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Dimension spectra?

Given two notions of dimension

e.g.
Hausdorff + Box

( intermediate
dimensions )

Falconer + Fraser + Kempton , 2020

e.g Box + Assouad (
Assoucid spectrum

Fraser + Yu , 2018

define natural parametrized family
d- dimensions



Intermediate Dimensions

d-iinp.sk = inf { 570 : for all 8 suff .small
,

3- cover {di} of Kst .
• diam Ui = 8

• Eldiamuii -4 }
i



Intermediate Dimensions

Timok = inf { 570 : for all 8 suff .small
,

3- cover {di} of Kst .
[ for 0-40111] • gÉ ≤ diam di ≤ 8

• Eldiamuii €1 }
i

( note : also
"
lower

"

version )
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Assouad Spectrum

dimak = int {✗ 7,0 : for all ◦ < R≤ 1
,

[ for 0-4911] NpBHR)nK)≤(¥}
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Why Dimension Spectra?
• natural fractal dimensions ,
(bi - Lipschitz invariant , finite stability ,etc .)
• Assouad spectra : quasiconformal

distortion (Tyson
- Garitsis : sharp for

polynomial spirals ) , LP
_[ distortion

bounds ( Roos - Seeger )
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• Intermediate dimensions : finer

information for projections (Burrell +
Falconer +Fraser ) , random images ( Burrell /

• ( and move to come ! )



Natural Question :

What are possible forms of
-0↳ Timok

⊖ '→ dimjk
for arbitrary Borel K4Rᵈ ?



Full Characterization for
intermediate dimensions

Theorem ( Banaji + AR ) : T . F.A. E

•
FKCIRds.t.d-imo.tn = hl-01

•

◦ ≤ ☐that ≤ ʰ'%¥-ʰ
Dth 16-1=4:{up hl⊖ᵗ%-hl
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Consequences :

• if f- :(0111-17112 is increasing + Lipschitz,

3- a> o , b
C- IR ,

KC /Rd

dimok = a. fl
-01 + b

( very general ! /

• more general form simultaneously
characterizing upper

flower , and

accounting for Assouadt lower dimensions



Full Characterization for
Assouad spectra

Theorem ( AR)
T.F.AE .

•
FKCIRD S.t. dima -_ 410-1

• For all 0
< d< ⊖ < dk< 1

,

◦≤ 4-d)4611-11-0141%10
-d) 41¥ /



◦≤ a-d) 441-11-0-14101≤ 10-+141%1

• ≤ holds ⇔ ☐
+
ploy ≤ ¥!

• if 4 increasing , ≤ always holds

[ N .

B .
dima K not monotonic , in

general ]

=D ≤ is an
"
osscitation

" bound
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Monotonicity?

Question ( Fraser ) : does Assouad spectrum
need to be monotonic in neighbourhood of
1 ?

Theorem /AR) 1-0 .

In fact , Assouad

spectra which are non -monotonic on

every open set
are uniformly dense in

all possible Assouad spectra .
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Bounding Intermediate Dimensions

• Bound dim.o+eK in terms of dimok .

↳ convert cover

gto-diamu.IS to 8 ≤diamu.is
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Bounding Assouad spectra

◦≤ a-d) 441-11-0-14101≤ 10-+141%1

# Bloc , s "⊖)≤ Btx ,
8%1 / so

s:p Ng (
Btx

/
8¥ ) nk ) ≤ {up NglBHsHnk

)

1- algebra



Bounding Assouad spectra

◦≤ a-d) 441-11-0-14101≤ 10--11141%1

# cover
Blx , 8

") w/ balls Bly.si/suPNgo-lBlxi8dhk:)
§:{Ngl Blas

" Ink) ≤ seek

sup N•glBlx , 8° Ink)
+ algebra seek
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Moran Constructions
Fix sequence

(ruin? , Clo, £ ] .

÷
a → Ii
rirz rih

↳ 1--1 H

: : • : :

clrnti-i-nf.cn



Lemma (Banaji +AR) Let g :(0,01 → lad] .

St . Dtglx ) c- [ - glx) ,
d- glxl] .

Then there exists homogeneous Moran

set so that

/ slexptexplx)) ) - glx) / ≤dlogzexptxl

where slst-k.slogdglog2-wlri-rko.IE
8

< ri - rklstl
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/ slexptexplx)) ) - glx) / ≤dlogzexptxl
• s (8) =

" box dimension at scale 8
"

( in fact d-imp.sc = Lim int SIS )
8→o

dints C = linesup SIS) )
8 →0

• error dlog 2 expl -x) is p since

SIS ) has discontinuities of size

dlog 2 exptx) .
• double log rescaling : 8¥ ~ ✗+ log ¥

.



Formulas for dimoc , dimjyc

• dimok = limsupfinf
→→ so ytlxixi-log.to ]

9ᵗʰ) )
I glx)

i
i+ñ=¥



Formulas for dimoc , dining C

• dimak =limsup[9↳Y?¥-⊖gl]
✗→•

Usecant
"
with

"scale - invariance " P

•"" ___;.-;wIÉ
-0 -

g
'



To prove sharpness of bounds :

Ichoosegtxcaoetullya
-
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Construction for Assonant 1

spectrum .
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