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A . Multi fractal spectrum
µ Borel probability measure on 1124

'

compact support .

Question : what does the
" density

"

ofN
"
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"

w . v. t Lebesgue measure ( = m) ?

If µ KM , N
-
- ff dm .

f
"

encodes density
"

of N .

I . What can wesay about the faunas f?

2 .
what if u & m ?



Definition : the local dimension of N
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Observation : { x : dimeoelv.ae ) - E3 is
dense in Supp N .

Also :

some of these sets are
"

larger
"

than others .

Definition : the multi fractal spectrum of N

fuk ) = dime {x
: dimerWix - a}

what does fr look like? Cantor ex :
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• fu concave, differentiable ,
et . e .

2 .
Multi fractal formalism



Multifocal spectrum is very
"local "

. Alterman :

Definition: the L9 spectrum of N is QEIR
A

Tnlq ) = limiuf log sup ? NCB loci ,rH⑤= sized
-

layer
✓ →o centred

q log V puhh.

Wl supremum over centred packing {BlairHi

of supp N . sci Esurpn

E. g . N = Lebesgue on co , D .
If r 70 , fit

I t balls Blair ) ,
each ul mais

NlBlainey Krol rt .r9

=D sup ? Nlodlxiir 119 re r
't -1

e- at

=D Idg ) =
limit look =q - l .
rao log r -

Generalities

• Twlq) is concave, increasing (Hilder 's inequality)
• dim,supper

=
- tuco )

• If N is
"

nice
" leg . exact dimensional )

dim
,
N
-

- tu'll . (Heurteaux
'
98 )



Introduced in (Hentschel et -al . ,
844

Definition : µ satisfies multi fractal formalism
if

fuk ) =tn*kkinf{ga - Hd}

In particular : fuk) is concave function .
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Ex . Cantor measure w.at. probabilities § , } .

I . Fix sloped . 3.
.

-outta) A tutty
= y- int.

Slope -- d p also
2 .

Find tangerine conure.

Wl slope are of line.
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Question: how
"

generic
"

is multitrack formalism?
l

-

• Certainly need dim
µ Supp N =dimBsuppN

• measure should also be locally
"
nice

"
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Self -similar measures
Fix IR ,

finite set of maps {Sizes , each

site) = rixtdi with OC Iri K l .

Also need probabilities ( pi tizz wit pi >o, Spit .

Then : F unique measure NS.t .
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from before

:

P
,

= } PE }



• If N self - similar, dim, supper -_ dime Supp N .

Does multi fractal formalism hold

for self - similar n ?

Theorem : ( Cawley - Mauldin
'

92 )

K --Supp N .

If Silk) nsjlk) = of for it j ,

then µ satisfies multifaceted formalism .

In fact
, showed also

if Pi
' rituals ,

what it overlaps ?
• Example : Hu- Lau 101 self-similar

-
If ✓ = uniform Cantor measure and µ=U*U*U
then

,

fuk) is not concave
.
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• Example : Testud
'

06
. Digit -like measures with

"
very non

- concave
" spectra

s fu

,



Both examples ( i in fact
,
all known examples) :

FN = max {f , ,
f
, }

where fi
,
fz are concave functions .

Question : Is there a general explanation
of this phenomenon?

Suppose N , ,Nz measures with

• N , , Nz each satisfy multi fractal formalism.

• Supp N , nsurpNz = &

let N -- N ,
+ Nz . Whatare tied and fold ?

I . fuld = dim #
Ext SuppN : climbed sat - a}

= dima Exesupp N,
: dimwelu,aka}

ssuuggj.it ! (Exesuppn!: dimwew.at-R )
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=

may { fu, Cal , feudal }

2. In Iq) = by sup ? NIB loci , rift
-

disjoint support
by r

= log ( sup GN!Blog , htt t sup {
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sum domin#
by larger

term .

= min { talk , Todd }
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phase transition



Theorem : R
.

"
2 It N self - similar t

satisfies weak separation condition t minor
technical assumptions . Then it concave functions

I
, I

. . . , Tm s . t
.

't, = non-Mitt Cerrone. n

= tz = linear fuk

tnlql = min ft, 191 , . . .

,
Im 413#
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.
.
.

,
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Corollary : N satisfies multifractal formalism

if and only if fu is a concave function .

Contrast to self - affine case ,
where e.g. for

Bedford - McMullen carpets

fu is concave ,
but fnlaktttlal

( Jordan - Rams 09
'

) .

Reinforces idea that multi fractal formalism holds
" generically

" for self - similar measures
.

Open Question : If u auyseff-simila-meas.me ,
does fu concave =D N satisfy multifractal

formalism?



Some proof ideas .
-

weak separation condition allows for overlaps. E.g .

Sako, if
I

5
, (co,D) Second

l l d d

-n--
D

, Az Az dy

• Idea: convert overlaps into disjoint behaviour

• Construct
"

graph- directed IFS
"
on the di , which are

( nearly ) disjoint . ¥
matrices instead of

xp
.

✓ root (probabilities )
• graph G

.
In = paths of length n

""""""↳

Projection In : R
"

→ Pn = partition of K

induces

phiogahiahin IT : so→ K

IT
"

almost injective
" (since Pn are partitions)



bet functions
+, ⇐ ( g)→MtdURL

positive rat- valued
matrices

w : El G)→ lo
, it

5. t. if n -- Le , ,
. . .

,
en) is a path ,

Tn (n ) = DEIR ,

'then diam Ld) = Wh ) = WH)
. . . when)

Nld) = ItTlnlll = HIT41 . . . Then) H

W
,
T
"

symbolic
"

versions of diam
, N .

① Use correspondence to
"

lift
"

multi fractal spectrum t

19 spectrum to symbol space DO

② Decompose symbol space according to strongly
connected components .

③ Prove multi fractal formalism for each component .

④ " Stitch together
" separate components .


