamical systems with
a finite type property (see, for example, [ ; ; ; ] and the
reference therein). As a notable recent example, in P. Shmerkin’s recent proof of
the Furstenberg’s intersection conjecture [ ], he computes the LI-spectrum
of a large class of dynamically self-similar measures and relates such results
to the multifractal analysis of slices of sets. This information about L?-spectra
also implies LP-smoothness properties in the question of absolute continuity of
Bernoulli convolutions (see [ ] for some background on this classic problem).
Multifractal analysis of substitutions has also been studied in the physics literature;
see, for instance, [ ]. For more detail on the geometry of measures and
multifractal analysis, we refer the reader to the foundational work by L. Olsen
[ ] and the classic texts of K. Falconer [ ] and Ya. Pesin | ].

Returning to our setting, substitution dynamical systems have characteristic
features of (dynamical) self-similarity, but in many cases are far from being ergodic
measures on shifts of finite type. More generally, frequency measures provide
a rich family of shift-invariant ergodic measures which exhibit interesting and
unique properties in symbolic dynamics in a natural way. For example, it was
proved in [ , Theorem 4.8] that for a certain class of random substitutions,
the corresponding subshift supports a frequency measure that is the unique er-
godic measure of maximal entropy. However, this measure is not a Gibbs measure
with respect to the zero potential, and therefore the system does not satisfy the
common specification property, which is a well-known strategy for proving intrinsic
ergodicity of symbolic dynamical systems (see [ ] and the references therein).
Moreover, there are examples of random substitutions such that the corresponding
subshift supports multiple ergodic measures of maximal entropy [ , Exam-
ple 6.5]. More generally, many key properties of frequency measures associated
with random substitutions are poorly understood.

In this paper, we derive symbolic expressions for the L?-spectrum of frequency
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measures associated with random substitutions under certain weak assumptions.
Then under an additional assumption (recognisability), we prove a closed-form
analytic expression for the L?-spectrum and a variational formula which together
imply the multifractal formalism. Recognisable random substitutions exhibit novel
properties not witnessed by other classes of measures for which the multifractal
formalism is well-understood: it often happens that the unique frequency measure
of maximal entropy is not a Gibbs measure with respect to the zero potential
and the corresponding subshift is not sofic. The techniques and results provide
important new perspectives on the geometry and dynamics of the respective
measures.

1.1. Entropy and Li-spectra. For a Borel probability measure in a compact metric
space, the L?-spectrum is a well-studied quantity which encodes the scaling proper-
ties of the measure, in a weak sub-exponential sense. Specifically, the Li-spectrum
of 1 is given by

. dogsup 3o, u(B(wi,1))"
7.(q) = 111;rl_gonf o .

where the supremum is taken over 2r-separated subsets {z;}; of the support of .
The Li-spectrum encodes information about the local scaling of the measure /.
We define the local dimension of p at z by

1 B(x,
dimloc(:ua :L‘) = lim Oglu( ($ T))
r—0 logr

when the limit exists. We then define the multifractal spectrum of p by
f#(a) = dlrnH {:U e X: dimloc(u,x) = a} A

In general, the structure of the set of local dimensions can be very complex—for
example, the level sets are often dense uncountable subsets of the support of .
However, the “multifractal miracle” is the phenomenon that, even though the
level sets are very complex, the multifractal spectrum is often a concave analytic
function of a.

In fact, the multifractal spectrum and the L?-spectrum are related through a
heuristic relationship called the multifractal formalism [ ], which speculates
that under certain regularity assumptions, the multifractal spectrum is given by
the concave conjugate of the L?-spectrum, that is the quantity

7u(a) = inf(ga — 7.(q))-
Generally speaking, 7 () > f.(a) [ ]: in particular, the slopes of the asymp-
totes of the L?-spectrum bound the exponential scaling of measures of balls B(z, r)
uniformly for all x € supp p.
In our specific setting, where our metric space is the two-sided shift A% and
the measure 1 is ergodic, the local dimension is precisely the scaling rate of the
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information function of ;1. In fact, the Shannon-McMillan-Breiman theorem states
that the local dimension of the measure (with an appropriate choice of the metric)
is almost surely the entropy of the measure. Thus the L?-spectrum provides
uniform control over the scaling rate of the information function. More details
about these notions are given in §2.

1.2. Random substitutions. A (deterministic) substitution is a rule which replaces
each symbol in a finite or infinite string over an alphabet .4 with a finite word over
the same alphabet. Random substitutions generalise this notion by substituting
a randomly chosen word (according to a fixed finite distribution) independently
for each letter. We can also think of a random substitution as a (deterministic)
set-valued substitution 1, together with a choice of probabilities.

For example, given p € (0, 1), the random Fibonacci substitution 9, is defined by

N ab with probability p,
a
Uy ba with probability 1 — p,

b— a.

To a given (primitive) random substitution ¥p, one can canonically associate a
subshift X, of the two-sided shift A% along with an ergodic frequency measure
pp, which quantifies the relative occurrence of a given word under repeated
application of the random substitution.

As highlighted in the introduction, primitive random substitutions give rise to
subshifts and measures with a wide variety of properties. As a result, we impose
additional conditions.

Our main assumption, which we call compatibility (see §2.7), asserts that for
each a € A, the number of occurrences of each b € A is identical in every possible
substituted image of a. For example, the random Fibonacci substitution is com-
patible since in all the possible images of a, a occurs once and b occurs once. The
key feature of compatibility is that the one can define a deterministic substitution
matrix, such that the Perron-Frobenius eigenvalue is the asymptotic growth rate
of lengths of words under repeated substitution, and the corresponding right
eigenvector encodes the asymptotic frequency with which the individual letters
appear. Compatibility is a common assumption: for example, it is assumed in the
main results of | ; ; ; ].

Another standard assumption is recognisability (see §2.9), which heuristically
states that each element of the subshift has a unique preimage in the subshift.

Recognisability precludes the existence of periodic points [ ] and is one of
the assumptions required to to establish intrinsic ergodicity in [ I Itis
also assumed in the main results of | ; ]

1.3. Statement and discussion of main results. We now give concise statements
of the main results in this paper. We refer the reader to §2 for full statements of the
notation and definitions used in this section.

Fix a random substitution ¥p and let A and R denote the Perron—-Frobenius
eigenvalue and corresponding right eigenvector of the substitution matrix of 9p,
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respectively. Given g € R and k € N, define

Popn(@) = @r(q) = =) Rulog | Y PWh(a) = s

acA s€vk(a)

We define the inflation word Li-spectrum of ¥p by

T).p(q) = liminf - 01(0).

We similarly define the upper variant T’y p by taking a limit superior in place of the
limit inferior. Throughout, ;1p will denote the frequency measure associated with
Up. Heuristically, the inflation word spectrum approximates the frequency mea-
sure /.p by the probability distribution on the iterated system, with an appropriate
normalisation.

Our main general result bounding the L9-spectrum is the following, which
states that Ty p and 7,,,, coincide for all ¢ > 0, and moreover provides bounds on
Tup in terms of the functions ¢y, for all ¢ € R.

Theorem A. Let ¥p = (¥, P) be a primitive and compatible random substitution with
corresponding frequency measure j1p. Then the limits defining 7,,,,(q) and Ty p(q) exist
and coincide for all ¢ > 0. Moreover,

1. Forall0 < ¢ <1,

1 1

(1.1) m%pk(Q) < T/Jp(q) < V@k(‘])

and (A i (q))52, converges monotonically to 7, (q) from above.

2. Forall ¢ > 1,

1.2 D) < Tn0) < 50

AP —1
and (A (q))32, converges monotonically to 7, (q) from below.

3. Forall ¢ <0,

1

(1.3) o

©6(q) < Tup(q)-

The notion of compatibility is defined in §2.7. For ¢ < 0, it is not true in general that
T, (q) and Ty p(q) coincide (a counterexample is given in Example 5.2): the “non-
uniqueness of cutting points” allows collisions in the averaging procedure in the
construction of the measure (see Lemma 2.12). In other words, the corresponding
upper bound in (1.3) does not hold in general.

If ¥p also satisties the disjoint set condition, or the identical set condition with
identical production probabilities (see Definition 2.13), then a closed-form expression
can be obtained for Ty p (see Proposition 3.1). By combining this result with
Theorem A, we obtain the following corollary.
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Corollary B. Let ¥ p be a primitive and compatible random substitution with correspond-
ing frequency measure yup. Then for all ¢ > 0:

1. If 9 p satisfies the disjoint set condition, then

s (0) = s —71(0).

2. If U p satisfies the identical set condition and has identical production probabilities,
then

Tup(q) = %SOI(Q)'

In particular, under the disjoint set condition or identical set condition with identi-
cal production probabilities, the Li-spectrum is analytic on (0, co).

As a direct application of Theorem A, we obtain new proofs of known results
on measure theoretic and topological entropy.

(a) We obtain the main result of [ ] on topological entropy, which states
that for subshifts of primitive and compatible random substitutions, the
topological entropy can be characterised in terms of the asymptotic growth
rate of inflation words.

(b) We also obtain the characterisation of (measure theoretic) entropy obtained in

[ , Theorem 3.3] for frequency measures corresponding to primitive
and compatible random substitutions. We note that the main results in
[ ] do not require the assumption of compatibility.

This is described in the following corollary.

Corollary C. Let Vp = (U, P) be a primitive and compatible random substitution with
associated subshift X,y and frequency measure pp.

1. The limit

o )
;}LTOF;‘R“ log(#9"(a))

exists and is equal to hyop(Xy).
2. The Li-spectrum of jup is differentiable at 1. Moreover, the limit
.1
lm ST RS —Plob(a) = u]log(P[o(a) = v])
acA vevk(a)
exists and is equal to hy,,(Xy) = dimy pp = 7, ,(1).

We now turn our attention to the multifractal spectrum. While 7,,(¢) and
Ty.p(q) do not coincide in general for ¢ < 0, if the random substitution that gives
rise to the frequency measure pp is additionally assumed to be recognisable (see
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Definition 2.14), then the limits defining 7,,,.(¢) and T} p(¢) both exist and coincide
for all ¢ € R. Moreover, under recognisability, we prove that the multifractal
spectrum is the concave conjugate of the L?-spectrum: in other words, the multi-
fractal formalism holds for any associated frequency measure i p. In particular,
we conclude that f,,, is a concave analytic function.

In fact, in Proposition 4.5 we prove a stronger variational formula for the
multifractal spectrum. For each o € R, we construct measures v such that dimy v >
7" (a) and dimy,.(pp, ) = « for v-a.e. € Xy. In particular, we can take the
measures to be frequency measures associated with permissible probabilities for
the substitution ¥.

Theorem D. Let ¥p be a primitive, compatible, and recognisable random substitution
with corresponding frequency measure pp. Then for all g € R,

1
-1

Tup (@) = Ty, p(q) = 3 ©1(q)-

Moreover, f,,(a) = 7,; () is concave and analytic on its support. In fact, for each o € R
such that f,,(a) > 0, there are permissible probabilities Q such that f,,, (o) = dimy pg

and dimy,.(pp, ) = a for pg-a.e. v € Xy.

To conclude this section, we observe that our results on L?-spectra also give
uniform bounds on the exponential scaling rate of the frequency measures. The
following result is a direct application of Theorem A and Theorem D, combined
with bounds on the possible local dimensions (from Proposition 4.4).

Corollary E. Let Vp = (¥, P) be a primitive, compatible, and recognisable random
substitution. Then

T

Opin = lim Tur(9) == R,log (max P[ip(a) = s})

q—>00 sey
acA

. T, .
Omax = lim “P—(q) =— Z R, log (sg%)P[ﬁp(a) = s]> :

g——o0 ¢
and for all x € Xy, amin < dimy . (up, z) < dimjee(pp, ) < max. Moreover,

{dimloc(ﬂPy [I)) M Xﬁ} - [amina amax}-

In particular, when the probabilities P are chosen so that for each a € A, P[¥p(a) =
s| = 1/#9(a) for all s € ¥(a), then the Li-spectrum is the line with slope A, (Xy)
passing through (1, 0). Thus the local dimension of ;p exists at every x € Xy and
is given by the constant value ay,in = @max. This can be rephrased in terms of
a weak Gibbs-type property, which says that every sufficiently long legal word
(with length depending only on € > 0) satisfies

(1.4) exp(—[u|(hrop (X9) + €)) < pp([u]) < exp(—[ul(hiop(Xs) — €));

see, for example, [ , Lemma 1.4] for a short proof. In general, the error
term e cannot be dropped by the addition of a constant factor. Under certain
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assumptions, one can show that there are infinitely many words with pp([u]) ~
|u| = exp(—|u|(hop(Xy)), as explained in [ , Lemma 4.12]. These assump-
tions are satisfied, for example, in Example 5.6.

Of course, similar one-sided results hold for ¢ > 0 only under the assumption of
compatibility, by iterating the formula for ¢, and taking an appropriate maximum
at each level. In fact, since 7,,,(¢) is differentiable at 1, with derivative giving the
entropy, and since hyop(Xy) = 7,,(0), it follows that ;1p is a measure of maximal
entropy if and only if 7/, ,(¢) exists and is constant on the interval (0, 1).

1.4. Further work. We conclude the introduction with a list of comments and
potentially interesting questions.

1. What is the L?-spectrum for a compatible substitution when ¢ < 0? We do
not know this even for the random substitution given in Example 5.1, which
satisfies the identical set condition with identical production probabilities.
Obtaining results for ¢ < 0 is substantially more challenging, since the sum
in 7, (¢) depends on the measure of cylinders with very small (but non-zero)
measure. For example, in the self-similar case, without the presence of strong
separation assumptions, little is known (in contrast to the ¢ > 0 case).

2. What happens without compatibility? Do the formulas in Theorem A hold in
general? In [ ], it suffices to use an almost sure version of Lemma 2.9.
However, since the L?-spectrum is sensitive to scaling at individual points
as ¢ tends to 00, such an almost sure result in our case is insufficient.

3. Outside the disjoint set condition and the identical set condition, what can
be said about differentiability of the Li-spectrum? For ¢ > 0, we give the
Li-spectrum as a uniform limit of analytic functions: however, aside from
the exceptional point ¢ = 1 where we can say more, this is not enough to
give information about differentiability.

4. Can the assumption of recognisability in Theorem D be relaxed to a weaker
condition, such as the disjoint set condition (see Definition 2.13)?

5. Can the error term in (1.4) be determined precisely, up to a constant? The
approximate Gibbs-type bounds discussed following Corollary E are closely
related to the bounds used in the proof of intrinsic ergodicity given in

[ , Theorem 4.8]. It could be worth exploring the relationship
between intrinsic ergodicity and Gibbs-type properties given by the L?-
spectrum.

2. PRELIMINARIES

In this section we introduce the key notation and definitions that we will use
throughout the paper. After introducing some basic notation, in §2.2 we introduce
symbolic dynamics on the two-sided shift, as well as our notions of entropy
and dimension. In §2.3 we present the key definitions and basic results from
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multifractal analysis that we work with throughout, including the definitions
of the Li-spectrum and local dimensions of a measure. Then, in the following
sections we provide an introduction to random substitutions and their associated
dynamical systems. In §2.5 we give the definition of a random substitution via its
action on words, and define the subshift associated to a random substitution. Then,
in §2.6 and §2.7, we define what it means for a random substitution to be primitive
and compatible and present the key properties of such random substitutions. In
§2.8, we give the definition of the frequency measure associated to a random
substitution and state a key result used in the proof of our main results which
relates the measures of cylinder sets via the action of the random substitution.
Finally, in §2.9, we define what it means for a substitution to satisfy the disjoint or
identical set condition, and introduce recognisable random substitutions.

2.1. Symbolic notation. Throughout, we use the following symbolic notation,
which is essentially the same as the notation used in [ ; ].

For a set B, we let #B be the cardinality of B and let F(B) be the set of
non-empty finite subsets of B.

We fix an alphabet A = {ay,...,as}, for some d € N, which is a finite set of
letters a;, and equip it with the discrete topology. Then a word u with letters in A is
a finite concatenation of letters, namely u = a;, - - - a;, for some n € N. We write
|u| = n for the length of the word u, and for m € N, we let A™ denote the set of all
words of length m with letters in A.

We set A" = J,,cy A™ and let

A% = {(a;, )nez : a;, € Aforall n € Z}

denote the set of all bi-infinite sequences with elements in 4, and endow A”
with the product topology. We also fix a metric on A” as follows. Given points
T = (p)nez and y = (Yn )nez, let N(z,y) =sup{n € Z : x; = y; for all |j| < n} and
let d(z,y) = e 2N@¥~1 The space X is compact with topology generated by the
metric.

We will frequently write sequences (z,,)ncz € A% as -+ - x_1x977 - - -, with the
corresponding notation for finite sequences. If i and j € Z with ¢ < j, and
r=---2_120%; - - € A%, then we let T j) = TiTiy1 - - - 5. We use the same notation
ifveATand1<i<j<|v|. Foruandv € A" (orv € A%), we writeu<vif uisa
subword of v, namely if there exist i and j € Z with i < j so that u = v}; ;. For u
and v € A", we set |v|, to be the number of (possibly overlapping) occurrences
of v as a subword of v. If u = a;, ---a;, and v = qj, - - - a;,, € A", for some n and
m € N, we write uv for the concatenation of v and v. The abelianisation of a word
u € At is the vector ®(u) € NI, defined by ®(u), = |u|, for all a € A.

2.2. Dynamics, entropy and dimension. We equip the space A% with invertible
dynamics from the left-shift map S: A* — A”. Throughout, we work with a
subshift X C A%, which is compact and shift-invariant, thatis S~'(X) = X. Then p
will denote an ergodic and S-invariant Borel probability measure with support
contained in X.
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The metric structure on A% enables us to define the Hausdorff dimension of Borel
subsets of X. Using this, we define the Hausdorff dimension of i« to be the quantity

dimpy p = inf{dimyg £ : u(E£) > 0}

where the infimum is taken over Borel sets /. Here, we use Hausdorff dimension
as inherited from the underlying metric; though it would also be appropriate to
use Bowen’s generalisation of topological entropy to non-compact sets [ 1.
We also define the lower local dimension of 1 at by

log u(B
di—Inloc (Ma [E) = lim inf M

r—0 log r

We define the upper local dimension dim,,.(u, z) analogously using the limit superior
in place of the limit inferior, and when the limits coincide, we refer to the shared
quantity as the local dimension and denote it by dimye(x, x).

Local dimensions and Hausdorff dimension are closely related: the same proof
as given, for instance, in [ , Proposition 10.1] implies that

(2.1) dimyg g = sup{s : dim, (i, ) > s for py-a.e. x}.
Now fix a partition ¢ so that with £, = \/f:_ L STHE), {€k )72, generates the Borel
o-algebra on X. We recall that the entropy of 1 with respect to S is given by

() = Jim = 3 A lon(u(4)

where, by the classical Kolmogorov-Sinal theorem, the quantity does not depend
on the choice of partition.

Now given x € X, let {;(z) denote the unique element in the partition ¢ con-
taining x. Then the Shannon-McMillan—-Breiman theorem states that the entropy
of 1 is almost surely the information rate of y, that is for pi-a.e. x € X,

. —log p(&(x))
e
We refer the reader to [ , Theorem 3.2.7] for a proof and more background on

this topic.

Now suppose £ = {E,}qc4 is the partition of X where E, = {(z,)nez € X :
xo = a}. For the remainder of this paper, { will always denote this partition. Then
given « = (2, )nez € X,

&e(x) ={ye X :z;=y;forall |j| <k} = B(z, e~ (kD)

and therefore
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where both limits exist if either limit exists. Since the limit on the right is y almost
surely h,(X), it follows from (2.1) that dimy p = h,(X).
Finally, the topological entropy of X is given by

. —log#HEe&  ENX # o}
Prop(X) = lim, 2% + 1 '

Of course, hiop(X) = dimp X, the box counting dimension of X.

2.3. Li-spectra and smoothness. Given g € R, we define

g ,7" = sup ,LL :C’H
g {z;}i€P(r Z

where P(r) is the set of discrete 2r-separated subsets of X, thatis P(r) = {{z;};
z; € X,d(z;,z;) > 2rfori # j}. We then define the L?-spectrum of ju to be the
function

log S,.»
7,(¢) = liminf 208 2purid) (q)
q—0 logr

For convenience, we also denote the upper variant 7,,(¢) by taking a limit superior
in place of the limit inferior. It is a standard consequence of Holder’s inequality
that 7,(¢q) is a concave increasing function of ¢ (note that this need not hold for
7u(q))-

Of course, the preceding definitions hold more generally in an arbitrary metric
space, but in our particular setting we can rephrase the L?-spectrum in terms of
more familiar sums over cylinders. Recall that £ denotes the partition of X into
cylinders at 0 corresponding to the letters in A. Then set

q)= > uE)"
Eeéy

o—(2k+1)

Since distinct elements in the partition §, are -separated,

Sp,n(Q) = gu,e*@”*l) (q)

It follows immediately that

.. .—logS,.(q
Tu(q) :hggf—Qn—:l( )

with the analogous result for 7,(¢). In particular, 7,(0) = hop(X) assuming y is
tully supported on X.

Finally, by shift invariance, we can characterise the subshift X in terms of a
language on X. Given n € N, we set

LM(X)={w e A" : w<z for some x € X }.
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Given w € L"(X), we let [w] = {(zn)nez € X : 2, = w;foralll < i < n}.
Of course, by shift invariance, there is a measure-preserving bijection between
L£2"*1(X) and X, so it follows again that

7.(q) = liminf—%log Z p([u])d.

n—00
ueLn(X)

We will primarily use this characterisation throughout the paper.

We first list some basic properties of the L?-spectrum of the measure ;. Here,
(a) is a direct consequence of Holder’s inequality, (b) is standard (see, for example,
[ , Lemma 1.4]) and (c) was proved in [ , Theorem 1.4].

Lemma 2.1. Let . be a shift-invariant measure on X.
(a) The Li-spectrum 7,(q) is continuous, increasing and concave on R.

(b) Let ayin = limy 00 7,(q)/q and amax = limg,_o 7,(q)/q. Then for every s <
Omin < Omax < t, all n sufficiently large and v € L", e™™ < p([u]) < e " In
particular, the local dimensions satisfy

Qmin S xlg)f( di_Hhoc(M? :E) S SU}F; dimloc(ﬂa :E) S Omax-
xe

(c) The left and right derivatives of 7, at ¢ = 1 bound the Hausdorff dimension of p,
that is 77 (1) < dimg p < 7, (1).

In fact, (a) gives intuition for why the L9-spectrum encodes smoothness: rather
than obtain almost sure information on local dimensions, the L?-spectrum contains
uniform information about local dimensions.

Finally, we prove a simple result concerning the L?-spectrum which will be
useful later in the paper.

Lemma 2.2. Let ¢ > 1 be arbitrary. Then

1 1
(22) () = 7 liminf —log > p([u])?
u€LLlen] (X)
and
— 1. 1 .
(2.3) Tu(q) = Ehm sup —— log Z p([ul)
e ueLlen] ()

Proof. Of course, it always holds that

Tu(Q) < lhminf—llog Z p([u])?

C n—oo n
ueLlénl(X)
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n—00 werlon)

7.(q) > %limsup—%log ( Z ,u([u])q) .
(X)

First, let ¢ < 0 and let n € N be arbitrary. Let &, be minimal so that |(k,,| > n.
Observe that there is some M € N (independent of n) so that [Ck,| < n + M: it
follows that lim,, ,o, n/k, = (. Then if v € LI¢k)(X) is arbitrary, [v] C [u] for some
uwe LX) and p([v])? > p([u])d. Thus

S\ckn) (@) = Snu(q)-

which gives (2.2) for ¢ < 0 since limn/k, = (.

Similarly, for ¢ > 0, since there are at most (#.4)™ words v € LI%*](X) with
[v] C [u], pigeonholing, for each u € £"(X) there is some v(u) € £LI*](X) such
that yu([v(w)])? > (#£A4) =" u([u])?. Thus

S\chn) (@) = (FA) NS, 1 (q).

This gives (2.2) for ¢ > 0.
The arguments for (2.3) follow analogously by choosing k,, maximal so that
|Ckn] < n. O

2.4. Multifractal spectrum and multifractal formalism. The L?-spectrum of a
measure is related to the (fine) multifractal spectrum. Let p be a shift-invariant
measure on a subshift X. We recall that the local dimension of it at z € X is given

by

di oc\ My = li -
) = i =575

log pi([—nm])

when the limit exists. Given « € R, set

F (o) ={r € X : dimy.(p, x) = a}.

We then define the multifractal spectrum of n by

fula) = dimy F,(a)

using the convention that dimy @ = —o0.

The multifractal spectrum is related to the Li-spectrum by the following result.
Let g: R — RU{—o00} be a concave function. For z € R, we let g™ () (resp. ¢~ (z))
denote the right (resp. left) derivative of g at . Such limits necessarily exist by
concavity. We denote the subdifferential of g at x by dg(x) = [¢7 (x), g~ ()]. We then
recall that the concave conjugate of g is given by

9" (a) = égﬂg{qa —9(q)}-

Note that g* is always concave since it is the infimum of a family of affine functions.
For more detail concerning the theory of concave functions, we refer the reader to

[ ]
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Now, we say that p satisfies the multifractal formalism when f,, = 7. In general,
the multifractal formalism need not hold, but it is well-known that the concave
conjugate of the Li-spectrum is an upper bound for the multifractal spectrum.
For the convenience of the reader, we provide a short self-contained proof, which
follows the main ideas of | , Theorem 4.1].

Proposition 2.3. Let p be a shift-invariant measure on a subshift X. Then f,(a) < 7% ()
forall o € R.

Proof. Recall that &, denotes the partition of X into cylinders corresponding to
words of length 2n + 1, each of which has diameter precisely e~?"*1. For a € R,
n € Nand e > 0, let

Mo (o) = {I €én: e~ (Gntl)(ate) < u(I) < 6—(2n+1)(o¢—e)}.

In other words, M,, ((«) is an e-approximation of F),(«) at level n. Our strategy is
to control the size of the sets M,, ((«) in terms of the L¢-spectrum of y, and then
use these sets to build a good cover of F,(a). Let ¢ € 07*(«): we prove this in the
case that ¢ > 0; the case ¢ < 0 is analogous.

First,

4 Soiale) =S pD) = Y a1z e eI (),

Iegn UEMn,e(a)

Since 7,(q) = liminf,_,.(log Soy+1,.(q))/(—2n — 1) by Lemma 2.2, there is some
N, € N so that for all n > N, Son11,(q) < e~ @HD@=9 Combining this with
(2.4),

(2.5) #Mn,€<a) < e~ @ntl)(r(@)=e) | (2ntD)(ate)g _ ,(2n+1)(7" (@) +(g+1)e)

for all n > N, where we have used the fact that ¢ € 07*(«).
Now for each € F,(«), we can find some n, € N so that for all n > n,,
p(€n(z)) > e~ @n+bletd) In particular,

= U Muco)

n=IN,

is a Vitali cover for F),(«).
Now suppose {I;}2, is any disjoint subcollection of G.: then with s = 7*(a) +
2¢(1+ q),

Z diam ;) Z Z (diam I)* Z e~ UM, ()
j=1 n=Ne¢ IE M, () n=~N,
< Z e~ (2n+1)s (2n+1)(7*(a)+(g+1)e)
n=N,

_ Z (67(1+q)e)2n+1 < 00

n=»N,
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by (2.5). Thus by the Vitali covering theorem for Hausdorff measure ([ ,
Theorem 1.10] holds in the shift setting with the same proof), there is a cover
{E;}32, for F,,(«) such that

HE(F,(a)) < Z(diam E))® < o0

and thus dimy F), (o) < 7*(«v) + 2¢(1 4 ¢). But € > 0 was arbitrary, so the desired
result follows. O

2.5. Random substitutions. We now introduce our primary objects of interest:
random substitutions, and their associated frequency measures. In a similar manner
to [ ; ], we define a random substitution by the data required to
determine its action on letters. We then extend this to a random map on words.

Definition 2.4. Let A = {a,,...,aq} be a finite alphabet. A random substitution
Up = (¥, P) is a set-valued substitution 9: A — F(AT) together with a set of
non-degenerate probability vectors P = (p;)_, where

Pi = (Di1, - Diri) with ri = #9(a:); pi € (0,1]"; me‘ =1L
j=1

such that

s with probability p; 1,
1913: a; — :

s(iﬂ’i) with pI‘Obabﬂity Pirss

for every 1 <i < d, where ¥(a;) = {s")} <,
We call each s a realisation of 9p(a;). If r; = 1 foralli € {1,...,d}, then we
call 9p deterministic.

Example 2.5 (Random Fibonacci). Let A = {a, b}, and let p € (0,1). The random
Fibonacci substitution Yp = (0, P) is the random substitution given by

. ab with probability p,
a
Up ba with probability 1 — p,

b—a

with defining data r, = 2,7, = 1, 54 = ab, 5(4? = ba, s®V) = a, P = {p, = (p,1—
p), Py = (1)} and corresponding set-valued substitution ¥: a — {ab,ba},b+— {a}.

In the following we describe how a random substitution 9p determines a
(countable state) Markov matrix (), indexed by A+ x.A*. We interpret the entry @, ,
as the probability of mapping a word u to a word v under the random substitution.
Formally, Q,, ;) = pij forall j € {1,...,r;} and Qq,, = 0 if v ¢ ¥(a;). We extend
the action of ¥p to finite words by mapping each letter independently to one of its
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realisations. More precisely, givenn € N, u = a;, ---a;, € A" and v € A" with
|v| > n, we let

D,(v) = {(v(l), o ,v(")) c (A+>n oM L) — v}

denote the set of all decompositions of v into n individual words and set

n
QU,U - Z H Qazj 71}(.7') .

(v, M)eD,, (v) =1

In words, ¥ p(u) = v with probability @,,,.
Foru € A", let (U (u))nen be a stationary Markov chain on some probability
space (2, F,, P,,), with Markov matrix given by (); that is,

P[5 (1) = w | 0p(u) = o] = Py[Ip(v) = 0] = Quu
for all v and w € A%, and n € N. In particular,
Pqufg(u) = U] = (Qn>uv

for all w and v € A", and n € N. We often write P for P, if the initial word is
understood. In this case, we also write E for the expectation with respect to P. As
before, we call v a realisation of V'p(u) if (Q"),, > 0 and set

9" (u) ={ve A" : (Q")ur > 0}

to be the set of all realisations of ¥ (u). Conversely, we may regard ¥ (u) as the set
V" (u) endowed with the additional structure of a probability vector. If u = a € A
is a letter, we call a word v € ¥*(a) a level-k inflation word, or exact inflation word.

To a given random substitution ¥p = (¢, P) one can associate a subshift. First,
we say that a word u € AT is (¥-)legal if there exists an a; € A and k € N such that
u appears as a subword of some word in 9*(a;). We define the language of ¥ by
Ly={u€ A" : uisV-legal} and, forw € AT U A%, welet L(w) = {u € AT : u<w}
denote the language of w.

Definition 2.6. The random substitution subshift of a random substitution Jp =
(9, P) is the system (X, S), where Xy = {w € A? : L(w) C Ly} and S denotes the
(left) shift map, defined by S(w); = w; 1 for each w € Xj.

Under very mild assumptions, the space Xy is non-empty [ ]. This holds,
for example, if the generating random substitution is primitive (we give a def-
inition in §2.6). We endow X, with the subspace topology inherited from A%,
and since Xy is defined in terms of a language, it is a compact S-invariant sub-
space of A%. Hence, Xy is a subshift. For n € N, we write £} = Ly N A" and
LM(w) = L(w) N A" to denote the subsets of Ly and L(w), respectively, consisting
of words of length n. The set-valued function ¥ naturally extends to Xy, where for
w=---w_jwow; --- € Xy we let J(w) denotes the (infinite) set of sequences of the
formv =---v_9v_j.90v; - - -, with v; € ¥(w;) for all j € Z. It is easily verified that
19(X19) C Xy.
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The notation X, reflects the fact that the random substitution subshift does
not depend on the choice of (non-degenerate) probabilities P. In fact, this is the
case for many structural properties of ¥ p. In these cases, one sometimes refers to
¥ instead of ¥p as a random substitution, see for instance | ; ; ;

]. On the other hand, for some applications, one needs additional structure
on the probability space. In fact, there is an underlying branching process, similar
to a Galton—-Watson process, that allows one to construct more refined random
variables, see [ ] for further details. The measure theoretic properties we
consider are typically dependent on the choice of probabilities; however, some of
the auxiliary results we use only depend on the set-valued substitution ¥. To avoid
confusion, for results where there is no dependence on the choice of probabilities
we will give the statement in terms of the set-valued substitution ¥} and omit the
dependence on P in the notation.

2.6. Primitive random substitutions. A standard assumption in the study of
substitutions (both deterministic and random) is primitivity. Given a random
substitution ¥p = (¥, P) over an alphabet A = {a4, ..., a,} with cardinality d € N,
we define the substitution matrix M = My, € R>? of Jp by

Ty
My = Elp(a)la] = 3 pials)

k=1
Since M has only non-negative entries, it has a real eigenvalue A of maximal
modulus. Observe that A > 1, with A = 1 precisely if M is column-stochastic,
so that the random substitution is non-expanding. To avoid this degenerate
situation, we assume that A > 1. If the matrix M is primitive (that is if there exists a
k € N such that all the entries of M* are positive), the Perron—Frobenius theorem
gives that )\ is a simple eigenvalue and that the corresponding (right) eigenvector
R = (Ry, ..., Ry) can be chosen to have strictly positive entries. We will normalise
this eigenvector so that || R||, = 1. We refer to \ as the Perron—Frobenius eigenvalue
of the random substitution, ¥ p, with corresponding Perron—Frobenius eigenvector
R.

Definition 2.7. We say that ¥ p is primitive if M = My, is primitive and its Perron—
Frobenius eigenvalue satisfies A > 1.

We emphasise that for a random substitution ¢ p, being primitive is indepen-
dent of the (non-degenerate) choice of probabilities P. In this sense, primitivity is
a property of ¥ rather than ¥p.

Since Mj, = My , the Perron-Frobenius eigenvalue of 9 is A".

2.7. Compatible random substitutions. Another standard assumption in the
study of random substitutions is compatibility, which gives that exact inflation
words have a well-defined abelianisation. In particular, the matrix of a compatible
random substitution is independent of the choice of probabilities, so the letter
frequencies are uniform and do not depend on the realisation. As discussed in
the introduction, the existence of uniform letter frequencies is fundamental in the
proofs of our main results.
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Definition 2.8. We say that a random substitution ¥p = (¢, P) is compatible if for
alla € Aand u,v € ¥(a), we have ®(u) = ®(v).

Compatibility is independent of the choice of probabilities, and a random
substitution vp = (¥, P) is compatible if and only if for all u € A%, we have
that |s|, = [t|, for all s and ¢ € Y¥(u), and a € A. We write |J(u)|, to denote this
common value, and let |J(u)| denote the common length of words in ¥(u). For
convenience, we write || = max,c 4|9(a)|. For a random substitution that is both
primitive and compatible, the (uniform) letter frequencies are encoded by the right
Perron-Frobenius eigenvector of the substitution matrix, which by compatibility
is independent of the choice of probabilities. In particular, we have the following
(see [ ] for a proof in the deterministic case, which also holds in the random
case by compatibility).

Lemma 2.9 (Letter frequency bounds). If 9p is a primitive and compatible random
substitution, then for all ¢ > 0 there is an integer N such that every word v of length at
least N satisfies

[0l(Ra =€) < |vla < [0|(Ra +€)
foralla € A.

The random Fibonacci substitution defined in Example 2.5 is compatible, since
®(ab) = ®(ba) = (1,1). It is also primitive, since the square of its substitution
matrix is positive. For any choice of probabilities, the right Perron-Frobenius
eigenvector is given by (77!, 772), where T denotes the golden ratio. In terms of let-
ter frequencies, this means that in all sufficiently long legal words, approximately
7! proportion of the letters are a and 72 proportion are b.

The following consequence of Lemma 2.9 is useful in the proof of Theorem A.

Lemma 2.10. Let Vp = (0, P) be a primitive and compatible random substitution and
let ¢ > 1. Forall ¢ > 0, there isan M € N such that for every m > M and v € L},

m(Ra+e€)
II{ > Pwe(a)= s < Y Pp(v) =wl
a€A \ sed(a) weY(v)
m(Ra—¢)
<II| D PWe(a) ="

acA \ s€¥(a)
For q < 1, the same result holds with reversed inequalities.

Proof. Since ¥p is compatible, the cutting points of inflation tiles are well-
defined, so breaking the sum into inflation tiles we obtain

> PWe(v) = 3 PWe()=wlt 3 o Y Pp(vm) = w)f

wed(v) wled(vy) w2€d(v2) wmEY (V)

~TI( 3 et

acA \ s€d(a)

[v]a
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The result then follows by applying Lemma 2.9 to bound |v|,, noting that for all
a € Awehave Y ;. PlUp(a) =s]? <1lifg>land > 5, Pp(a) =s]? > 1if
q<1 O

2.8. Frequency measures. The main object that we associate with a given primi-
tive random substitution 9 p is the frequency measure pp. This measure quantifies
the relative occurrence of a given word in a random substitution. We now define
this measure precisely.

First, we define the expected frequency of a word v € Ly by

L Eh (o))
e B0 ()]

where, by primitivity, this limit is independent of the choice of a € A. In fact, we
have the stronger property that the word frequencies exist P-almost surely in the
limit of large inflation words and are given by freq(v) for all v € Ly (see [ ]
for further details). Recalling that £(Xy) is the algebra of cylinder sets on X that
specify the origin, we define pup: £(Xy) U{@} — [0,1] by pp(@) =0, up(Xy) =1,
and pp([v]y) = freq(v) forv € Lyand m € {1 —|v|,2—|v|,...,0}. This set function
extends to a unique measure (c.f. [ , Proposition 5.3 and Theorem 5.9])

freq(v) =

Proposition 2.11 ([ D. The set function pup is a content with mass one which ex-
tends uniquely to a shift-invariant ergodic Borel probability measure on X.

We call the measure pp defined in Proposition 2.11 the frequency measure cor-
responding to the random substitution 9p. Note that frequency measures are
dependent on the probabilities of the substitution. As such, for the subshift of a
primitive random substitution that is non-deterministic, there exist uncountably

many frequency measures supported on this subshift [ ]. In contrast, the sub-
shift of a primitive deterministic substitution has precisely one frequency measure,
which is the unique ergodic measure [ I

Frequency measures corresponding to primitive and compatible random sub-
stitutions satisfy the following renormalisation lemma, which relates the measure
of a cylinder set of a legal word to measures of cylinder sets of shorter words via
the production probabilities of the random substitution. This result first appeared
in [ ] and is central to the proof of the main result in [ ].

Lemma 2.12 (Renormalisation). Let Up be a primitive and compatible random substi-
tution with corresponding frequency measure pup. Let n € N and let k be an integer such
that every v € LK has |9(v)| > n + [9(vy)|. Then for every u € L7,

1 19 (v1)]
pe(lu]) = 5 > up(]) Y P em- = ul
veck j=1

Lemma 2.12 is plays an important role in the proof of Theorem A, as it relates
the sums o M p([u]) to sums over smaller words via the production proba-
bilities. This in turn allows us to obtain relations between Tup and . Under
additional assumptions, simplified reformulations of Lemma 2.12 can be obtained
(see, for example, Lemma 2.18, which is used in Theorem D).
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2.9. Separation conditions and recognisability. In this section, we introduce
additional common assumptions which either (1) impose a certain separation
on inflation words, or (2) impose a certain uniformity on the inflation and the
probabilities. Under these conditions, we can obtain closed-form formulas for the
Li-spectrum.

Definition 2.13. A random substitution Jp = (¢, P) satisfies the disjoint set condi-
tion if

wand v € ¥(a) with u # v = 9" (u) NY*(v) = @
forall a € A and k € N. It satisfies the identical set condition if
wand v € ¥(a) = 9"(u) = 9*(v)

forall a € A and £ € N. Moreover, we say that Jp has identical production
probabilities if for all a € A, k € Nand v € ¥*(a),

P[p ! (ur) = v] = P (uz) = 1]

for all uy and uy € J(a).

A consequence of the disjoint set condition is that for every a € A, k € N and
w € ¥*(a), there is a unique v € ¥*1(a) such that w € J(v). In other words, every
exact inflation word can be uniquely de-substituted to another exact inflation
word. The following definition extends this idea of unique de-substitution from
inflation words to all elements in the subshift.

Definition 2.14. Let Jp = (v, P) be a primitive and compatible random sub-
stitution. We call Jp recognisable if for every x € X, there exists a unique
y = Y1yt --- € Xy and a unique integer k£ € {0,...,|0(yo)] — 1} with
S=k(x) € I(y).

The following follows routinely from the definition of recognisability (a proof is
given in [ , Lemma 4.5]).

Lemma 2.15. If ¥ p is a primitive, compatible and recognisable random substitution, then
U p satisfies the disjoint set condition.

In contrast to the disjoint set condition, recognisability is stable under taking
powers (see [ , Lemma 4.6]).

Lemma 2.16. Let ¥p be a primitive and compatible random substitution and m € N. If
U p is recognisable, then so is V'p.

An alternative characterisation of recognisability is the following local version.
Intuitively, local recognisability means that applying a finite window to a sequence
is enough to determine the position and the type of the inflation word in the
middle of that window. The following result is given in [ , Lemma 4.4]
(see also [ , Proposition 5.7]).
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Lemma 2.17. Let Vp = (¢, P) be a primitive and compatible random substitution. If Vp
is recognisable, then there exists a smallest natural number x(0), called the recognisability
radius of ¥ p, with the following property: if x € ¥([a]) for some a € Aand x|_,.(9) w(9) =
Y[—r(9),x(9)] fOi’ somey € Xy, then y € 19([&])

As a consequence of this local characterisation of recognisability, for every legal
word u with length greater than twice the radius of recognisability there exists an
inflation word w, appearing as a subword of «, which has a unique decomposition
into exact inflation words. We call the largest such w the recognisable core of u.

Local recognisability allows us to obtain a stronger version of Lemma 2.12 for
recognisable random substitutions. This result is key to obtaining the coincidence
of the L9-spectrum and its inflation word analogue under recognisability for ¢ < 0,
and thus the conclusion of Theorem D.

Lemma 2.18. Let 9p = (¥, P) be a primitive and compatible random substitution, with
corresponding frequency measure pip and u € Ly. If v € Ly and w € Y(v) contains u as
a subword, then

() > e ([0)Plp(0) = u].

If, additionally, ¥ p is recognisable, |u| > 2x(V) and w' is the recognisable core of u with
V' € Ly the unigue legal word such that w' € 9(v'), then
K 7'9 / / !/
pe((u]) < D (DB () = w]
Proof. If u is a subword of w € ¥(v), then pp([u]) > pp((w]). Thus applying
Lemma 2.12 to up([w]),

() > up () PLOp(0) = ).

Now, assume that ¥ p is recognisable, |u| > 2x(¥) and w’ € ¥(v') is the recognisable
core of u. Let k be an integer such that every ¢ € £% has |J(t)| > k + [9(v;)|. Since
there are at most x(?) letters of u preceding the recognisable core, if ¢ € L% is a word

for which u € ¥(t)(j j+ju-1) for some j € {1,...,|0(t1)|}, thent; - t;; -1 = v for
somei € {1,...,k(J)}. Moreover, since there is a unique way to decompose w’ into
exact inflation words, for each ¢ € £k there can be at most one j € {1,...,9(t)}

such that v € ¥(t)}; j+|u/-1]- Hence, it follows by Lemma 2.12 that

[9(t1)]
pe(ie]) = 5 2 () Y Plp(O)seiu-n =
teck Jj=1
1 K(9)
<33 Y ue(PER) = w]
=1 teLh
k(1) S

= ) (B = ),

which completes the proof. 0
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3. LI-SPECTRA OF FREQUENCY MEASURES

In this section, we prove our main results on L?-spectra of frequency measures.
Here, we relate the L9-spectrum to a certain “symbolic” L¢-spectrum, which we
call the inflation word L9-spectrum. Heuristically, the inflation word L?-spectrum is
the natural guess for the L9-spectrum if you do not account for non-uniqueness
in the positions in which legal words can appear in inflation words. This notion
is introduced in §3.1, where we also state and prove some of its key properties.
In particular, in Proposition 3.1, we prove a simple closed-form formula for the
inflation word L9-spectrum under the disjoint set condition or the identical set
condition with identical production probabilities. In Proposition 3.2, we establish
basic monotonicity results.

Then, in §3.2 and §3.3, we establish the general bounds for the L?-spectrum in
terms of the inflation word L%-spectrum, giving Theorem A (the proof is given
in §3.4). We also prove that this bound is sharp in §3.5 under recognisability.
This proves the first part of Theorem D. However this bound need not hold in
general: we discuss a counterexample in Example 5.2. Finally, in §3.6, we prove
differentiability of the L-spectrum at ¢ = 1 and show how to recover known
results for measure theoretic and topological entropy from our results concerning
Li-spectra.

3.1. Inflation word L-spectra. Given a primitive random substitution vp =
(9, P), we can define an analogue of the L¢-spectrum in terms of its production
probabilities, in a similar manner to the inflation word analogue of entropy intro-
duced in [ ]. In many cases, this notion coincides with the L¢-spectrum of
the frequency measure associated to ¥ p. For each k € Nand ¢ € R, define

pr(q) == Rolog [ > Pl¥p(a) =s)"],
acA s€v*(a)

where R = (R, )qc .4 is the right Perron-Frobenius eigenvector of the substitution
matrix of ¥ p. We define the inflation word Li-spectrum of ¥p by

o er(q)
T&p(q)—hgr_l}glf O

We recall that A is the spectral radius of the substitution matrix associated with the
random substitution. We similarly define the upper variant T’y p by taking a limit
supremum in place of the limit infimum.

We first state some key properties of Ty p(q) which follow easily from the
definition. Firstly, if the random substitution ¥ p is compatible and satisfies either
the disjoint set condition or the identical set condition with identical production
probabilities, then the limit defining 7 p(¢) exists for all ¢ € R and is given by a
closed-form expression. For ¢ > 0, these properties transfer to the L?-spectrum by
Theorem A.
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Proposition 3.1. Let ¥p be a primitive and compatible random substitution and q € R.
If U p satisfies the disjoint set condition, then the limit defining Ty p(q) exists and

1

To.p(q) = y—w1(a).

If ¥ p satisfies the identical set condition and has identical production probabilities, then
the limit defining Ty p(q) exists and

Ty,p(q) = %901((])-

Proof. Fix ¢ € R. By the Markov property of ¥p, for alla € A, k € N and
v € 9*(a),

G.1) Pop(a) =v] = Y Pp(a) = s] P[5 ' (s) = v].

s€d(a)

First, suppose 9 p satisfies the disjoint set condition. Then for every v € ¥*(a) there
is a unique s(v) € Y(a) such that v € ¥*~!(s(v)). Thus, for all s € ¥(a) such that
s # s(v), we have P[9% ! (s) = v] = 0, and so it follows by (3.1) that

Y PWp(a)=vl'= ) PWe(a)=s()" Py (s(v) =]

ved* (a) vedk (a)
=Y Plp(@=s" Y PHp(s)=u
s€d(a) uedk—1(s)
[9(a)ls
=| > PWe@=sl"| [[| > PBWz'(b)=u"
sed(a) beA \ uedk—1(b)

where in the final equality we use compatibility to split the second sum into
inflation tiles. Thus

ZRQZﬁ(a)blog< Z Pk ])

acA beA ue9k—1(

- ZRa log ( Z Plip(a) = 5]q>

acA s€d(a)
= Apr-1(q) + »1(q),

noting that > __ , R,|V(a)|, = AR,. It follows inductively that

L b1
—00
kSOk Z)\— )\_1%01(61),

so the limit defining Tj p(q) exists and is equal to (A — 1) 11 (q).
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Next, suppose U p satisfies the identical set condition and has identical pro-
duction probabilities. Then P[5 !(s!) = u] = P[9% !(s?) = u] for all s!, 52 € 9(a).
Hence, it follows by (3.1) that

Y PWp(a)=1l'= )  PWp'(s) =0

ved* (a) vevk(a)

for any choice of s € ¥(a). By compatibility and the independence of the action,

[9(a)lo
Y Plob(a) = vPH( > P[ﬂ’fol(b)U]‘J) ,

vedk(a) beA \ uck—1(b)

and thus

ZZRaﬁ(a)blog( Z P[5 ' (b) = ]) = Apr-1(q),

beA ac A vegk—1(

noting that Y, _, R.|9¥(a)|, = Ry. It follows by induction that ¢x(¢)/A\* = ¢1(q)/A
for all k£ € N, so we conclude that Ty p(q) exists and equals A1 (q). O

Proposition 3.2. Let Y¥p be a primitive and compatible random substitution. For all
q > land q < 0, the sequence (\~*¢y(q))x is non-decreasing; and for all 0 < q < 1, the
sequence is Non-increasing.

Proof. This is largely a consequence of Jensen’s inequality. Note that on the
interval (0, 1], the function « +— 27 is convex if ¢ > 1 or ¢ < 0, and concave if
0 < ¢ < 1. We first prove this for the case when¢ > 1or¢ < 0. Foralla € A,k € N
with k& > 2 and v € 9¥*(a), it follows by the Markov property of Jp that

D Plop(a)=v'= ) ( Y. Ple(a) =s|PWp'(s) = U])
s€v(a)

vegk vevk(a) a): vedk—1(s)
< Z <Zs€19(a) segi-1(s) PlUp(a) = s|P[p ' (s) :v]q>
ved*(a) Zseﬁ(a): vedh—1(s) Pldp(a) = 5]
[9(a)ls
<11 ( > PR () = w]q) .
be A \ wevk—1(b)

In the second line, we apply Jensen’s inequality, and in the third line, we use
compatibility to decompose each probability P[5 *(s) = w] into inflation tiles. It
follows that

/\1k<pk ZRbZRw blog( Z P95 (b ]Q)

beA acA wegk—1(
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1
= W%q(‘]),

noting that >, R.|Y(a)|s = A.
The 0 < ¢ < 1 case follows similarly, with Jensen’s inequality giving the
opposite inequality since x +— z? is concave. 0

An analogous monotonicity result does not hold in general for the (\* — 1)1 (q)
bounds, even when ¢ > 0. A counterexample is given by the random period
doubling substitution (Example 5.7) with non-uniform probabilities.

3.2. Li-spectra for non-negative ¢. The majority of the work in proving Theo-
rem A lies in proving the bounds in (1.1), (1.2) and (1.3). It suffices to prove the
bound for the case k£ = 1, since we then obtain the bound for other £ € N by
considering higher powers of the random substitution. We first prove the upper
bound for the case ¢ > 1.

Throughout this section, we assume that the random substitution is primitive
and compatible.

Proposition 3.3. Forall ¢ > 1,

1
A—1

Tup(q) < ©1(q).

Proof. Fix ¢ > 1. Let e > 0 and, for each n € N, let m(n) be the integer defined

by
m(n):[)\ﬁg—‘.

Then the integers n and m(n) satisfy the conditions of Lemma 2.12, so it follows
that

[9(v1)]
1
E MP([U])qZE 3 E MP([U])E PlIp(v)jjrn-1) = u]
ueLy ueLly veLgL(”) j=1

Since ¢ > 1, the function x — 27 is superadditive on the interval [0, 1], so

9(v1)] 1

1
doup(u) =) > pe()) Iy > PWp(v)y4n1 = 1]
Ueﬁg ueﬁg veﬁgl(n) j=1
. [9(o)]
> 2 () Y D PR(0)amy = ulf
UG,Cm(n) ]:1 UEL‘,;’;

We now bound the probability on the right of this expression by the production
probability of an inflation word. If w(u) € ¥(v) contains u as a subword in position
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7, then P[0 p(v) [ j1n-1) = u] > P[Up(v) = w(u)]. Hence,

Zpﬁp []]_;,_n 1]—uq> Zpﬁp

ueLly wed(v)

forall j € {1,...,]|9(v1)|}.
Since ¥ p is compatible, by Lemma 2.10 there exists an N € N such that for all
n> Nandallv e 52,7(")

m(n)(Ra+e)
> Plop(v) =wl* > [] ( > PlUp(a) = s]q) :

wed(v) acA \ s€v(a)

Hence,

ueLsy €A \sed(a veLm™

m(n)(Ra+e)
> w3 11 ( S Blin(a) = s]q) > ue(il)r
)

Taking logarithms, rearranging and dividing by n gives

%log(zupquw) <= Tiog| X wp(il | + g
ueLy

veﬁm(n>

acA s€d(a)

- @ > (Ra+¢)log ( > Plip(a) = S]q) :

Noting that m(n)/n — (A —e)~! as n — oo, it follows by Lemma 2.2 that

1
Tup(q) < T T#P +—Zlog ( Z PlYp(a ) +ce

acA s€d(a)

where ¢ = (#£A) maxeealog(d_ o) PlVp(a) = s]%). Bute > 0 was arbitrary;
letting ¢ — 0 and rearranging,

1
A—1

Tup(q) < ©1(q),

which completes the proof. O

We now prove the corresponding lower bound.

Proposition 3.4. Forall ¢ > 1,

Tup(q) = %%(q)-
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Proof. Lete > 0 and, for each n € N, let m(n) be the integer defined by

m(n):h\i;‘.

Since ¢ > 1, the function = — 27 is convex on the interval [0, 1]. Hence, it follows
by Lemma 2.12 and two applications of Jensen’s inequality that

9 (v1)]

1
Z pp([u])? = Z N Z pp([v]) Z PP (v)jj4n—1) = U]
ueL?y wech \ 7 yepmin =1
| 100 !
< Z e ([v]) Z 3 Z P[Ip(0),j4n-1) = u]
ver ™ ueL? j=1
|19|q_1 \19(”1)\
< > up(]) DD PWR)en- = ul
veLm™ j=1 ueLn

We bound above the probability on the right of this expression by the production
probability of a sufficiently large inflation word contained in u. By compatibility,
there is an integer k(n) such that j + n < [9(vp mm)—kw))| for all n € N and

v e LI, where lim k(n) /n = 0. In particular, for every v € £, a realisation of
U (Vj2,m(n)—k(n)]) is contained in u as an inflation word, so

> PIp () n) = ul? < > Plip (v - Umm)—k(m) = w]”.

ueﬁg wE’@(’l}Q"'vm(n),k(n))

We now bound this quantity uniformly for all v € £}, By Lemma 2.10 and the
above, there is an NV € N such that foralln > N

(m(n)—k(n)—1)(Ra—¢)

> el < DT [ 3 Pioe(a) =

ueLly acA \ s€d(a)

Taking logarithms, rearranging and dividing by n gives

—%bg S pp(fu) | > _:(”) S (R log | Y Blip(a) = o
ueLy acA s€¥(a)
_ log([9]*~1 /A7)
= 5 i - > (R,—e)log | Y Plp(a) =5,
acA s€d(a)

But ¢ > 0 was arbitrarily, so
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which completes the proof. O

We now state the bounds for the ¢ € (0, 1) case. We do not give a proof here
since the arguments mirror the proofs of Proposition 3.3 and Proposition 3.4,
except with reversed inequalities since x — z is concave rather than convex and
subadditive as opposed to superadditive.

Proposition 3.5. If ¢ € (0, 1), then

(@) = 7 (0) £ Tun(0) < 31(0)

3.3. Li-spectra for negative ¢: lower bounds. For ¢ < 0, there exist primitive and
compatible random substitutions for which 7,,(¢) and Ty p(q) do not coincide
(see, for instance, Example 5.2). However, we still obtain that 7, (¢) > Ty p(q) for
all ¢ < 0. To prove this, it suffices to show the sequence of bounds in (1.3) holds.
Again, we only need to prove the bound for £ = 1 since the remaining bounds
follow by considering powers of the random substitution.

Proposition 3.6. If Up is a primitive and compatible random substitution, then for all
q <0,

Tup (Q) > ¥1 <Q)

A—1

Proof. Let ¢ > 0 be sufficiently small and for n sufficiently large, let m(n) be
the integer defined by
m(n) = [ 5y ﬁ g—‘ .

To avoid division by zero, we rewrite Lemma 2.12 in a form where we do not
sum over elements equal to zero. Here, we write u <« Y(v) to mean there is a

realisation w of ¥(v) for which v appears as a subword of w. For each v € /ng(")
and u € Lj, let J(v,u) = {7 € {1,...,[0(v)]} : v € V() jon-1}- B j & T(u,v),
then P[Yp(v)}j+n-1y = u] = 0, and if u does not appear as a subword of any
realisations of ¥(v), then J (u,v) = @. Therefore, we can rewrite Lemma 2.12 as
pe(e) =5 3 we(b]) Y FOp@)yssn s = ul.
e jeT ()

9
u4d(v)

Hence, by the subadditivity of the function x — 27 on the domain (0, 1],

S e =3 |5 X we]) Y ey =u

ueLy u€Ly 'UEE:;L<TL) JjeT (v,u)
u<€d(v)
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s% S el Y PWe@) iy = ulf

uELF peLm ™ JET (v,u)
u<19(v)
1
SV Z Z Z V)jg+n—1) = u]”.
vecm(n) ueLly jeJ(v,u)
u4d(v)

For each j € J(v,u), let w;(u) € ¥(v) be a word such that w;(u)(j j+n—1] = u. Note
that there are at most K = 2|0|(#.4)/"! different u € £} such that w;(u)(j j4n-1] = .

Hence,
> > P gm =< D> Y PIp(v) = w;(w)]

ueLly jeJ(v,u) ueLly jeT(v,u)
u<4d(v) u<d(v)
<K 3 Aopt) -
wed (v
and it follows that
Youp(u)? <A Y pp(])? ) Plop(v) = w].
ueLy Ueﬁm(n) wed(v)

Thus, by Lemma 2.10, for all € > 0 there is an integer /N such that for alln > N

m(n)(Ra+e)
>~ ne(lu)? < K ] ( > Plop(a) = S]q) > ne(l)

u€Ly acA \ s€d(a) vEﬁm(n)

Taking logarithms, rearranging and dividing by n gives

fue[,m(n)

—%log (Z up([U])q> > —%log > pp([v]) +%log(A"K)

_ @ Z(Ra +¢)log ( Z Pp(a) = 3]‘1) :

acA s€d(a)

Noting that m(n)/n — (A —e)~! as n — oo, it follows by Lemma 2.2 that

Tup(q) > )\1 Tup (4 +—Zlog(z pla) = s]q)+ca
)

acA se(

where ¢ = (#A4) maxae 4108(>_ e p(o) PlUp(a) = s]%). Letting e — 0 and rearrang-
ing,

which completes the proof. 0
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3.4. Proof of general bounds for the L?-spectrum. Using the bounds proved in
the prior two sections, we can now complete the proof of Theorem A.

Proof (of Theorem A). Since, for each k € N, the random substitution 9% gives
rise to the same frequency measure as ¥ p, applying Proposition 3.3, Proposition 3.4
and Proposition 3.5 to 9%,

L k(@) < (@) < Tun@) € 10

A A —1
forall ¢ > 1 and

1 _ 1
1P = Tup(@) < Tpp(@) < gonla)

for 0 < ¢ < 1. Letting k — oo gives

Tup (q> = Tup (Q) = Tﬂ,P(q) = Tﬁ,P@)

forall g € (0,1) U (1, 00), so the limits defining 7,,(¢) and Ty p(¢q) both exist and
coincide. The same holds for ¢ = 0 and ¢ = 1 by continuity. The monotonicity of
the bounds A%y (¢) follows by Proposition 3.2. Finally for ¢ < 0, for each k € N,
applying Proposition 3.6 to 9% gives that

Tup(q) > ©r(q)-

AF—1

Passing to the limit completes the proof. O

3.5. Li-spectra for negative ¢ under recognisability. While the upper bound
does not hold in general for ¢ < 0, for recognisable random substitutions we can
obtain this using Lemma 2.18, which we recall is a refinement of Lemma 2.12 using
recognisability.

Proposition 3.7. If U p is a primitive, compatible and recognisable random substitution,
then for all ¢ < 0,

1
A—1

FFLP (Q) < ¥1 (Q)

Proof. Let e > 0 be sufficiently small and, for each n € N sufficiently large, let
m(n) be the integer defined by

m(n>:bu.

For eachu € L @) let w(u) denote the recognisable core of u. Further, let v(u)
denote the unique legal word such that w(u) € ¥(v(u)). Then, by Lemma 2.18,

62) o) < X (o) P19 (o) = w(w),
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For all u € EZHF"(ﬁ), the recognisable core w(u) has length at least n so, by com-
patibility, there is an integer N such that if n > N, then |v(u)| > m(n) for
all u € £77 In particular, for every u there exists a v € £7'™ such that
pp([v(u)]) < pp([v]) and a w € ¥(v) such that P[9p(v(u)) = w(u)] < Pp(v) = w).
Hence, it follows by (3.2) and Lemma 2.10 that

S el =5 S pele) Y R

u€£g+2'{(ﬁ> veﬁm(n> wed(v)
m(Rq—¢)
1
> Vi H ( Z Plip(a) = 3]@) Z wp([v])?,
acA \ s€d(a) veﬁm(ﬂ

noting that since ¢ < 0, the function z — 27 is decreasing on (0, 1]. Taking
logarithms, rearranging and dividing by n gives

g [ S < - Do | X wpel) | + 1oz
ueLly veLm<")
acA s€d(a)

Noting that m(n)/n — (A —e)~' as n — oo, it follows by Lemma 2.2 that

Tup(q) < i?’“’ Zlog ( > Plip(a) = s]q) + ce

aEA s€d(a)
where ¢ == (#A4) max,ealog(d_ .y, PlVp(a) = s]?). Letting ¢ — 0 and rearrang-
ing,
1
A—1

Tup(@) < w1(9),

which completes the proof. O

3.6. Recovering entropy from the L?-spectrum. Since the L9-spectrum encodes
both topological and measure theoretic entropy, Theorem A provides an alternative
means of proving the coincidence of these quantities with the inflation word
analogues introduced in [ ; ] for primitive and compatible random
substitutions.

For notational simplicity, set

==Y R, > PWh(a)=s|log(P[Ip(a) = s]).

acA s€9k(a)
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Proof (of Corollary C). We first establish the result for topological entropy. By
Theorem A, the limit defining T} p(0) exists; in particular,

1 .
Tim 3 Ralog(#9"(a)
acA

exists. Since hop(Xy) = —7,,(0) = =Ty p(0), we conclude that

Biop(Xyg) = — lim % > R, log(#0™(a))

m—00
acA

as claimed.

Now we consider measure theoretic entropy. We first make the following
elementary observation: if f and g are concave functions with f(1) = g(1) and
f(z) < g(x)forall z > 1, then fT(1) < g™ (1). Indeed, for all e > 0,

f+e - f1) _g0+e)—9g1)

< ,
€ €

and taking the limit as e goes to 0 (which always exists by concavity) yields the
desired inequality.

Recall that 7, and A\ "¢, are concave functions with 7, (1) = ¢(1) = 0 for
all £ € N. Moreover, ¢y is differentiable for all £ € N with ¢, (1) = px and by
Proposition 3.2 and Theorem A, ()\_kgpk);il converges monotonically to 7, from
below. In particular, p,/\* is a monotonically increasing sequence bounded above
by 7.f (1), so that the limit indeed exists. Thus

since ¢ (q)/(\* — 1) > 7,,.(q) for all ¢ € (0, 00), using the preceding observation.
The result for 7, (1) follows by an identical argument, instead using mono-

tonicity and the corresponding bounds for ¢ € (0,1). Thus 7/, (1) = limg_,sc pi/ ¥,

so the desired result follows by Lemma 2.1(c). O

4. RECOGNISABILITY AND THE MULTIFRACTAL FORMALISM

In this section we establish the multifractal formalism as stated in Theorem D.
Our proof will follow from a constrained variational principle, which is obtained
by considering typical local dimensions of one frequency measure ;. p relative to
another frequency measure /1. Our strategy is to prove the almost sure existence
of relative letter frequencies in Lemma 4.3: this result, combined with recognis-
ability, gives Proposition 4.5. The multifractal formalism then follows from this
dimensional result combined with the formula for the L?-spectrum proved in
Proposition 3.7—the proof is given in §4.2.

4.1. Non-typical local dimensions. To prove the multifractal formalism for a
given frequency measure pp, we show that for every a € [aumin, Omax), there exists
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another frequency measure pq such that dimy g > 7, (o) and dimyec(pip, ) = «
for y1gp-almost every x € Xy. Given a primitive set-valued substitution ¢, per-
missible probabilities P and @, m € N and a € A, define the quantity Hp ()

by
HpaW) = > -PWg5(a) = v]log P[0 (a) = v].

veEDI™(a)

Further, let H (V) denote the vector (Hp'g(1))aca. We first prove some proper-
ties of the quantity H o (17) which we will use in the proof of Proposition 4.5.

Lemma 4.1. If ¥ is a primitive and compatible set-valued substitution and P and Q are
permissible probabilities, then for allm € N, a € Aand s € ¥(a),

> Pg(s) = v]logPp(s) = v] = > _[d(a)l Hpg ().

veEY™(s) beA

Proof. Since v is compatible we can decompose each v € ¥™(s) into inflation
words v = v! - - vl?(@I, By the Markov property of ¢ p (respectively Jq),

Plp(s) = v] = Pl0B(s1) = v'] - - P[0B(s90a)) = v17@1).

Therefore
> PWE(s) = v]log PYp(s) = v] =
veI™(s)
=> [9(a) Z Pl (b) = w]log PYR(b) = w]
beA wed™ (b
beA
which completes the proof. 0

Lemma 4.2. If 9 is a primitive and compatible set-valued substitution satisfying the
disjoint set condition, with right Perron—Frobenius eigenvector R, and P and Q are
permissible probabilities, then

I 1

as m — oQ.

Proof. Since 9 satisfies the disjoint set condition, for allm € Nand a € A,

Hpp (W) -R=> R, Y PWg(a)=1]logPWp" (a) =]

acA veImtl(a)

=Y R, Y Plig(a) = s]logP[Ip(a) = s]

acA sed(a)
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+Y R, Y Pligla)=s] Y  PWG(s)=v]logP[p(s) =]

acA s€¥(a) veEI™(s8)

— Hpo(0)- R+ Y Hpo(¥) > |9(a)[sR,
be A acA
=Hpo(0)- R+ 2> RHE ()
be A

In the second equality we use the Markov property of ¥p and 9, laws of loga-
rithms, and that ), ;.. P[Ug(s) = v] = 1 for all s € ¥(a); in the third we apply
Lemma 4.1; in the fourth we use that MyR = AR. Applying the above inductively,

1 1 moeo, 1
w ZA_ —1irel) R
which completes the proof. O

Any bi-infinite sequence x in the subshift of a recognisable random substitution
can be written as a bi-infinite concatenation of exact inflation words (w™“"), where
w™ is an inflation word generated from the letter a,,. Given a recognisable set-
valued substitution ¥, « € A and w € ¥(a), we define the inflation word frequency
of (a,w) in x € Xy by

fe(a,w) = lim f*(a,w)

fi(a,w) =

m,am __ m,am 3
o +1#{m U = @, W™ ™ = w, w" "™ in Ty},

provided the limit exists. For a given frequency measure .p, the inflation word
frequency of a pp-typical word is determined by the production probabilities.
More specifically, we have the following.

Lemma 4.3. Let Vp = (v, P) be a primitive, compatible and recognisable random sub-
stitution with corresponding frequency measure pip. For up-almost every x € Xy , the
inflation word frequency exists and is given by

Fula,w) = %Rawp(a) — wl,

forall a € Aand w € ¥(a).

Proof. Let A, ., be the set of points € X such that the above does not hold.
We show that A, ,, is a null set. Taking the complement and then the intersection
over all a, w gives a full-measure set with the required property. Given ¢ > 0, let
E(n, ) be the set of © € X such that

lRaP[ﬁp(a) = w]| > e.

’f?(a’vw) - 2\
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By the Borel-Cantelli lemma, it suffices to show that

S up(E(n.2)) < o0

neN

for all € > 0 in order to conclude that A4, , is a nullset. To this end, we show that
pp(E(n,e)) decays exponentially with n. Given u with |u| = 2n +1 > 2k(9), let u”
denote the recognisable core of u, which has length at least |u| —2x(1}). Lemma 2.18
gives that

K(V) K(V)

[v]
pp(lul) < T“P([U])PWP(U) = UR] = TMP([UD HPWP(%) = wi’“i]

where each w"" is the inflated image of v; in . By compatibility, we can choose
an integer NNV such that every v of length at least NV satisfies |v|(R, —¢/3) < |v|, <
|v|(Ry,+¢/3) forall a € A. Foreachvand a € A, let A,(v) denote the set of v’ € ¥(v)
such that the frequency of indices i € {j : a; = a} with w"* = w deviates from
P[Yp(a) = w] by more than ¢/3. Since ¥p acts independently on letters, it follows
by Cramér’s theorem that the sum 3, 4, P[Vp(v) = '] decays exponentially
with |v|, (and hence with |v|). In particular, there is a constant C' > 0, independent
of the choice of v, such that

(4.1) > Pp(v) =u]<e

u'€A(v)

Note that if « is a sufficiently long legal word and has [u| N E(n,c) = @, then we
require that uf* € A(v). Indeed, if v’ ¢ A(v) and |v| > N, then the relative inflation
word frequency of w is bounded above by

Ura =a} TZ}’: a} % (Plop(a) = w]+3) < % (Fa+5) (BlWp(a) = u] +5)
< %Rawp(@ — ] +e

and, similarly, bounded below by R,P[Jp(a) = w]/\ —¢; hence, [uf] N E(n, ) = .
Let V, denote set of all words which appear as the (unique) preimage of the
recognisable core of a word of length n. It then follows by Lemma 2.18 that

prEm) < Y we() < S (b)) Y Bie(e) =] <

ueLly vEVn u/ €A(v)
[ulNE(n,e)#o

where in the final inequality we have used (4.1) and that

S el < 303 welel) <.

vEVn ]:1 UGL‘«%
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absorbing this contribution and the x(«})/ factor into the constant C. It follows
that

i,up(E(n,s)) < iecn < 00
n=1 n=1

and the result then follows by the Borel-Cantelli lemma. O

Finally, we require the following bounds on the exponential scaling rate of mea-
sures of cylinders, which is essentially a consequence of Theorem A. In particular,
these give bounds on the possible local dimensions of the measure.

Proposition 4.4. If Up is a primitive and compatible random substitution with corre-
sponding frequency measure jup, then there are values 0 < s; < sy < 00 and ¢y, ¢z > 0
such that foralln € Nand v € L(Xy) = L},
s1-n+c <logup([v]) < sy -n+co
Proof. By Theorem A, forallk € Nand ¢ > 1,

1
Tup(4) < g r(a);

and for ¢ < 0,

1
m@k@) < Tup(9),

Moreover, for each k, with

L or(q) k _
Bkmin = 11330W—_1 12 <vg;,1€n)ﬂj’[ﬁp(a) —v])
T A . B
Frams = 20 3 Ratos (e PUb@) =01,

it follows that [Bk min, Bk,max] C (0, 00) is a decreasing nested sequence of intervals,
S0 Wlth ﬁmin = hmk%oo ﬁk,min and Bmax = hmk%oo ﬁk,maXI

0 < Bmin < lim 7,,(q) < lim 7,,(q) < Prmax < 00.
q—00

q——00

Applying Lemma 2.1(b) gives the result. O

Finally, we obtain our main conclusion concerning relative local dimensions.

Proposition 4.5. Let v be a primitive, compatible and recognisable set-valued substitu-
tion, let P and Q be permissible probabilities, and let p and ¢ denote the respective
frequency measures. Then, for pg-almost all x € Xy,

(4.2) dimyoc(pp, ) = N—1 Z R, Z —P[g(a) = v]log P[J’p(a) = v].
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Proof. Fix m € N. It follows by Lemma 2.16 that since ¥/p is recognisable, so is
U'p. For each z € Xy and n € N with n > x(9™), let u” (z) denote the recognisable
core of x[_,, and let v’ (r) denote an inflation word of minimal length that
contains x[_, . By compatibility, [u" (z)[/(2n + 1) = A7 and |u} (z)|/(2n + 1) —
A~ as n — oo. Further, let v” () be the legal word such that u” (x) € ¥™(v" (z))
and v’} () be the legal word such that v’} (z) € U™ (v"(z)). Then, it follows by
Lemma 2.18 and the definition of local dimension that

it (52 Yog e (0" (0)]) = ot B PO (07 (0) = o (0)])

o+l
S (h_m]oc(/’LP7 x) S ﬁloc(ﬂPa ‘T)

< lim sup (—

n—oo

log o ([u (1)) log Blip (v (x)) = ui<x>J) .

om+ 1 Con 1

By Proposition 4.4, there exists a constant C' > 0 such that for all x € X},

0 < liminf — log pp(ju” (x)]) < limsup—2 ! log up([u} (z)]) < C.

Hence, it follows from the above that

lim inf —

log P[0p(v" () = u” (x)]

n—oo 2n +1
(43) S di—mloc(MP7 {L‘) S ﬁloc(”Pa :E)
< i sup — 5 Tog Plip (01 (1)) = uf ()] + -

We now show that for jig-almost all z € X,

lim inf _% log P[0p(v" (2)) = u™ ()] = lim sup —% log P[¥p (v} () = u} ()]

n—oo n—oo

1 m

By compatibility, we can decompose the production probabilities into inflation
tiles as

Pop(t(2)) =u(@)] =[] J[ PWe(a)=w™ =",

a€A wed™(a)

where, for each a € Aand w € ¥"(a), N, (z,n) denotes the number of a’s in v" (z)
which map to w. It follows by Lemma 4.3, applied to ¥, that for ;1g-almost all
T € Xy,

1

1 m B
Qn—HNa’w(x’n) — —RQP[ﬁQ(Q) = w]

Am
forall a € Aand w € 9" (a). Hence, it follows that

lim — log P[¢'p(v"™ () = u” (x)]

n—oo 2n+1 B
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AmZR Y P5(a) = v]log PWp(a) = v]

acA  ved™(a)

1 m

= /\_mHP,Q(ﬁ) "R,

with the same convergence holding for «/} () by identical arguments. Thus, it
follows from (4.3) that

1 _ -—_— 1 C
T HPoW) - R < dimy, (up, ) < dimiec(pp, 2) < o Hp o(V) - B+ 10
Since the above holds for all m € N, by letting m — oo it follows by Lemma 4.2
that dimy..(up, ) exists and

. 1
dimyee(pp, ) = EH}J’QO% ‘R,

which completes the proof. O

4.2. Proof of the multifractal formalism. In this section, we apply the results
obtained in the previous section, along with results on the L-spectrum under
recognisability, to prove Theorem D.

Proof (of Theorem D). We first obtain the results for the L9-spectrum. Since every
recognisable random substitution satisfies the disjoint set condition, Proposition 3.1
gives that Ty p(q) = (A — 1) 1y (q) for all ¢ € R. If ¢ < 0, then by Theorem A and
Proposition 3.7,

1 _ 1
N — 1901( ) Tﬂ,P(Q) < TMP<q) < TMP<q) < N_ 1

e1(q),

so we conclude that 7, (¢q) exists and equals (A — 1)1 (g). For ¢ > 0, the result
follows already from Corollary B.

We now obtain the results on the multifractal spectrum. In light of Proposi-
tion 2.3, it remains to show that f,,(a) > 7 (a) for each a € R. As proved above,
forall ¢ € R,

X i ren(a) = % > R.Tu(q)

Tup (Q) =
where for each a € A

—log Z

First, fix a € (amm, Omax) and let ¢ € R be chosen so that Top (¢) = a. Observe
that ga — 7,,,(¢) = 7, (a). Then define @Q by the rule

Pliq(a) = s| = P[p(a) = s]qua(Q)
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forall a € Aand s € ¥(a). Then by Corollary C,

dimy j1gp = % G;Ra<_ Ue%:@ Plog(a) = o] log F[dq(a) = v])

=g 5= S Ra(~ Y Pligla) = o] logPlip(a) = o]

acA veY(a)
1
N1 ZRaTa(Q) Z Plig(a) =]
acA ved(a)

*

=40 = Tup(q) = Tp(a)

since
, ! = 5o PR (@) = 0] log P[9p(a) = o]
Tup(4) = N1 ZAR“ = e—Tala)
_ ﬁ SR~ Y Ploa(a) = o] logPlip(a) = 1)),
acA ved(a)

In fact, this shows that dimy,.(1p,z) = o for ug-almost all + € Xy by Proposi-
tion 4.5. Thus f,,(«) > dimy g = 7;, (), as required.

The result for o = i, (resp. o = amax) follows similarly by taking a degen-
erate probability vector Q assigning equal value to the realisations of ¥(a) with
maximal (resp. minimal) probabilities given by P, and zero otherwise. The corre-
sponding non-degenerate sub-substitution is also compatible and recognisable, so
the same arguments yield the corresponding bounds. O

5. EXAMPLES, COUNTEREXAMPLES AND APPLICATIONS

5.1. Failure of bounds for negative ¢ without recognisability. In the following
two examples, we show the results in Theorem A do not extend in general to give
an upper bound for the L?-spectrum in terms of the inflation word L?-spectrum, for
¢ < 0. In Example 5.1, we construct a class of frequency measures on the full-shift
on two letters for which the L?-spectrum and inflation word analogue differ in the
g < 0 case. The random substitutions that give rise to these frequency measures
are not compatible, but in Example 5.2 we present a compatible analogue.

In contrast, in Example 5.3, we give an example showing that the results for
g < 0 can hold for all ¢ € R under the identical set condition with identical
production probabilities.

Example 5.1. Letp; < p, € (0, 1) such that p; + 3p; = 1 and let ¥ p be the random
substitution defined by

ab with probability p,,
Ip abis ba w%th probab%l%ty D2,
aa with probability ps,

bb  with probability p,.
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We show for all sufficiently small ¢ < 0 that 7,,(q¢) > Ty p(q). Observe that, for
each k € N, the word v* = (ab)** € ¥*+'(a) N ¥*+1(b) occurs with probability

P (a) = o) = P (0) = o¥] =}

Clearly, this is the minimal possible probability with which a level-k inflation
word can occur, so it follows that

T 1
lim L@ = ——logp;.
q——00 q 2

2k71 2]@*1

Now, let u € £ be arbitrary. We show that up([u]) > p? p? /2. Since
Y(a) = ¥(b) with identical production probabilities, it follows by Lemma 2.12 that

. k
for any choice of w € £3 1!

pp([u]) = % (PP (w)porsr) = u] + [Dp(w) oty = ul) .

If PYp(w)y oren = u] > p2° 'p2 ", then we are done, otherwise at least half of the
[ B ] 1 2

letters in v must be sent to ab. But then for u to appear from the second letter, at least
half of the letters in v must be sent to ba or bb, s0 P[0 p(w)jg oe+14q) = u] > p? p3

ok—1 ok—

Hence, pp([u]) > p?* 'p3" ' /2 so, in particular,

. 1 k-1 or-1
min  pp([u)) 2519? I

ueL%kJrl
It follows that
1 1 T
limZe29) < ——(logpi +logps) < —5logp; = lim To.p(a)
7= g 4 2 g——o0 q

By a slight modification of this example, we can construct a compatible random
substitution for which the two notions do not coincide.

Example 5.2. Let p; < p, € (0, 1) such that p; + 3p; = 1 and let ¥ p be the random
substitution defined by

abba with probability p;,

Ip:ab s ba ab w%th probab%l%ty D2,
abab with probability ps,

baba with probability p,.

By similar arguments to the previous example,

1 T,
(logp1 + logps) < —=logp; = lim L@.
4 g——00 q
The random substitution in Example 5.2 satisfies the identical set condition
with identical production probabilities. These conditions are also satisfied by the
following example. However, here the L9-spectrum and inflation word analogue

coincide for all ¢ € R by a direct argument.

g=o—oco q 8
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Example 5.3. We show that for the random substitution

ab with probability p,

Ip:a,b— ) .
ba with probability 1 — p,

the limit defining 7, (¢) exists for all ¢ € R, and

e (0) = Top(0) = y01(a) = — 5 108" + (1~ p)").

Corollary B gives the result for all ¢ > 0 and that 7,,,,(q) > Ty p(q) = 27 1(q) for
all ¢ < 0, so it only remains to verify for all ¢ < 0 that

?P«P (Q) < Tﬂ,P(Q) :

Since J(v') = J(v?) for all v!,v* € Ly, it follows from Lemma 2.12 that for all
u € £2™ and any v € L1,

1

pe(lu]) = 5 (PWO(0)140m-1) = ul +PI(0),242m-1) = u]) -

Let Vo, = {(ab)™, (ba)™}. If u € L2™ \ Vs, then u must contain bb as a subword.
This uniquely determines the cutting points in any inflation word decomposition,
so there exists a unique v and j(u) € {1,2} such that u € V(v)[jw) 2m+j@w-1- It
follows that

NI S € PRI

ueLm UELIM\Var,

1
> o Z P0p(vs -+ Um) = Uz ()25 (w)+2m]]"-
UEL%m\VQm

Now, for every w € ¥(vy - - - vy,) there is a u such that w = u3_j(u) 2—j(u)+2m)- Hence,

S e > g Y Ple(e e un) =l

ueﬁ%m weﬁ(UQ'“'Um)

and the conclusion follows by similar arguments to those used in the proofs of the
main theorems.

5.2. Examples with recognisability. We first provide examples of random substi-
tutions for which the multifractal formalism holds.

Example 5.4. Let p > 0 and let ), be the random substitution defined by

0 abb with probability p,
Uy bab with probability 1 — p,

b — aa.
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o
T1/5

*
___'7—2/5

T1/5
-===-T2/5

(A) Li-spectra (B) Multifractal spectra

FIGURE 1. L%-spectra and multifractal spectra corresponding to a recog-
nisable substitution for p € {1/5,2/5}.

Certainly 9, is compatible, with corresponding primitive substitution matrix

12
v=a0)

Perron-Frobenius eigenvalue (1++/17)/2, and right Perron-Frobenius eigenvector

(—3+\/1_7 5—\/ﬁ>

2 2

One can verify that ¥ is recognisable since every occurrence of aa intersects an
image of b and the adjacent letters then determine the cutting points. Thus by
Theorem D, for all ¢ € R

Ty (@) = Ty, p(q) = h\ i 1801(Q) = _%ﬁ

and measure 4, satisfies the multifractal formalism. The asymptotes have slopes
—(7 = V/17)1og(p)/8 and —(7 — /17)log(1 — p)/8. A plot of the Li-spectra and
multifractal spectra for two choices of p is given in Figure 1.

For p = 1/2, the L¢-spectrum of the measure i, is a straight line and the
multifractal spectrum is equal to h,(Xy) at hep(Xy), and —oo otherwise.

log(p? + (1 —p)?)

In the following example, we highlight that the multifractal spectrum need not
have value 0 at the endpoints.

Example 5.5. Let 9, be the random substitution defined by

abb with probability p,
a +— 4 bab with probability p,

bba with probability 1 — 2p,
b — aaa.

Uy

Similarly to Example 5.4, ¥, is primitive, compatible and recognisable. Hence,
Theorem D gives that

3
Ty (@) = ~15 log(2p? + (1 —2p)?).
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"
T1/5

*
___'T2/5

T1/5

-==-T2/5

(A) Li-spectra (B) Multifractal spectra

FIGURE 2. L%-spectra and multifractal spectra corresponding to a recog-
nisable substitution for p € {1/5,2/5}.

The asymptotes have slopes —31og(p)/10 and —3log(1 — 2p)/10. For p = 1/5 and
p = 2/5, the Li-spectrum and multifractal spectrum of j, are plotted in Figure 2.
Here, we highlight that the endpoints of the multifractal spectrum need not be
equal to zero.

Example 5.6. Consider the random substitution on the three-letter alphabet A =
{a, b, c} defined by

0 bbc  with probability p,,

cbb  with probability 1 — p,
Ip: b cca w%th probab%l%ty D2,
acc with probability 1 — p,,

b with probability p:
oy J 00b  with probability ps,

baa with probability 1 — ps,

\

for p1, p2, and ps in (0, 1). It is immediate that this substitution is compatible,
and by considering the occurrences of 2, 3, or 4 letter repetitions, we see that
this substitution is also recognisable. Moreover, the hypotheses of [ ,
Theorem 4.8] are satisfied since ¥ is constant length and #v(a) = #9(b) = #9(c).
In particular, the corresponding subshift X is intrinsically ergodic with unique
measure of maximal entropy given by taking p; = ps = p3 = 1/2.

It follows from [ , Lemma 4.12] that the measure of maximal entropy
is not a Gibbs measure with respect to the zero potential, so the system does not
satisfy the usual specification property. For this choice of uniform probabilities,
the L%-spectrum is a straight line passing through the point (1,0) with slope
hop(Xy) = log(2)/2. More generally, the L9-spectrum is given for all ¢ € R by the
formula

Tup(q) = —é (log((1 = p1)? + pf) +log((1 — p2)? + p§) + log((1 — p3)? + pf))

and the multifractal formalism is satisfied.
For an example on an alphabet of size two, one may consider the random
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substitution

ababbb with probability p,
O {abbabb with probability 1 — p;,
by {baabaa with probability po,
babaaa with probability 1 — p,,

for p; and p, in (0, 1). The analysis of this example proceeds identically as above.

5.3. Examples without recognisability. Finally, we consider the two most com-
monly studied examples of random substitutions: random period doubling and
random Fibonacci.

Example 5.7. Given p € (0, 1), let ¥, be the random period doubling substitution
defined by

N ab with probability p,
Up ba with probability 1 — p,
b+ aa,

and let 1, denote the corresponding frequency measure. The substitution 4,
satisfies the disjoint set condition, so for all ¢ € [0, c0),

T (@) = —% log(p? + (1 — p)?).

The asymptote as ¢ — oo has slope —2log(max{p, 1 — p})/3, which gives a sharp
lower bound on the local dimensions of .
If p = 1/2, then the measure y, has linear L?-spectrum for ¢ > 0 given by

2
TH1/2(Q) = g(q - 1) 10g2

Since the substitution satisfies the disjoint set condition but is not recognisable,
our results do not give the L7-spectrum for g < 0.

Example 5.8. The random Fibonacci substitution 9, defined by

. ab with probability p,
a
Uy ba with probability 1 — p,

b— a,

does not satisfy either the identical set condition nor the disjoint set condition.
Hence, we cannot apply Corollary B to obtain a closed-form formula for 7, (q).
However, we can still apply Theorem A to obtain a sequence of lower and upper
bounds. The case k = 1 gives the following bounds for all 0 < ¢ < 1:

1
b—1

—% log(p? + (1 — p)?) = %@1((]) < 7,(q) < ¢1(q) = —log(p? + (1 —p)?),
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er/(AF —1)
- == /AR

3/2

1/2 +

—1/2 P

FIGURE 3. Upper and lower bounds on the L?-spectrum of the fre-
quency measure corresponding to the random Fibonacci substitution
with p = 1/2, for k = 3,5, 7. The darker shades correspond to higher
values of k.

where ¢ denotes the golden ratio. Reversing the inequalities yields the correspond-
ing bounds for ¢ > 1. Of course, by considering larger k£ we can obtain better
bounds. For p = 1/2, some bounds given by Theorem A are shown in Figure 3.
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