Visible parts and lower bounds on point-ray
incidences

TUOMAS ORPONEN & ALEX RUTAR

ABSTRACT. Let K C R? be a compact set. For § € S, let Visy(K) C K be the
visible part of K in direction §. We prove that dimy Visy(K) < % for H! almost
every § € S'. The previous record was dimy Visg(K) < 11/6 ~ 1.833, due to
D. Dabrowski.

Our main tool is a variant of a recent incidence lower bound theorem due to
Cohen, Pohoata, and Zakharov where, roughly speaking, lines have been replaced
by rays, and §°-separated incidences are replaced by 1-separated incidences.
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2 TUOMAS ORPONEN & ALEX RUTAR

1. INTRODUCTION

1.1. Visible parts and their dimensions. We start by introducing basic notation.

Notation 1.1. For z € R>and ¢ € [-1,1], let £, == {z + (r,0r) : 7 > 0} be the ray with
slope o starting from z. Similarly, let ¢, , .= {z + (r,07) : r € R} be the line with slope o
passing through z. For w = (z,0) € R? x[—1,1], we also write £} = ¢/ and {,, = (. ,.

Definition 1.2 (Vis, (K)). Let K C R* be a compact set, and let o € [—1,1]. The visible
part of K in direction o is the set

Vis,(K) ={z€ K: KN{], ={z}}.
We are interested in the following conjecture.

Conjecture 1.3 (Visibility conjecture). Let K C R? be compact. Then dimy Vis, (K) < 1
for H-a.e. o € [—1,1].

More generally, the following estimate on the set of directions with exceptionally large
visible part seems plausible.

Conjecture 1.4 (Exceptional set estimate for visible parts). Let K C R* be compact and
a € [0,1]. Then dimy Vis,(K) < 2 — « for H*-a.e. 0 € [—1,1].

Remark 1.5. Typically the visibility conjecture is stated in a form where directions are
parametrised by S! in place of [—1, 1]; we also used this convention in the abstract.
It is easy to check that every upper bound for the variants in Conjecture 1.3 and
Conjecture 1.4 translates immediately to a corresponding upper bound for the S'-
variant.

Remark 1.6. M4thé has constructed' for each a € [0,1] a compact set N C R? such
that dimy N = 2 — o, and Visy N = N in an a-dimensional set of directions § € S*.
This shows that Conjecture 1.4 would be sharp if true. Mathé initially constructed his
example to show the sharpness of the main result in [ ] concerning a-Nikodym
sets.

The visibility conjecture is a well-known open problem in geometric measure theory;
see, for instance, [ 11 , Problem 11], [ ,(1.3)], [ , Conjecture 1.3]
or [ , Section 7]. The conjecture in RR? has been resolved for some special families
of sets such as quasi-circles and some classes of self-similar and self-affine sets (see
[ ; ; ; ; ]). There is also a strong partial result for planar
continua due to O’'Neil [ . In[ ], it is shown that if s € (1,2],and K C R?is
a compact set with H*(K') < oo, then H*(Vis,(K)) = 0 for a.e. o € [—1,1]. It however
remains open (under the same assumptions) whether dimy Vis,(K) < s for almost all
oe[-1,1].

The best previous result for general compact sets is due to Dabrowski [ ], who
showed that dimy Vis, (K) < 11/6 ~ 1.833 for a.e. ¢ € [—1, 1]. Weaker bounds in this
generality were earlier obtained by Matheus and the first author; see [ ; 1.

IThe details of Mathé’s construction are forthcoming, but a sketch can be found at https://www.
tu-chemnitz.de/mathematik/stochastik/fgs7/slides/Andras—Mathe.pdf.


https://www.tu-chemnitz.de/mathematik/stochastik/fgs7/slides/Andras-Mathe.pdf
https://www.tu-chemnitz.de/mathematik/stochastik/fgs7/slides/Andras-Mathe.pdf
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Dabrowski also proved that if K C R? is compact and Ahlfors s-regular with s € (1,2],

then dimy Vis, (K) < s—a(s—1) fora.e. o € [-1, 1], where a > 0.183 is absolute. Finally,

we mention that many of the previous partial results also extend to higher dimensions.
Our main result is the following improvement for general compact sets in R”.

Theorem A. Let K C R* be compact and o € [0, 1]. Then dimy Vis, (K) < 2 — ¢ for H%a.e.
o € [-1,1]. In particular, dimy Vis,(K) < 3 for H'-a.e. o € [-1,1].

We will prove Theorem A by reducing it to a J-discretised problem concerning lower
bounds on “ray incidences”, discussed in the next section.

1.2. Lower bounds on ray incidences. In [ ], Cohen, Pohoata and Zakharov
proved a beautiful result guaranteeing many J-discretised point-line incidences. The
o-discretised result behind Theorem A is a variant of Cohen, Pohoata and Zakharov’s
theorem. We now proceed to state both the original result, and the variant we will prove
in this paper.

Definition 1.7 (Phase space and Frostman (4, a, 3, C)-sets). Let Q = [—1,1]3 be the
phase space. For u,v,w € (0,1] and (a, b, o) € 2 we define the phase space rectangle

Ruxoxw(a,b,0) ={(a+r,b+ori+re,0+r3): (r1,re,r3) € [—u,u] X [—v,v] X [—w, w]}.

Leta,$ >0,6 € (0,1],and C > 0. A finite set X C 2 is called a Frostman (9, «, 3, C')-set
if X is non-empty, and

(1.1) XN Ruxuwxw(a,b,0)| < Cuw?|X|, (a,b,0) € R u,w € (0,1], uw > 4.

Notation 1.8. For w = (a,b,c) € Q, we write z, = (a,b). We also remind the reader of
the notation ¢, and ¢ defined already in Notation 1.1. We will also write P[X] := {z, :
w € X} for the “base point projection” of X.

Definition 1.9 (Line and ray incidences). Let X € Q and ¢ € (0,1]. For A,B C X, we
define the line incidences

Zs(A,B) = [{(w1,w2) € A x B : dist(zy,, l,,) <}
We also define the ray incidences by replacing (., by £}, :

Z{ (A, B) = [{(wi,ws) € A x B : dist(z,,, £ ) < }].
We abbreviate Z5(A, A) = Z;(A) and Z; (A, A) = Z; (A).

Here is Cohen, Pohoata and Zakharov’s theorem [ , Theorem 1.9] in its original
form:
Theorem 1.10 ([ D. Let o, 5 € (1,2] with o+ 5 > 3, and let ¢ > 0. Then, there

exist n = n(«o,B,e) > 0and 6y = 0o(c, B,e) > 0 such that the following holds for all
o€ 27N N (0750].'
Let X C Q be a Frostman (0, av, B,0~")-set. Then,

(1.2) T(X) > 0 [X[2.
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Roughly speaking, Theorem 1.10 says that a (6, a, §)-Frostman set X C 2 spans as
many J-discretised point-line incidences as it would if the points and lines were placed
“at random”. Starting from a counter assumption to our main result, Theorem A, it
is relatively straightforward to construct an appropriate Frostman (9, s,s + a — 1, C)-
set X C (2 to which one is tempted to apply Theorem 1.10. The construction of X is
accomplished in §2.2. However, a direct application of Theorem 1.10 fails to prove
Theorem A for two distinct reasons:

1. We need a lower bound for Z; (X) in place of Z5(X).

2. The ¢°-factor in (1.2) is unacceptable for us. Roughly speaking, this lower bound
could be used to prove the existence of two ¢°-separated incidences. For The-
orem A, we need to upgrade ¢° to a constant independent of §. However, this
conclusion may fail for Frostman (9, i, 3,6~ ")-sets, as in Theorem 1.10, where the
Frostman constant depends on 6.

In the application arising from Theorem A, fortunately, the Frostman constant of X is
independent of §. So, we need to establish a variant of Theorem 1.10 where both the
hypothesis and conclusion are stronger. This is Theorem B below.

Theorem B. Let o, 5 € (1,2] with a + § > 3. Then, there exists k = r(«, ) > 1 such that
the following holds for all C' > 1and all § € 27NN (0,71 C~"]:
Let X C Q be a Frostman (0, «, B8, C)-set. Then there exist A, B C X such that

dist(P[A], P[B]) 245 C" and I;(A,B) 2.5 C " - 6| X|%.
In particular, there exists a pair (wy,ws) € A x B such that
(1.3) |2y = Zwn| Zap C7F and  dist(z,,, 05 ) < 6.

Remark 1.11. In particular, Theorem B implies that Z,7 (X) >, 5.c 6|X|?. Itis conceivable
(but non-trivial) that this alone guarantees c-separated incidences (with ¢ ~, g ¢ 1). In
any case, proving the stated “bi-partite” version of Theorem B poses no additional

difficulties, and gives the p-separation of the incidences for free.

Perhaps surprisingly, we are able to formally deduce Theorem B from the following
incidence lower bound for rays which still has the §°-factor in the conclusion. The
statement is the same as [ , Theorem 1.9], except with rays in place of lines.

Theorem C. Let o, 8 € (1,2] with o+ > 3, and let ¢ > 0. Then, there exist n = n(«a, B, ) >
0 and 6y = o(v, B,€) > 0 such that the following holds for all § € 2= N (0, ):
Let X C Q be a Frostman (0, cv, 3,0~")-set. Then,

I (X) = 0" [X "

1.3. Outline of the paper. As mentioned earlier, the main result on visible parts
(Theorem A) is deduced from Theorem B. The first step is to find an appropriate
d-discretised version of Theorem A. This is accomplished in §2. The proof of the -
discretised counterpart is then completed in §2.2 by identifying an appropriate Frostman
set X C (2, and applying Theorem B.

Most of the paper is occupied by the proof of Theorem B. There are two distinct steps.
The first one is to obtain the (strictly stronger) version of Theorem 1.10 where Zs5(X)
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is simply replaced by Z; (X), as stated in Theorem C. For those familiar with Cohen,
Pohoata, and Zakharov’s proof of Theorem 1.10, we mention that the least trivial step
in the proof of our extension is to prove a version of the “high-low lemma” for rays in
place of lines; see Theorem 3.5. In the corresponding proof of the high-low lemma for
lines ([ , Theorem 1.7]), a certain orthogonality property for pairs of lines is used,
which is no longer true for (all) pairs of rays. The solution is to examine the pairs of
rays where the orthogonality relation may fail, and prove that there are not too many of
them.

Perhaps a little surprisingly, Theorem B can be formally deduced from Theorem C.
The idea is to first apply Theorem C at a suitable intermediate scale A = A(«, 3,C) > 0.
Then, one applies the high-low inequality (for rays) to show that many A-separated
A-discretised point-ray incidences also guarantee many A-separated J-discretised point-
ray incidences with § < A.

To summarise, the logical structure of the paper is as follows:

Theorem C = Theorem B = Proposition2.1 = Theorem A.

The sections follow this implication chain in reverse order. We prove Theorem C in §4;
the first implication is established in §3; and the final two implications are established
in §2.

Basic notation. Forr € 2N, and K C R? (including K € Q = [~1, 1]%), the notation
D,(K) stands for the dyadic cubes of side-length r which intersect K. For K C R,
and r > 0, the notation [K], stands for the open r-neighbourhood of K. For finite sets
P C R? (or commonly also X C (), the notation | P| stands for the cardinality of P. For
21, 29 € RY, the notation |21 — 22| means the Euclidean distance of 2, z».

For A, B > 0, the notation A S, B means that A < CB, where C > 0 is a constant
depending only on p. If there is no “p” visible, then C'is absolute. For A, B, > 0, the
notation A <5 B means the same as A < C(log ) B, where C > 0 is absolute.

The notation #?_ stands for s-dimensional Hausdorff content.

2. REDUCTION OF THE VISIBILITY CONJECTURE TO AN INCIDENCE
LOWER BOUND

We explain how to reduce Theorem A to the incidence lower bound stated in Theorem B.

2.1. Discretisation of the visibility conjecture. We first reduce Theorem A to the
following d-discretised counterpart:

Proposition 2.1. Forevery o € (0,1]and s > 2—5 and C' > 0 there exists n = n(C, 5, ) > 0
and 6y = 6o(C, s, ) > 0 such that the following holds for all 6 € 2= N (0, &

Let ¥ C 0 - ZN[—1, 1] be a non-empty Frostman (§, o, C)-set. For each o € %, let P, C
(6 - Z)*> N [-1,1]? be a non-empty Frostman (9, s, C')-set. Write P := |,y P,. Then, there
exist o € Y and z € P, such that

(2.1) diam(P N [(1,]5) > 7.
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We now deduce Theorem A from Proposition 2.1. The argument is nearly the same
as the proof of the implication between [ , Theorem 3.2] and [ , Theorem
3.1], but we give all the details for the reader’s convenience.

Proof (of Theorem A assuming Proposition 2.1). The case a = 0 of Theorem A is trivial,
so we may assume that a € (0, 1]. We make a counter assumption: there exists a compact
set K C [0,1%, s € (2—%,2],and £ > 0, such that

(2.2) HE {o e [—1,1] : HE (Vis,(K)) > k}) > k.

Let C > 1 be an absolute constant, and let n := n(Cx™!,s,a) > 0 be the constant
provided by Proposition 2.1. In fact, C is the constant from the following version
of Frostman’s lemma: if 6 € 275, s € (1,2], and H C [0, 1]?, then Ds(H) contains a
non-empty Frostman (6, s, C'/H: (H))-set. For a proof of this statement, see [ ,
Proposition 3.9].

For o € [—1,1], let

Visl(K) ={z e K : KN/}, C B(x,n/8)}.

Recall that B(z,7/8) is an open disc, so if v € Vis](K) and y € K with y € ¢}, then
|z —y| < n/8. Clearly Vis,(K) C Vis!(K), so (2.2) implies

(2.3) Ho({o € [-1,1] : HZ (VisH(K)) > k}) > k.
For every € > 0, we further define
(2.4) Vis?®(K) == {x € K : KN[(],]. C B(x,1/8)},

where [/} ]. stands for the open e-neighbourhood of the ray ¢; ,. We claim that

(2.5) Visl(K) = | JVis?*(K),  oe[-1,1].

e>0

The inclusion Vis?*(K) C Vis!(K) clearly holds for all € > 0, so it suffices to prove the
other inclusion. Fix z € Vis}(K),so K N {}, C B(x,n/8). If v ¢ .., Vis?®(K), then
for every ¢ > 0 there exists y. € K N [(; ]. \ B(x,1/8). Since K is compact, we may
find a sequence {¢, } such thaty., — y € K N ¢} . Since |z — y.,| > 1/8, we also have
|z — y| > n/8. This contradicts the definition of x € Vis}(K) and proves (2.5).

As e N\ 0, the sets Vis*(K) increase to Vis!(K). Therefore, if H: (Vis!(K)) > &,
Davies’ increasing sets lemma [ , Theorem 4] implies that also HZ (Vis!“(K)) > &
for ¢ > 0 sufficiently small. This observation implies that also the sets {o € [-1,1] :
Hs (Visl®(K)) > k} increase to {o € [—1,1] : H5_(Visl(K)) > k} as e \, 0. By a second
application of [ , Theorem 4], we infer from (2.3) that

(2.6) Hoo({o e [—1,1) - HE (Vis*(K)) > k}) > &

for € > 0 sufficiently small.
Let € > 0 be so small that (2.6) holds, and let

(2.7) § € 27NN (0,emin{e, n, 6o},
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where ¢ € (0, 1] is an absolute constant to be determined, and § = do(Cr ™, s, ) > 01is

the threshold provided by Proposition 2.1. Applying Frostman’s lemma, let
S =85 CDs({o €[-1,1] : H3 (Vis}*(K)) > k})

be a non-empty (4, o, Cx')-set. Let X denote the left endpoints of dyadic intervals in S.
For each o € ¥, let & denote an element in the dyadic interval containing o with
H: (Vis?®(K)) > k. Thus, Frostman’s lemma yields a Frostman (4, s, Crx~!)-set

Py C Ds(Visg™ (K)).

We let P, C UP, consist of the lower left corners of the squares in P,. Then F, is also a
Frostman (4, s, C'x1)-set.

Write P := | J, ¢y, 5, as in Proposition 2.1. We now claim a contradiction to Proposi-
tion 2.1. Namely, if o € ¥ and z € P,, we claim that

(2.8) diam(P N [(1,]5) < n/2.

This contradiction will complete the proof of Theorem A.

To prove (2.8), fix 0 € ¥ and 2z € P,. By definition, this means that there exist
g € [-1,1] with |0 — 7| < §, and a point x € Vis}®(K) which shares the dyadic d-square
with z. Unwrapping the definitions further (see (2.4)),

K N[, € B(z,n/8).

We claim that this, and ¢ < ; min{e, n}, implies [K]os N [(; 5.2 C B(x,n/4). Indeed, if
y € [Kl25N[l; 5] /2, then by the triangle inequality exists a pointy € KN[¢} ;]. C B(z,1/8)
with |y — y| < 26, and therefore y € B(xz,n/4).

Next, we claim that PN[(}]s C [K]25N[l; 5]-/2, which implies (2.8). Clearly P C [K]ys.
Second, the inclusion [—2,2]* N [¢},]s C [(; ;]2 holds if § < ce for a sufficiently small
absolute constant ¢ > 0, using the facts that |z — z| < 26 and |0 — 7| < 4.

We have now proved (2.8), and consequently Theorem A. O

2.2. From the discretised visibility conjecture to incidence lower bounds. In this
section we deduce Proposition 2.1 from Theorem B. Since in §2 we saw that Proposi-
tion 2.1 implies Theorem A, this completes the proof of Theorem A (modulo proving
Theorem B).

Proof (of Proposition 2.1 assuming Theorem B). Using the data { P, } ,cx, provided in the
statement of Proposition 2.1, we construct a (4, s, s + a — 1, 0(C?))-set X C (2, and apply
Theorem B to derive (2.1). Note that s > 2 — § is equivalent to s + (s +a — 1) > 3.

First of all, to prove Proposition 2.1, we may assume that X is a Katz-Tao (0, o, 1)-set
with |[X| = 67%/C and that each P, C (6Z)* N [-1,1]? is a Katz-Tao (4, s, 1)-set with
|P,| 2 6=¢/C. This is because ¥ and each P, contains such a subset, and it suffices to
prove Proposition 2.1 with these subsets in place of the original sets.

Define

X = {(a,b,0) € (6Z)*NQ: (a,b) € P,}.
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Then, X is §-separated, and

(2.9) C2 o Y|P = X[ L6

oeY

We claim that X is a Frostman (4, s, s + « — 1,0(C?))-set in the sense of Definition 1.7.
To see this, fix u, w € (0, 1] with uw > 6 and (a, b, o) € 2. It suffices to show that

(2.9)
(2.10) 1X N Ruwxwwxw (@, b, 0)] S w*(uw)® - 67 < C*w®(uw)®|X|.

This is because the rectangle R« uuwxw (@, b, 0) appearing in Definition 1.7 can be covered
by < w™! rectangles of the form R xuwxw (@, b, o).
To prove (2.10), note that if (a’,0’, 0’) € X lies in the rectangle

Ruwsuwwxw(a,b,0) ={(a+ 11,0+ 0r1 + 19,0 +13) 1 (1r1,72,73) € [—uw,uw]2 X [—w,w]},

then (a/,0') € B((a,b),2uw) = By, C R*and ¢’ € B(o,w) N [~1,1] = I. Therefore,
recalling the definition of X,

X N Rywxuwwxw(a,b,0)| < |{(d',b,0") € By x I:(a',b") € P}
< Y Py N Byl S (w/6)" - (uw/d)* = w®(uw)* - 577,

o'exnl

This completes the proof of (2.10), and shows that X is a Frostman (9, s, s +a — 1, C”)-set
with ¢ < C%

To complete the proof of Proposition 2.1, apply Theorem B with parameters o, s+a—1
and C' to obtain a constant k = x(a, s, C’") > 1. Then, for p ~, ; (C")~", Theorem B gives
a pair (z1,01), (22, 02) € X such that |z; — 25| > p and dist(zs, ¢ ) <.

21,01/ —

Finally, note that dist (22, £}, . ) < d implies {21, 22} C PN[¢]  ]s. Therefore diam (PN

Z1,01 21,01

[0t .. 15) > |21 — 22| > p. This proves (2.1) with n = p. O

21,01

3. INCIDENCE LOWER BOUND FOR RAYS WITH POLYNOMIAL
CONSTANT DEPENDENCE

We now embark on proving Theorem B. In this section, we prove Theorem B conditional
on Theorem C. We defer the proof of Theorem C until §4.

3.1. Bi-partisation at an intermediate scale. The plan is as follows: we will apply
Theorem C at a large intermediate scale A, and then use Theorem 3.5 to guarantee many
incidences at scale 4.

We start by recording a well-known lemma on finding large bi-partite subgraphs.
The lemma is due to Erdss | ], but the original formulation concerns undirected
graphs, while we need the result for directed graphs. This variant is also well-known,
but we repeat the short proof and, with no extra effort, record a weighted generalisation.
The proof is from [ , Theorem 2.2.1], where the result is also stated for undirected

and unweighted graphs, with constant “}” instead of “1”.
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Lemma 3.1. Let G = (V, E) be a directed graph without loops, and let w: E — (0, 00) be

(
a weight function. Then there exists a bi-partite subgraph (V, U Vs, E) with ) pw(e) >
LS o pw(e), where Vi, Vy C V. are disjoint, and

(31) E = {(’Ul,’l)2> ekl V1 € ‘/1, Vg € ‘/2}

Proof. Include a vertex v € V to V; with probability %, and let V, ==V \ ;. For
e = (v1,v2) € E, let X, be the random variable which takes value w(e) if and only if
vy € Vi and vy € V5. Evidently E[X.] = w(e)/4, and therefore

E[ZXB] = iZw(e).

ecl ecl

It follows that there exists a random set V; such that - ., X. > {3 . w(e). Now,
with E asin (3.1),itholds }°, s w(e) > 1 >, w(e). O

Definition 3.2. We say that sets A, B C (2 are spatially r-separated if dist(P[A], P[B]) > r.

The following lemma is the key ingredient in the proof of Theorem B. Observe that the
sets A, B, and X are d-separated so the net effect is that the incidences at scale 3A are
counted with multiplicity.

Lemma 3.3. Forevery o, € (1,2] with o + > 3 and € > 0, there exist n = n(a, f,€) > 0
and Ay = Ag(a, B,€) > 0 such that the following holds for all 5, A € 2N N (0, Ao] with
0 < A:

Let X C Q) be a Frostman (0, o, 5, A~")-set. Then, there exist spatially A-separated subsets
A, B C X such that

(3.2) TL(A,B) > AME[X [

Proof. We start by fixing parameters. We may assume that ¢ € (0, (a — 1) /2], since
the statement gets stronger when ¢ decreases. Next, let > 0 be so small that

(3.3) m<(a—1)/2<a—-1-—c¢.

Additionally, assume that 2 < n¢(«, 3,¢/2), where no(a, 8,£/2) > 0 is the constant
given by Theorem C applied with parameters «, 3,c/2. Let Ay = Ag(e, 8,¢/2) > 0 be
the scale threshold given by Theorem C, and assume that §, A € 27NN (0, A,] with
0 < A. Finally, we will assume that A is small in terms of ¢, n, so that various absolute
constants appearing in the proof are bounded from above by A;” and A, /2,

We start by replacing X by a subset with spatial separation. Write Q := Da([—1,1)?).
Split Q into 4 sub-families Q;, ..., Q, such that dist(Q), Q') > Aforalli=1,...,4and
Q,Q € Q;with@ # Q. Let X; = {w € X : 2, € UQ;}. Then there exists j € {1,...,4}
such that |X;| > 1|X|. Now X satisfies the same hypotheses as does X with constant
“2n”, and additionally: the family Q; := Dx(P[X,]) is A-separated. To simplify notation,
we now assume that X originally has this property, and we write Q := D (P[X]).

Recall that 2 < ny(a, 8,¢/2), A < Ag(a, 8,2/2), and note that X is a (A, «, 8, A™27)-
set (simply because § < A). Theorem C applied at scale A now gives

(3.4) T(X) > A2 XP.
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Now we proceed to find the sets A, B C X in (3.2). For each pair (Q,@Q2) € Q x Q
(including diagonal pairs (@, Q))), define

(35) mQ,,Q = |{(W1,UJ2) S X2 Zuw € Ql, Zwe € Qg and diSt(ZWQ,EII) < AH

Let us show that the diagonal sum ), mgq q is negligible. First, estimate

Z mg.q < Z (w1, wa) € X2 : 21, 20, € QY < |X|-max [{w € X : 2, € QY.
QeQ
QeQ Q
Writing Q = [ag, ag + A) X [bo, by + A) € Da([—1,1)?), it is easy to check that {w € X :
2w € Q} C Raxaxi(ag, by, 0). Since X was assumed to be a Frostman (4, a, 5, A™")-set,

we may infer that [{w € X : 2, € Q}| < A*7"|X]. In particular, since we assumed at
B3)thata—n>14+e>1+¢/2,

Z mo.g < 1—10A1+E/2‘X‘2,
QeQ

provided A > 0 is sufficiently small. As a consequence of this and (3.4),

> mouq. 2 ATX]
Q170>

We now apply Lemma 3.1 to the weighted directed graph G = (Q, £, {w(e)}ccr),
where £ = {(Q1,Q2) : Q1 # @2} and w(Q1, Q2) = mg, g,- The result is a bi-partite sub-

graph (AU B, £), where A, B C Q are disjoint, £ = {(Q,Q2) € £ : Q; € Aand Q, € B},
and

Z mQ,.Q: = zlL Z MQ1,Q2 2 AH_E/Z‘XF'
(Qu.Q2)eE Q17Q2

Define A = {w € X : 2z, € UA} and B = {w € X : z, € UB}. The sets A,B
are spatially A-separated, since A, B are disjoint subsets of the A-separated family Q.
Finally, recalling the definition of m¢, ¢, from (3.5), and using £ C €&,

THAB)  [{(wy,ws) € A x B : dist(z,, £5,) < A}|

= Z [{(wi,w2) € X?: 2, € Q1, 2, € Q2 and dist(zy,, £ ) < A}
(Q1,Q2)€EAXB

def.

=) mgig 2 ATIXP
(Q1,Q2)€€

This proves (3.2) for A > 0, depending on ¢. 0J

3.2. Proof of Theorem B. Now we use Lemma 3.3 along with the high-low inequality
(for rays) to prove Theorem B. If one wished to prove Theorem B with lines in place
of rays, the version of the high-low inequality in [ , Theorem 1.7] stated in (3.9)
would suffice. We give the statement of an appropriate version for rays in Theorem 3.5
below, but postpone the proof to Appendix A.
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Let A, B C Q2 be finite sets. The reader may think of A as parametrising a family of
rays, and B as parametrising a family of points. Accordingly, define

g = Z 5Zw and f, = w! 1[£:§]w/27 w e (07 1]a
weB weA
where [(}],,/2 is the open (w/2)-neighbourhood of ¢}. Let y € C=(R?) be a fixed non-
negative function with spt x € B(1). For w > 0, write x,, = w2x(-/w), and define

(3.6) THAB) = w- (Xu # Xuja % furg) = - / Yoo Xuj2 * fu dg.

The definition of 7, depends on x, but we suppress this from the notation. The quantity
J. should be viewed as a variant of the incidence count Z;, which is more amenable to
L*-orthogonality arguments; we will see this benefit in the proof of Theorem 3.5. For
now, we only need to know that 7, is comparable to Z; in the following sense:

Lemma 3.4. If y € C®(R?) is arbitrary with spt x C B(1), then J; (A, B) <, Z,., (A, B).
Moreover, if x > 1p(1/2), then J,f (A, B) 2 .} (A, B).

Proof. The upper bound follows from xu, * Xuws2 * L1y, , Sx iy, which yields
TiAB) S ST S e, (o) = Ti(ALB),

w1EA w2eB
as desired. If x > 1p(1/9), then we also have a nearly matching lower bound X, * X2 *
1 L),,,» Which yields the stated lower bound. O

>
[&f]w/Q ~

Before stating the high-low theorem, we need one more piece of notation: for X C Q2

and w > 0, define (following the notation in [ )i
(3.7) Myxw(X) == sup {w € X : z, € B(zp,w)}|
Z()E]R2

and
(3.8) Miy(X) = sup {weX:¥, € By, (ly,w)}.

LoeA(2,1)
The ball B, (¢y, w) C A(2,1) is defined relative to the following metric d4 on A(2,1)
(the same metric as in [ , (3)]). For ¢4, ¢, € A(2,1) with slopes 04,05 € [—1, 1], we
set

d,A(El, 62) = | diSt(fl, 0) — diSt(eg, 0)| + |O'1 — 0'2|.
We are then prepared to state the high-low inequality for rays:
Theorem 3.5. Let A, B C (Q be finite sets. Then,

THAB)  TupAB) (Mlxw(A>waw<B>

1/2
- cw 3] _1> 0.1
wlAlB| - (w/2)|AlBII = A||B] wrlogw™ )+, we (0,3,

where the constant A, > 0 depends only on .
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Remark 3.6. Let us compare Theorem 3.5 to [ , Theorem 1.7]. First of all, one
could also define 7,,(A,B) as above, but with the ray ¢/ inside the definition of f,
replaced by the line /.. Then the following holds:

jw<A7B) jw/2<A7B) Mlxw(A)Mwa(B) _3 1/2
(3.9) — <A Sw ,  w e (0,1].
AT twars <A ATs ) o
This is proved in [ , Appendix A.1] (and it implies the high-low inequality as
stated in [ , Theorem 1.7]). The inequality (3.9) is a “log w™~'" factor sharper than

the one stated in Theorem 3.5.

We are then equipped to prove Theorem B.

Proof (of Theorem B). Let xy € C>°(R?) be a non-negative function satisfying 1p(1/2) <
X < 1p(1), and let A > 1 be an absolute constant to be determined, which in particular is
larger than the constant A, from Theorem 3.5 associated to . Let X C 2 be a Frostman
(0,, B,C)-set. Let n = n(a, B,e) > 0and Ay = Ag(a, 5, <) > 0 be the constants given by
Lemma 3.3 with

c=ela ) = T2 e 01]
(Note that n, A actually only depend on «, /3.) Finally, choose
1
R = H(Q,ﬁ) = m

We claim that Theorem B holds with this choice of .

We begin by choosing an intermediate scale A. The first requirement is that A <
min{A,, C~'/"}. This guarantees that Lemma 3.3 can be applied at scale A (since X is a
Frostman (0, «, 3, A~")-set). The second requirement is that A is sufficiently small so
that the following inequality holds:

(3.10) A=A > (CPw PP logw )2 > LA

we2~NN(0,A]

1
2

This can be arranged: if A = 27V is sufficiently small depending only on ¢, it holds
k'/2 < 27¢k for all k > N. Thus there is a constant ¢. > 0 so that if A < ¢.C~V/s,

o 0 AQ& AE
1/227351{? < 27251{? < < .
Dk <Y P <
k=N k=N
Let A € 2= N be chosen so that
(3.11) A <min{C™" c.C7VE Ay} < 2A

Let A, B C X be the spatially A-separated subsets obtained by Lemma 3.3 applied at
scale A.

First, note that the conclusion (3.2) combined with Lemma 3.4 implies J\ (A, B) >
T (A,B) > A*¢|X|2. It follows from the Frostman (6, o, 8, C)-set property of X that

(3.12) Myyw(B) < Cuw®|X| and Miy(A) < CwP|X|, we 27N
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(To check this detail, note that sets of the form {w : 2z, € B(zp,w)} and {w : ¢, €
By, (ly, w)} appearing in the definitions of M., (B) and M., (A) are contained, re-
spectively, in phase space rectangles of the form R 4, xawx1(wo) and Ry awx aw(wo),
where A > 1 is absolute. This is discussed in [ , (17)].)

Fix w € [§/2,A], and apply the high-low inequality (Theorem 3.5) at scale w as
follows:

~ﬁ@3LVQMBWJMHJWAE_ZMAm
wXP (w/2)XP T X T wA|B]  (w/2)A||B]

IA|BN\"? [ Miy(A) My(B) 5\
< (' xpo e

(3.12)
< A(CPw P 3 log w12,

Finally, summing over w € [§/2, A] and using Lemma 3.4,

I} (A,B) _ J5(A,B)
2 > >A-A Y
SX|2 N~ OaXPE T
we2~NN(0,4]

(3.10) (3.11)
> %AE Zoc,ﬁ C«—max{a/n,l}.

(02w0¢+ﬁ—3 logw_1)1/2

Since A, B are spatially A-separated, the proof of Theorem B is complete. O

4. INCIDENCE LOWER BOUND FOR RAYS WITH §°-LOSS

We now begin the proof of Theorem C. The argument is virtually the same as the proof
of [ , Theorem 1.9] (or Theorem 1.10), apart from a few technical difficulties caused
by considering ray incidences instead of line incidences. Fortunately, we are able to use
as black boxes some of the most complicated parts in the proof of [ , Theorem 1.9]
which deal with the “combinatorics of Lipschitz functions”.

4.1. An initial estimate for rays. The purpose of this section is to prove Lemma 4.5.
This is a counterpart of the “initial estimate” in [ , Proposition 4.2], with Z* in
place of Z,.

Definition 4.1 (Uniformity). Let S = {u; X v; X w,};c; be a family of scale triples
satisfying v; > u,w;, and let K > 1. A finite set X C Q is called K-uniform on S if for
every j € J,w € X,

MU' Vi XWj X
X1 R ()] > s ®)
Here M xyxw(X) == sup,cq | X N Ryxpxw(W)|.
We will also say that X is uniform on a sequence {A;}7,. This means that X is uniform
on {Az X A] X Ak‘ : i,j,kf € {0, .. ,m} and A] > AzAk’}

Remark 4.2. In [ ] the number M, ., x.,(X) is defined as a maximum over a fixed
boundedly overlapping cover of R® by (u x v x w)-rectangles, see above [ , Lemma
3.2]. The two definitions of M, .« (X) are comparable up to absolute constants.
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Definition 4.3 (Rectangular covering numbers). For u,v,w € (0,1] with v > uw, and
X C Q, we write |X]|,xxq for the minimal number of rectangles of the form R, xyxw(w),
w € {2, required to cover X.

For K-uniform sets, there is a useful relation between M,y (X) and | X|,xvxuw:

Lemma 4.4. Let X C € be a finite set which is K-uniform on {u x v x w}. Then,
Musxcoxw(X) S KIX|/[X]uxvxw-
Proof. This is [ , (27)]. OJ

Lemma 4.5. Let n € 27NN (0, &) and K > 1. Let X C Q be a finite set which is K-uniform

on {(1xnxmn),(nxnx1),(nxnxn)} Then,

T, (X)
0| X2

> |5 X enen

4.1) .
77|X‘anxl‘X|1Xan

Proof. We start by disposing of a special case where | X|,xxy < AK?X|1x;x,. Here
A > 1is an absolute constant to be determined later (above (4.8)). In this case, note that

(4.2) R, xyx1(w) C{w' € Q: |z, — 2| < 31}, we,ne(0,1].
In particular, since always z,, € ¢, we find

Tiy(X) = Y Ho' € Xt fow = 2wl <30} 2 Y 1X 0 Ryt ()] = KX Mg (X),

weX weX

using K-uniformity in the final estimate. Since further M, ., «1(X) > |X|/|X];xnx1, We
see that 7, (X) > K '[X[?/|X];xnx1. Since |X|pxnxn < AK?|X]|1xyxn by assumption,
this yields

I;BT](X‘) > A71K73 |X’77><77><77
77|X|2 N 77|X|anxl|X‘1Xan’

which is better than (4.1). So, in the sequel we may assume that
(4.3) ‘X|anXn = AK2|X|1X77X77-

We now construct a boundedly overlapping cover of X by rectangles of the form
Ry yxn(w) with w € X. Consider the map IT: Q — R? defined by I1(a, b, o) == (b— ao, o).
Let {(a;,bj,0;)};es C X be a maximal set with the property that the points Il(a;, b;,0;) €
R? are (1/2)-separated. Define R = {Rax,xy(a;, b;,0;) 1 j € J}.

We claim that X C UR. Fix (a,b,¢) € X. By definition, there exists (a;,b;,0;),
j € J, such that |(b — ao) — (b; — ajo;)| < n/2 and |0 — 0;] < /2. We claim that
(a,b,0) € Roxyxyla;,b;,0;). To see this, first expand

(a,0,0) = (a; + (a — a;),b; + (b= bj),0; + (0 — 05)) = (a; +71,b; + (b — bj), 05 + 13),



DIMENSION OF VISIBLE PARTS 15

where |r1| = |a — a;| < 2 and |r3] < 7/2. Next, note that for some £ € R with [{| < /2,
b—bj=a0—ajo;+&=0j(a—aj)+aloc—o0;)+&=0r1+19,
where |ry| = |a(o — 0;) + &| < n. We have managed to write (a,b,0) in the form

(a,b,0) = (a; +7r1,bj+ 0,71 + 12,0, +73) for some (r1,72,73) € [—2,2] X [-n,7n]?, and thus
(CL, b, 0') € R2><7]><77<aj, bj, O'j).

Claim I. The rectangles 2R = {Raxayx2,(a;, b;, o)} have bounded overlap.

Proof. 1t suffices to show that if (z,y, z) € Raxayxay(a, b, 0) N Rayonxan(a’, b, 0’), then
\I(a,b,0) — (a0, 0")| < n. Write

(4.4) (r,y,2) = (a+ 11, b+ 10 + 19,0 +13) = (a' + 7,0 +ric’ + 71y, 0" +17),
where r1, 7] € [—2,2] and 7o, 75, 73,74 € [-2n,2n]. Thena +r; = ¢’ + | and |0 — ¢’| <

|r3| + |r5| < 4n. To simplify the calculation, let us pretend that o = ¢’; this is correct up
to O(n)-terms. From (4.4) we see that

b—V = (ri—=r)o+0(n) = (a—d)o+O(n).
Therefore |(b — ao) — (V' — d'o)| < i, and finally |[II(a, b, o) — II(a’, 0, 0")| < 0. O

Note that |R| > |X[1xxy by the definition of | - [1x;xy, and [ X NR| > K1 M, (X) by
K-uniformity for all R € R (the rectangles in R are centred at X). Consequently,

Myyscn(X) XN Rl ey = XOAR| 2 K™ My (X) 2 KX/ [X 1.

Rearranging, and using Lemma 4.4 to estimate

(4.5) X] 2 K_anXan<X)‘X|anXm
we find
(4.3)
(46) X O Rlpern 2 KXo/ Klir 2 A, RER.

Next, fix R = Ro <y (a0, bo, 00) € R, thus (ag, by, 0p) € X, and

R = {(ag + 71, b0 + oor1 + 79,00 +73) = (r1,72,73) € [—2,2] % [-1,1]*}.
Let Pr C P[IXNR]| C [—1,1]* be a maximal 7-separated set. We claim that
(4.7) ‘PR‘ 2 ‘X N R’anXn Z A

To see this, it suffices to show that {ws € R : |z, — 2., | < 1} C B(wy,3n) for all w; € R.
This is true, since every pair w;,w, € R differs in the 374 coordinate by < 2n.

Write (g = {(ag,00,00) = (@0, b0) + R(1,00). From the definition of R, one sees that
P[R| C [(r], (the n-neighbourhood of /). Summarising the previous observations,
Pg is an n-separated subset of [(r], with cardinality |Pgr| 2 [X N R|,xnxy 2 A. Thus

~Y
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choosing A > 1 sufficiently large, |Pr| > 2. Since |oy| < 1, we now extract disjoint
subsets Ar, Br C Pr with cardinalities

(4.8) |Ar| ~ |Pr| ~ |Br)|

such that max{z : (z,y) € Ag} < min{x : (z,y) € Br}. It is then easy to check that the
following holds:

Claim II. Assume that 2, z, € R* and o € R satisfy

dist(z1, Ar) < 27, dist(29, Br) <21, and |o— oo < 27.
Then dist(zy, £ ) < 10n.

21,0

We now define

AR) = {w e XN2R : dist(z,, Ar) < 27},

where 2R = Ry 2;x21 (a0, bo, 00), and

B(R) = {w € X : dist(z,, Br) < 2n}.
Note that if w; = (21,01) € A(R) and w, = (23, 02) € B(R), then the points z; and the
slope o0 satisfy the hypotheses of Claim II. Thus,
AR) x B(R) C {(w1,ws) € X? : dist(zu,, £ ) < 100}
Since the rectangles 2R have bounded overlap, this implies
Tih(X) = H(wr, w0) € X2 - dist(za,, €5,) < 100} 2 3 |A(R)|IB(R)].
RER

We finally claim that

X

|X|77X77><1

X
49 AR 2K E - and BRI Z K-
XnNXn

for all R € R. Once these lower bound have been established, we may complete the
proof as follows:

X
|X|1X77X77‘X|77X77X1

> AR)IBR) 2 K > IPxl

ReR ReR
(4.7) |X’2
> K X NR|
|X|1Xan‘X|anxl gz e
s XXy
~ |X|1X77X17D(|17X77x17

where the estimate (x) follows from K-uniformity:

|XmR| X @5
>0 X Rl 2 Y 5 xR K Xl

ReR RER 77><77><7) ) nxXnxn
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Let us finally prove (4.9), starting with the estimate for |[A(R)|. First, write
AR) 2 Y Hwe XN2R |z — 2| < 29},
ZGAR

Fix z € Ag, and recall that z = z,,, for some wy € X N R. Now X N R xpx(wp) C {w €
XN2R: |z, — 2| <27}, s0

X

{w € XN2R: |z — 2| < 20} > X1 Ryppy)] 2 K~ o —
|X|77><77><"7
by K-uniformity. Recalling from (4.8) that |Ar| ~ |Pr| 2 |X N R|;xxy, We get

X O R X] 49

~Y

X

K3 "
|X|1><77><77

AR)| 2 K~

)

|X|77><77><77
as desired. The lower bound for |B(R)| is more straightforward, and is based on the

following observation. Fix z = z,,, € Br with wy € X. Then,

X NRyxnxi(wo) C{weX:|z— 2z, <2n},
so {w € Xt |2 — 2| < 20} 2 K~1[X|/[X];xnx1 by K-uniformity. Consequently,
X

|X|77X7vxl7

BR)|Z Y HweX:|z—za| <} 2 K ' |Pl-

z€EBR
as desired. This completes the proof of (4.9), and therefore the proof of Lemma 4.5. []
4.2. Large uniform subsets, branching functions, and effective triples. In this section

we recap concepts and basic results from [ , Section 3], starting with [ ,
Lemma 3.6]:

Lemma 4.6. Let m,T € Nand § .= 2=™T. Write

K = K(m,T) == (Am®log(1/8))™"*2,
where A > 1 is a sufficiently large absolute constant. For every finite set X C € there exists a
subset X' C X with |X'| > K~X| such that X' is K-uniform on the sequence {2777},

Definition 4.7 ((m, T')-uniformity). Letm,T € N. Aset X C Qis called (m, T")-uniform
if X is K-uniform on {2797}, with constant K = (Am?®log(1/6))™"+2, where § := 27,
and A > 1 is the absolute constant from Lemma 4.6.

From now on, if m,T € N are fixed, the symbol “K” will refer to the constant in
Definition 4.7. A crucial point is that if m € Nis fixed, and § = 27™7, then K = §—°r~=(1),

Definition 4.8 (Branching function). Let m,7 € N, and assume that X C Q is K-
uniform on the sequence {2777} ;. Write

D, = {(z.y.2) € £ Z°: z,y € [0.1]and = € [0, min{1,z + y}]}.
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We define the branching function fx: D,, — [0, 00) of X via the relation

|X|5zx(gz><5y = 5_fX($’y’Z), (ZE, Y, Z) - Dm

Remark 4.9. The well-posedness of fx does not require the uniformity of X. However,
note that if X is uniform, and (z,y,2) = (i/m,j/m,k/m) € D,,, then §* x §* x 0¥ =
27T % 27T % 27T is one of the scales on which X is uniform.

Definition 4.10 (Renormalised branching function). Let X, D,,,, fx be given as in Def-
inition 4.8. Fix (9, yo) € + Z such that (zo, yo, 20 + yo) € D,y Define

fx(@,y, 2320, y0) = fx(xo + 2,90 + ¥, Zo + Yo + 2) — fx (0, Yo, To + o)
for all triples (,y, ) € L Z* such that the right hand side is well-defined.

As the name suggests, fx(- - - %o, yo) is (roughly speaking) the branching function of the
renormalised restriction of X to a rectangle of the form R sz, sv0+v0 xsv0 (w). Lemma 4.12
(which is [ , Lemma 3.11]) will make this precise.

Definition 4.11 (Rescaling map). Let u,w € (0,1] and wy = (ag, by, 09) € 2. For R =
R xuwxw(wo), we define the rescaling map

r(w) = (a — aO’ b— (bo + oo(a — ao))’ o— 00>7
u uw w
Lemma 4.12. Let m,T € N,and let X C Qbe (m,T')-uniform. Let (o, Yo, 20) € Dy, wo € X,
and let R = Ry se0+v0 xgu0 (wo). Finally, let X' C Yr(X N R) be an (m/, T')-uniform subset
with | X'| > K~YX NR|, where m’ :== m(1 — zq — yo). Then,

w=(a,b,o) €.

|X|5m0+m x 5T0+Y0+2z x §¥o+v

’X”gmx(;zxgy ~K7 = (5—fx(x,y,z;:r:o,yo)’ ($, Y, Z) € Dy

’X|6l‘o X §%01Y0 x §Y0

Definition 4.13 (Effective triple for X). Letm,T € N, and let X C Q be (m, T')-uniform
with branching function fx: D,, — [0, c0). Define the functions auxiliary functions

and
(411) €X(8;xvy) = %(fx(S,O,S;(L’,y) + fX<07 S, 5;I7y) - 38)7

for all parameters z,y, s,t € % Z such that the right hand sides are well-defined.
Let (z,y) € L Z*and t € L Zwith0 <t <1— (z+y), and let ¢;,co > 0. A triple
(t; 2, y) is called (c1, c2)-effective for X if max{t,z,y} < ¢, < 3, and

bX(taxay)+€X(S7x7y) ZCl7 s € [t,l—(ﬂf—i—y)]

Remark 4.14. The meaning of the functions bx, ex is explained well in [ , Section
4.2], but let us say a few words. If x = 0 = y, then by definition

§bx(0,0) — | X5t x5t x5t ‘
5t|X’5t><6t><1’X’1><6t><5t
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This is the quantity appearing on the right hand side of the “initial estimate”, Lemma 4.5
with n = §'. So, Lemma 4.5 tells us roughly speaking that Z}; (X)/(6*|X|?) > §—#x(#:0.0),
On the other hand, the function ex could be called the “high-low error”, because

6@){(5;0,0) _ (|X 1/2 '

6_51><65><1‘X‘1_>155><655735)

For uniform sets X, the right hand side roughly matches the right hand side of the
high-low inequality (Theorem 3.5) with A = X = B; we will systematically ignore
the eventually harmless logw™! factor (and various other constants) in this heuristic
discussion.

Now, assume that (¢; 0,0) happens to be a (c1, cz)-effective triple. Then, combining
the “initial estimate” (Lemma 4.5) and the high-low inequality,

Iy (X) _ Zi(X)
> —
O)X[2 = 6tX]? Z (|X

1/2

6_~"‘1><6S x1 |}<|1_>1<5S ><635_3S)
s€ft,1]

> §bx(50.0) <1 _ sup 5bx(t;0,0)+ex(s;0,0)> > 67bx(t;0,0)<1 — g,
s€t,1]

Provided 6 < 1, this shows that Z;(X)/(6|X[?) > 15-x(:0.0) Moreover, §"x(1:00) >
§9(¢2) thanks to the (effective triple) assumption ¢t < ¢y, and the Lipschitz continuity
of t — bx(t;0,0). In summary, a (¢, cz)-effective triple of the form (¢;0,0) yields
T} (X)/(0]X]?) > §9(<2). The same conclusion remains true for all (c;, ¢, )-effective triples
(t;x,y), roughly speaking by applying the argument above to X N R, where R is a
(0% x 6"*Y x §¥)-rectangle. For the details, see Proposition 4.16.

For the proof of Proposition 4.16, we record a corollary of the high-low theorem for
rays (Theorem 3.5) for uniform sets. This is a counterpart of [ , Proposition 4.1].

Corollary 4.15. Letw € 27¥N(0,4], K > 1, and let X C Q be a finite set which is K-uniform
on the scales {w x w x 1,1 x w x w}. Then, for every A € 2" with Aw < 3, it holds

TrX)  TwaX)

_ _ _ _1\1/2
(412) w\X|2 - (U)/A>|X|2 S/ KA2 (|X|w1<w><l|X|1>1w><ww 310gw 1) )
and
T (X) _ Ta(X) - _ - L1\1/2
(413) U}’X|2 - (AI’?U)|X|2 5 KA1/2 <|X|w1<w><1|X|1>}w><ww 310gw 1) / :

The implicit constants depend on the function “x” for which J* has been defined, see (3.6).

Proof. Fix 27 € 2V N [1, A/2]. Applying Theorem 3.5 with A = X = B, and using the
trivial estimates My-; 5210 (X) < Myxw(X) and M o5, (X) < Miy(X),

(4.14)

j;jw(X) ;ﬁj_lw(X) ‘ < (waw(X>Mlxw(X)

; . 1/2
- - - 2_] -3 1 2—] _1) '
27w) X2 (27 w)[ X[ X2 (27 w) ™" log (27 w)

To proceed, note that M., (X)/|X| < K|X|,Lwxi and M1, (X)/1X] < K| X[t wxw Y
K-uniformity, see [ , (27)]. We mention that M,y (X) and M, (X) defined at
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(3.7)-(3.8) are a priori different from M« ,x1(X) and M .« (X) appearing in [ ,
(27)]. However, M« y(X) ~ Myswx1(X) and My, (X) ~ Mixwxw(X) by [ , (2D)].

Note also the general inequality (ab)? log(ab) < a*b?logb, valid for a > 1 and b > 2
(in particular a = 27 and b = w™!). Substituting these estimates back into (4.14),

TobiX) T, (X)

‘(2‘jw)|X|2 (277~ tw) X2

; _ _ _ _1\1/2
S 22]K (|X‘w1<w><l|X‘1>1w><ww 310gw 1) .

~Y

Summing this estimate over 27 € [1, A] yields (4.12).
For (4.13), we also fix 2/ € 2¥ N [1, A/2], and start with

1/2

j2+ (X) ‘»72—;'_+1w(X) ) < (M2j+1wx2j+1w(X)Mlx2j+lw(X)

e R e XP?

(20) 3 log(ij)_1>
Now we estimate Mo +1, 595415 (X) < 2% Myw(X) and M y95+1,(X) < 2% M4 (X), and
(27w) 3 log(2w) ™! < 27%w?logw™! to get

VAMC.SVATRNG.S)

BORE BT

~

: _ _ _ _ 1/2
S V2K (1X] kX logw ™) 2

Finally, (4.13) follows by summing over 2/ € 2V N [1, A/2]. O
4.3. Effective triples yield ray incidences. Proposition 4.16 below is our counterpart

of [ , Proposition 4.2] where line incidences have been replaced by ray incidences.

Proposition 4.16. Let ¢y, cy > 0. Then there exist mo = mg(c1) € N such that the following
holds for all m > mg and T' > T(cq, c2, m):

Write § .= 27T, Let X C Q be a finite (m,T)-uniform set. Assume that there exists a
triple (t; x, y) which is (c1, co)-effective for X. Then,

(4.15) Tihs(X) > 6% |X |2,

Proof. The argument is a rigorous version of the sketch provided in Remark 4.14.
We start by fixing parameters. First, let mo = mq(c1) € N be so large that

(416) 3/m0 < 01/2.

Fix m > mg, and let a,c > 0 and C > 1 be absolute constants to be determined later.
Then, let T, = Ty(m, ¢1, ¢2) € N be so large that the following holds:

(4.17) max{2C K*a25%/2(log 1)%,2K*'6%} <¢, T >T,.

This is possible, since K = §—°7~=1) for m € N fixed, recalling that § = 27™7. There
will be additional requirements on the size of 7', depending on m, ¢, c3, to be described
later.

We claim that we may assume, without loss of generality, that

(4.18) X [5xe51 > 617322,
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The point is that (4.15) is easy to show in the opposite case. Assume that (4.18) fails.
Let b > 0 be an absolute constant to be determined in a moment. Let P; C P[X] be a
maximal 10d-separated subset, so | Ps| ~ |X|sxsx1. Then, note that

Tis(X) 2 ) {(wr,w2) € X* s max{|zu, — 2|, |20, — 2| < 56}},

z€ Py

since the sets on the right are disjoint, and each pair (w,w,) in any of these sets satisfies
dist (2, £, ) < 100. Next, note that for z = z,, € Ps fixed with wy € X,

H{(wr,ws) € X2 max{|z,, — 2|, |2, — 2| <50} = {w € X : |z, — 2| < 56}|?

(4.2) 9
> |X N R6><<5><1(W0)|

2 K_2M6><6><1(X)2

by K-uniformity. Thus, using also |X| < M;ysx1(X)|X]sxsx1 < Msxsx1(X)o17322 (by
hypothesis), we obtain

Iﬂ)g(X) Z [(_2|)(|6><§><1]\45><6><1(ji)2 Z K_2|X|M6><6><1(X) Z K_251+3262|X|2-

This proves (4.15) for T' € N large enough (depending on c¢;). In the sequel we may
therefore assume (4.18).

Fix wy € X arbitrarily, and let R := Ryeysotuxov(wp). As in Lemma 4.12, let X' C
Yr(XNR) be an (m/, T')-uniform subset with | X’| > K~} XNR|, where m’ = m(1—z—vy)
(this subset is provided by Lemma 4.6). By Lemma 4.12,

(4.19) ‘X/|§ﬂc’><62'><6?4' ~ gt 5*fx(g:’,y/72/;:r,y)7 (I,, Y Z/) €D, .
By Lemma 4.5,
(420) le(r)&i (X,) > If(_J(St (X/) > ‘X/|5t><5t><(5t (4'19)1 57bx(t;x,y).

1061 X/2 = 106 X/[2 ™ 51X srnaint | X [ixoingt

Here, and below, J+ is defined for some function x € C>(R?) satisfying 1 B1/2) < X <
1p(1); now the first inequality above follows from Lemma 3.4.

Recall the (small) absolute constant a > 0 defined above (4.17). Recall that § = 277,
abbreviate 0 := §'~*~¥, and write

Tae(X)  T5K) | _ | Th(X)  THX) .
06X~ aoXP| = 10s X~ o X | e X T X
(421) m(l—z—y)—1

i Z ‘j;jT(X/) B *72+<j+1)T(X/)‘
2—jT|X!|2 2—(j+1)T|X/|2 ’

‘ JsX)  JF(X)

j=mt
We will apply Corollary 4.15 to each of the terms with constants A € {27,1/10,1/a}.
Writing 2777 = §7/™, using (4.19), and estimating j < m,

jzth(X/) _ *72+(j+1)T(X/)‘
2—jT’X/‘2 27(j+1)T’X/’2

) N\ 1/2
2T r1—1 /-1 35T T
< K2 (\X s X 2287 Tog 29 )

Sies m2¥T - XU et m(1 =z —y) — 1},
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Similarly, using log 6! < logd~! = mT,

JsX)  JF(X)

WX X

_ _N1)2
—2 -1 —1 -3 -1
S Ka <|X|5><5><1|X|1><5><55 1Og5 )

~Y

<ges a 2mT - §ex—z—viwy)

Substituting these estimates back into (4.21), and also recalling (4.20), we find, for some
absolute constants ¢ > 0and C' > 1,

+ (! m(l-z—y)
‘7115<X ) > K2ty xGry) _ o K8 2m 23T Z yex(i/miz,y)
2 —
(4.22) ad|X'| S
> 5 ox () (K™% — Cm?K823TgxEey)  qup 56x(8;w,y)).
o t<s<l—z—y

This estimate determines the absolute constants ¢, C' in (4.17). Since (¢; z,y) is a (¢y, ¢2)-
effective triple, above

Sox (Ez,y) sup gex(sizy) < e,
t<s<l—z—y

Next, note that 237 = §=3/m < §=3/m0 < §=<1/2 according to (4.16). Since furthermore
m < mT = log %, we find
2 178037 sbx (t;z,y) ex (s;z,y) 8 ¢c1/2 1\2 (4.17) crm—21
Cm=K®2°" 5% sup XY I COKE  (log5)” < §KTT.

t<s<l—z—y
Substituting this upper bound back into (4.22), and also using Lemma 3.4,

Z;:M“’“y(x/) jaE(X/> ¢ f—21 s—bx (tiay) ) e p—21 51008 o K11e
(4'23) a(;l_x_y’X/‘2 Z &S‘X_l‘2 Z EK (5 X(7 7y) Z EK 5 2 2 5 2.

The estimate (), namely 6>t > §10¢2 follows from the hypothesis (in the definition
of effective triples) that max{z,y,t} < ¢y, and the Lipschitz property of the branching

function fx, see [ , Lemma 3.8]. Here we also need 7" to be large enough in terms
of Co.
Next, as in the proof of [ , Proposition 4.2], we would like to show that

“rescaling preserves incidences”, and therefore (4.23) implies (4.15). There is a small
technicality here (explained in Remark 4.17) which requires us to perform an additional
argument. Unwrapping (4.23) (and estimating §' =~ > §), we have so far shown that

(4.24) [{(wr,w2) € X' x X+ dist(2u,, £,) < 2ad}] 2 ad' T X|? > ¢ 242X |2,

The final inequality follows from |X'| Zx2 Mseyseruxon(X) > |X|/|X]|soxse+vxsy 2
53X | and max{z,y} < ¢, thus a|X'|? > §3¢|X|? if T > 1 is large enough in
terms of c,. For reasons to become apparent in a moment, we need to upgrade (4.24) to

the following:

(4.25) [{(wi,w2) € X' x X" : 2y, < 2, and dist(z,, £ ) < 2ad}| = 67242 X]?,
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where z,,; refers to the first coor_dinate of z,,. To see t_hat this can be done, note that if
Loy > Ty, and dist(zu,, €5 ) < 3ad, then |z, — zu,| S ad = ad'~*7¥. So, the difference set
of the pairs in (4.24) and (4.25) is contained in the set of "nearby pairs"

N = {(wi,ws) € X' x X' 1 |2, — 2w,| S adt 7Y}

Further, for w; € X' fixed and a > 0 small enough, the set {wy € X' : |20, — 20| S
ad'~*7v} is contained in X' N Rgi-s-yys1-2-vx1(w1). Therefore, by the K-uniformity of
X/
: , X/[?
|N| S |X. |M617z7y><51717y><1(X_) SK 7
|X. ‘61—z—y><51—z—y><1

G X[?[X o x o0 a0

~Y
1 X 51-vx5xsv
Here moreover | X|sxgetuxsy < |X]s2e0 x52e wg2e2 S 002, and

(4.18)
X |s1-vxsxsy > | X]s1-vxsx1 2 0¥ X|sxsx1 > 0?2 X]sxox1 > yi3ler

Altogether, |N] Sk 6'722|X |2 Comparing this with the lower bound (4.24), we
conclude that (4.25) holds, provided 7' is large enough in terms of c,.

We may now complete the proof of (4.15). Recall that X’ C ¢ (X N R), where
R = R5zx§z+yx(§y(a0, bo, 0'0). Fix a pair (Wi, wé) = (1/)1:{((4)1), ¢R<u}2)) € X' x X’ such that

Ty < x4 and dist(zwé,fj,l) < 2a8t 7Y,

It is shown at the end of the proof of [ , Proposition 4.2] that dist(zy,, {.,) < 0,
provided that a > 0 is a small enough (absolute) constant. To show a fortiori that
dist (zw,, £, ) < 6, it suffices to demonstrate that z,,, < z,,,. Write w; = (a;,b;,0;) for j €
{1,2}. With this notation z,,; = a;, and (recalling the form of ¥)r from Definition 4.11),

a; —a as — a
(4.26) ! = 0 _ Tt < Ty = 2 = 0

Therefore z,,, < x,,, as desired. Now (4.25) implies that Z; (X) > §'+**2|X|?, which is
stronger than (4.15). The proof of Proposition 4.16 is complete. 0J

Remark 4.17. Why did we need to upgrade (4.24) to (4.25)? Assume that (w},w}) =
(Yr(w1), Yr(w2)) is a pair satisfying dist(z.,, 6:53 ) < 6'~*¥ (but perhaps not ., < ).
From the information dist(z.,, E:,l ) < 6'7*¥ alone we may infer that 2., >, — 'Y
Using the relation (4.26) this yields z,,, > x,, — §' 7. Since y > 0, this information is
weaker than z,,, > ,,, — ¢, which is what we would need to conclude dist(z,,, £}, ) < 0.

4.4. Completing the proof. With Proposition 4.16 in hand, the rest of the proof of
Theorem C is the same as the proof of [ , Theorem 1.9] (or Theorem 1.10). We
recap the main steps. First, following [ , Section 3.9], one defines the space L of
limiting branching functions f: D — [0,00), where D = {(z,y,2) : z,y € [0,1] and z €
[0, min{1, z + y}|}. We will not need the specifics of the definition here, so we refer the
reader to [ , Section 3.9].
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Definition 4.18 (Effective triples for limiting branching functions). Let ¢; > 0, ¢co >
0, and f € L. A triple (t;z,y) with 0 < ¢t < 1 — (z + y) is (c1, c2)-effective for f if
max{t,z,y} < ¢y < %, and

b(t;x,y) + e(s;x,y) > e, t<s<1l-—(x+y).

The functions b, e are defined by the same formulae as in (4.10) and (4.11).

This definition of effective triples is taken from [ , Section 4.3]. Next, we follow
the notation in [ , Section 4.3] verbatim to define the family £&°°¢ C £. This subset
consists of the functions f € £ such that for every ¢, > 0, there exist ¢; > 0 and (¢; z, y)
such that (¢; z,y) is a (c1, ¢2)-effective triple for f. In other words, f has effective triples
for arbitrarily small values of “c,” while also retaining ¢; > 0.

Next, following [ , Section 5.1], we define £, 3 C L, for a, 8 > 0, to consist
of the functions f € £ such that f(z,y,z +y) > ax + Sy for all (z,y) € D. With this
notation, [ , Theorem 5.1] (one of the main results in [ ]) is the following
statement:

Theorem 4.19. If o, 3 € (1,2] with o + 3 > 3, then L, 5 C L&
Next, we state [ , Proposition 4.4] for ray incidences:

Proposition 4.20. Let {(X, dx)}72, be a sequence, where each Xy, C Q is a finite set, 6, \, 0,
and every limiting branching function for {(Xy, 0x) 22, is in L£8°°. (The precise meaning of
this final hypothesis is clarified above [ , Proposition 4.4], but we do not need the details
here.) Then, for every ¢ > 0 there exists ko(c) € N such that

Ig(xk) > 5, Xy |2, k> ko(e).

The proof of Proposition 4.20 is the same as the proof of | , Proposition 4.4], and
the difference between Z (X;) and Zs, (X}) has no effect on the argument (except that
one needs to apply Proposition 4.16 inside the proof in place of | , Proposition
4.2]).

We now have all the ingredients in place to prove Theorem C. This short argument
may be copied from [ ] verbatim, and we do so for completeness.

Proof (of Theorem C). Fix a, f € (1, 2] with o + 5 > 3, and assume that the conclusion
fails. Then, for some ¢ > 0 there exist sequences 7, — 0 and J; — 0, and a sequence of
Frostman (6, o, 8, 6, ™)-sets X, C Q such that ] (X;,) < 6,"°|Xy|? for all k € N. Any
limiting branching function for {(Xy, d;)}2°, isin L, 5 C £8°°4 (the last inclusion being
Theorem 4.19), so Proposition 4.20 produces a contradiction. 0
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A. HIGH-LOW LEMMA FOR RAYS

In this section we prove Theorem 3.5, repeated below:

Theorem A.1. Let A, B C ( be finite sets. Then,

JL(AB)  J,5(AB) (Mle(A)Mwa(B) .
wlA[[Bl - (w/2)|A[[B|I ~ |A[[B]

where the constant A, > 0 depends only on .

1/2
w’3logw’1> , we (03],

Proof. The implicit constants in the < notation in this argument may depend on .
Abbreviate B(w) = J,f (A, B)/(]A||B|w). With this notation, using the definition (3.6),

B(w) - B(w/2> = |A1|]3| <Xw/2 * (Xw * fw — Xw/4 * fw/2)>g>'
Therefore, by Cauchy-Schwarz,
(A1) |B(w) — B(w/2)| < &igrlXew * fu = Xuwsa * fullaq-om2) X * glli2-222)

(The integral may be restricted to [—2, 2] since spt g = P[B] C [-1, 1]%.) For the second
factor, we use the definition of M, «,,(B) (see (3.7)) to deduce that

(A.2) IXws2 % gll2 S Nlglllxwz * gllze S w ™ - [BIMyxw(B).
To bound the first factor in (A.1), we define

1+ 1,+
(A.3) (1):)— — Xw % [Zw]w/2 o Xw/4 * [Zw]w/47 W e A
w w/2

We also define a version of the ®-function where ¢/, is replaced by 4,

1 1
(A.4) By, = kR e e A
w w/2

With this notation, it holds

Xuw * fu = Xuwja * fup = Y ®F.

weA

Let ¢ € C°(R?) be a function with 1 (2272 < 1 < 1_3 2. Then,

(A.5) X * fur = Xwsa * Fuopllfoqomy < D ‘/(I%ZCDIQ

w1,waEA
The most technical argument in [ , Appendix A.1] concerns the related integral
[ @, Py, 9. Itis proved (in an unnumbered display towards the end of [ , Ap-
pendix A.1]) that
(A.6) | / Doy oyt S minfw! w0 /AL, L)’}

This estimate is (as far as we can tell) not true with CIDIJ, in place of ®,,. However, it is
true if the origin of ¢, stays at distance ~ w away from /,, and vice versa.
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Claim 1. If dist(2y,, lw,) > 20w and dist(z,,, (., ) > 20w, then

(A7) ‘ / <I>g1<1>;21p) < minfw ™, w?/da(lo,, 0,)%).

The proof is based on (A.6) and the following geometric observation:

Claim II. Assume that dist(z,,, {,,) > 20w and dist(2y,, ., ) > 20w. Then

(A.8) ordf =0 or @O =0, ,,.

w1 T w2 w1 T w2

Proof (of Claim I assuming Claim II). If the first alternative in (A.8) holds, then (A.7)
is clear. If the second alternative holds, then

‘/@;@jj,zzp‘ - ‘/@w@ww

and (A.7) is a consequence of (A.6). O

Y

We then prove Claim II.

Proof (of Claim II). Abbreviate ¢,;, =: ¢; and ¢/ =: (] and similarly ®,;, = ®; and
®f = /. Letus also write

l;={(z,a;z +b;) -z € R} and (] ={az+0b; x> ¢}

for some a;, ¢; € [—1,1]. With this notation z; == 2, = (¢;, a;c; + b;).

Assume first that ¢] N (5 = . We claim that &7 &3 = 0. Assume to the contrary that
(@ ®5)(x,y) > 0 for some (7, y) € R?. We may and will assume that max{cy, c;} = ;.
Note that

spt @7 C {(2,y') 2’ > ¢; = 3wand |y — (a;2" 4 b;)| < 3w}, je{1,2}.
Therefore z > max{cy, 2} — 3w = ¢; — 3w, and
|h(z)] < 6w where h(x):= (a1x + b1) — (agx + ba).

We first dispose of the case where ¢; — 3w < x < ¢;. Since h is 2-Lipschitz, |h(c1)| < 12w.
This implies dist(z;, {2) < 20w contrary to hypothesis. So, we may assume that > ¢;.

Either h(z) > 0 or h(z) < 0, and the treatment of these cases is similar, so we only
consider h(z) > 0. Note that &/’ = a1 — ay is constant. Assume first that 2’ > 0, in which
case h(ci) < h(z) < 6w. There are now two options: either h(c;) > 0 or h(c;) < 0. In the
first case h(cy) € [0, h(z)] C [0, 6w], which implies that dist(z1, ¢2) < 20w. In the opposite
case h(cy) < 0, there exists a point € € (c1, ] = (max{cy, c2}, x| with h(¢) = 0. This gives
(1 N3 +# 0, again contrary to assumption.

Assume finally that &’ < 0. Since h(x) > 0, there exists £ > x > max{c, c2} such that
h(§) = 0. This means that ¢{ N {3 # (), again contrary to assumption. We have now
reached a contradiction in all cases, and proved that ¢] N ¢3 = () implies & &5 = 0.
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Next, assume that ({7 N ¢5 # 0. In this case we will no longer use the hypothesis
max{cy, c2} = c;. We claim that ] &5 = &, P,. Assume to the contrary that there exists
(z,y) € R? such that

(D7 ®F)(z,y) # (P1P2)(, ).

Then either @] (z,y) # ®1(z,y) or &5 (z,y) # Pa(x,y); let us assume that & (z,y) #
®,(x,y). Then z < ¢; + 3w, since ®] (z', ') = ®,(2’,y') forz’ > ¢; + 3wand y € R.

Recall that h(x) = (ayjx + by) — (asx + be). Observe that h(z) < 6w, since otherwise
(7P )(z,y) = 0= (P1P2)(x,y). We dispose of the special case where ¢; < x < ¢; + 2w.
Then h(c;) < 12w, and therefore dist(z, {2) < 20w contrary to hypothesis. So, we may
assume that x < ¢;.

Since we assumed that /7 N /5 # (), and # < ¢;, there exists £ > ¢; > z such
that h(§) = 0. But now h(c;) € [h(£), h(z)] (since h is monotone), and consequently
|h(c1)| < 6w. This implies that dist(z, f2) < 20w, contrary to hypothesis. We have now
proved that ¢{ N (] # () implies @ 5 = &Py, and the proof of Claim II is complete.[]

We proceed to estimate the right hand side of (A.5). Write

Bad = {(w1,w2) € A x A : dist(z,,, lw,) < 20w or dist(zy,,l,,) < 20w}.

Also set Bad(wy) == {ws € A : (w1,w2) € Bad}, w; € A. Fixing w; € A, and using
Claim I,

> | [eneiu]s e e A b € Bu v

wo€A \ Bad(w1)

+ Y w2 {wy € Al € By, (0,277}

w<2-7<100
Sw ' Mi(A)+w® > 29 M (A).

w<2-3<100

Note that since By, (o, ) can be covered by < (r/w)? many w-balls for r > w, it holds
My (A) < (r/w)* My, (A). Inputting this back into the estimate above,

S| e su M@+ Y 2Mi(A) S w0 Miw(A)

we€A \ Bad(w1) w<2-7<100

Summing over w; € A, we therefore find

(A9) > | [enen] sutiapnwA),
(w1,w2)E(AXA)\ Bad

We next aim for a similar bound for the sum over (w;,w;) € Bad, which we organise
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as follows:

JETRT E SR SN Y R SRR

(w1,w2) eBad w1€A w2EA
dist (2w, ,lws ) <20w

XY | [eneny

woEA wi€EA
dist(zwq ,fw, ) <20w

=: 21 + 22.
The bounds for ¥; and ¥, are symmetric, so we only consider £;. Now we no longer

have the “orthogonality bound” (A.7) available, so we will have to make do with the
following “non-cancellative” bound:

(A.10) | / %040 S minfw ! da(lu, o)
This follows from the observations that || &7 &7 |[1~ < w™?, and if d4(£,,, ) > w, then

(spt @7 ) N (spt D)

is contained in a rectangle of dimensions ~ w x (w/d4(¢1,¢2)). For d 4({,,,{s,) < w, one
relies on the trivial fact that spt(®/ 1)) is contained in a rectangle of dimensions ~ w x 1.
Using (A.10), one gets

(A.11) zlgz( S owy - dA(zwl,%)—l).

w1EA woEA OJQGAZdA(gwl,ng)Zw
dA(Cwy sbwy)Sw dist (2w, ,lwy) <20w

The first sum in brackets is evidently bounded by w™ M., (A). To bound the second
sum, we make the following observation: the relevant family of lines

Alzy,) = {ly € A(2,1) : dist(z,,,l2) < 20w},

viewed as a set of parameters in [—1, 1]?, is contained in the O(w)-neighbourhood of
a certain line, determined by z,,. We partition A(z,,) \ B, (¢.,,w) according to the
distance between /,,, and /s € A(z,,):

A(Zau) \ BdA(gwlﬁw) = U Aj’

w<2-i<1

where A; = {ly € A(2y,) : da(lu,,l2) € [277,2771)}. In parameter space, A; is con-
tained in a rectangle of dimensions ~ w x 277. Therefore A; may be covered by a family
B; of w-balls of cardinality ~ (277 /w). Since |[{ws € A : {,, € B}| < Mi«,(A) for each
B € B;, we obtain

> Al b))V S Y 2 s € Al € Aj}

wa€A:d A (L Luy ) 2w w<2-3<1
d(2wy 1wy ) <20w
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< Z 2j2|{w2€A:€W€B}|

w<2-i<1  BeEB;

< (w_1 log w_l)Mlxw(A).

~

Substituting this estimate back into (A.11) yields ¥; < (w™'logw™)|A|M;x,(A), and
therefore

> /cp+ f | < (w ' logw ™) |A|Mixw(A).
(w1,w2)€Bad
Combining this estimate with the bound (A.9) for the “good” line-pairs, we find

‘/qﬁ O 1| < (w log w)|A|Miyu(A).

w1,w2EA

Substituting this bound into (A.5),

IXw * fuo = Xuwa * fupellizzz2) S (W™ logw™)|A[Myx,(A).

Finally, plugging this estimate and (A.2) back into (A.1) yields

Miw(A) MyswB) - gy 1\ 12
|B(w) — B(w/2)| 5( w3 logw ) .
|A[[B]
This completes the proof of Theorem 3.5. O
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