
Assouad-type dimensions

S finer information on scaling3and homogeneity
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Weak Tangents
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Set of weak fangents : Tan(K)

dimpK
= Sup [dim E

: EETan(k)3

Coriginally star dimension of Furstenberg ,

equivalent to Assouad dimension as observed

by Kenmaki-Ojak
- Rossil

dimk= infSa : FOR<facek

Nr(B(x, Ink) /E43
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i
Process gives
random set
It1 Mp C [0 , 13 ,

" .
non-empty al pos . prob

· boxdim-Age#offspring) = (9)
log(2) rog2

HOWEVER :
each interval has positive
probability of giving
full subtree on N levels

=> Assocad dim= 1 (independent of p(
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Weaktangent has 3 parameters :

1) Location (x) /im (K-s) 1B10, 1)
n-a

2) Scale (r)

3) Resolution (level of approximation to
limit I

Quantifying the relationship between these

parameters : 0-Assouad dimension

Following E
Fraser-Yu (2018)
Garcia-Have -Medivil (20211

Banuji-R . - Troscheit (2023+)
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Random set example : large deviations for subtrees

Example/Banaji-R-Troscheit) Let p(r)=heytr C

Lg(t)
Then for 0>Y log?

N-4(8) ~- (Mp-x) nB(0,1))
dim Mr

at a=0
I
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for arbitrarily small w
,
and exponent is shar .

***=log



explicit threshold
I

dimpk---- I
for "non-endpoint" behaviour

-t
-
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lgtugte⑧

↳P(r)/ G(r)30
- --

domain= move. decreasing 0 : (0 , 1) < 10,01



Self-similar sets and pseudotiteene ttty- t
- 1

0 I 'log]
-

~D set C ,
0 <t < : dimension St log4
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parameterMOREOVER:Sets B it reb . measure.
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Then :
It has weak tangent 20 , 13

·

I Fraser-Henderson- Oben-Robinson , 2016)
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Question : What is threshold function ↑(r) S .
t .

St

NI(r- (k -x) 1310 ,1) 7 (r
** )

B(x,r) N(1+ +(r)(B(,nk)
C . ) X

for inf. many c , w ?
-

k <a<dimpk (r4(r))dimi

Theorem/BanajitR .+Troscheit) Threshold functions

always exist for arbitrary bounded subsets of

RRY ( "Intermediate value theorem")



Suppose 41r)= constant (10,01

Then

N ↓ (v) (B(x,)n() -t(r
*4)X

fit
-

-exist---
dimpC=14theremutelding ik, dimgk)function
S.



Other Applications

1) Dimension bounds under distortion by
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e .g . quasiconformal distortion of
spirals (Garitsis -Tyson)



Other Applications

1) Dimension bounds under distortion by

EHolder , quasi-conformal I ... 3 maps
e .g . quasiconforme de wit

ga
e

2) LP- improving properties of spherical maximal
Ec [1 ,2]

functions
.

-> fully resolved for sets in which the

maximal possible scaling appears

as early as possible (Roos
- Seeger)



Weaktangent has 3 parameters :

1) Location (x) /im (K-s) 1B10, 1)
n-a

2) Scale (r)

3) Resolution (level of approximation to
limit I

closely related to rectifiability , etc .

but what about for less nice sets?
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Problem :

k = &S + e .4 - : l = 1, . . ., k3
n= 1

has weak tangent 30 , 17

but every fangent has > points .
-

However , many commonly - studied fractul

Sets satisfy some form of invariance .



Example . O <H (K <0

DensityTheoremforHausdorff
contenta

1 limsup(rnx)
r-0

sub-
/im H(r"(K- nB10,1)
new

-
I - content is

S upper-semit
=> HolE) HlEl

Sub .

(E = Tan(K,x)) dimpE
=S



-Fact : for H-a .e. xEK, I FeTan (K ,x S .f .

H(F1 >0
.

Good : guarantees many points al

property

Bad : exponent not optimal
(want s = dimpk)
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Call a set Kself-embeddable if

FCCEK relo, I bi-Lipschitz

f :k- knB(x,)

I not necessarily surjectivel
- e .g . any

attractor

fi:R-=
filk)

i = 1
d bi-Lipschitz contractions.



K is uniformly self-embeddable if

FCEK FOCrC If does not

f: K > Bla,r)nK dependo

If(y) -f(z))-e , wrk-y)
-

(quantitative control of Lipschitz exponent

e.g.
self-similar sets , such as the

2t from earlier .



Theorem (Kenmaki+R . ) Let K be

self-embeddable .

Then

I tangent E s .t . dimnE=dimp" :
-
--

-

Et (a) K,x)

-
() fi ( - )2↳
(i)

" (i)



Theorem (Kenmaki+R . ) Let K be

(self-embeddable) · Then
I tangent E s .t . dimnE=dimp" :

Suppose K uniformly self-embeddable ·
Then

dimn Exek : (EtTan(k ,x 3 = dim,
dimp=di

~D optimal exponent + optimal size



Intermediate behaviour?

examples of self-embeddable sets with

· dimn [CEK : Sup [dimpF : FtTan(k,3 = a}
for all dimp dimpk

=dim
, K

· dim
n [Ek: Sup [dim,

F: Fetanl, = dimpk}
<dim, K


