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1. (i) For each n ∈ N∪{0}, set

µn :=
∑
i∈In

piδfi(z).

Let Ψ: P(X) → P(X) denote the map

Ψ(µ) =
∑
i∈I

piµ ◦ f−1
i .

Also, note that if g : X → X is a function and x ∈ X , then δx ◦g−1 = δg(x).
Therefore, we may compute

Ψ(µn) =
∑
j∈I

∑
i∈In

pjpiδfi(z) ◦ f−1
j =

∑
j∈In+1

pjδfj(z) = µn+1.

Thus by the Banach contraction mapping principle,

lim
n→∞

µn = lim
n→∞

Ψn(µ) = µp

as required.
(ii) First, let f be any 1-Lipschitz function on F . Let a = minx∈F f(x) and

b = maxx∈F f(x). Since f is 1-Lipschitz, 0 ≤ b− a ≤ diamF . Moreover,
if µ ∈ P(X), then

a ≤
∫
X

f dµ ≤ b.

In particular, if µ, ν ∈ P(X) are arbitrary and f is any 1-Lipschitz
function, ∣∣∣∣∫

X

f dµ−
∫
X

f dν

∣∣∣∣ ≤ b− a ≤ diamF.

Thus diamP(F ) ≤ diamF .
Conversely, since F is compact, get y, z ∈ F such that d(y, z) = diamF .
Consider the measures δy and δz and the function g(x) = d(x, y). Note
that g is 1-Lipschitz by the triangle inequality; and moreover∣∣∣∣∫

X

g dδz −
∫
X

g dδy

∣∣∣∣ = d(y, z) = diamF.
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Therefore diamP(F ) ≥ dP(δx, δy) ≥ diamF , as required.
We actually showed that the embedding x 7→ δx is an isometry. The situation
is the same for the Hausdorff metric, with the map x 7→ {x}.

(iii) Let z ∈ Q be fixed and let 0 ≤ λ < 1 denote the maximal contraction
ratio of any function fi. By (ii), if i ∈ In, then

dP(δfi(z), νi) ≤ diam fi(Q) ≤ (diamQ)λn

so that

dP

(∑
i∈In

piδfi(z),
∑
i∈In

piνi

)
≤
∑
i∈In

pidP(δfi(z), νi) ≤ (diamQ)λn.

Therefore we conclude by (i) that

µp = lim
n→∞

µn = lim
n→∞

∑
i∈In

piνi

as required.

2. (i) Since K is not a singleton, get points x, y ∈ K with d(x, y) > 0. Set
δ = d(x, y)/4 and let m ∈ N be sufficiently large so that diam fi(K) ≤ δ
for all i ∈ Im. Now, since x ∈ K, there is some ix ∈ Im so that
x ∈ fix(K) ⊂ B(x, δ). The same is true for y ∈ K.
Now if z ∈ R is arbitrary, the choice of δ guarantees that B(z, δ) inter-
sects at most one of B(x, δ) or B(y, δ). If B(z, δ) ∩ B(x, δ) = ∅, then
fix(K) ∩B(z, δ) = ∅, and similarly with x and y swapped.

(ii) Set

ξ = 1− min
i∈Im

pi.

Note that ξ ∈ (0, 1) since pi > 0 for all i ∈ I. We prove by induction for
all n ∈ N∪{0} that, for all z ∈ R,

µpB(z, δr(n−1)m) ≤ ξn.

The case n = 0 is trivial since µp is a probability measure. Thus assume
that the claim holds for n ∈ N∪{0}. Let z ∈ R be arbitrary. Iterating the
self-similarity relationship,

µpB(z, δrnm) =
∑
i∈Im

piµp

(
f−1
i (B(z, δrnm))

)
.

Let us make two observations about the sum on the right. Firstly, by (i),
there is some j ∈ Im (depending on z) such that f−1

j (B(z, δrnm)) ∩K =
∅, and in particular

µp

(
f−1
j (B(z, δrnm))

)
= 0.
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Secondly, for i ∈ Im, since fi is a similarity map with similarity ratio
rm,

f−1
i (B(z, δrnm)) = B(f−1

i (z), δr(n−1)m).

Applying these above observations and then the inductive hypothesis,

µpB(z, δrnm) =
∑

i∈Im\{j}

piµp

(
B(f−1

i (z), δr(n−1)m)
)

≤
∑

i∈Im\{j}

piξ
n

≤ ξn+1

by the definition of ξ, as required.
(iii) Let t be such that rmt = ξ and observe that t > 0 since ξ < 1. Then, let

C = δ−t. First, if diamA ≥ δ, then

µ(A) ≤ 1 ≤
(
diamA

δ

)t

≤ C(diamA)t.

Otherwise, let n ∈ N be such that δrnm ≤ diamA < δr(n−1)m. Then by
(ii), since A ⊂ B(z, δr(n−1)m) for any z ∈ A,

µ(A) ≤ µ(B(z, δr(n−1)m)) ≤ ξn = δ−t(δrnm)t ≤ C(diamA)t

as required.

3. Set

E = {x ∈ Rd : dimloc(µ, x) < s}.

First, observe that x ∈ E if and only if there is an n ∈ N so that for all
arbitrarily small r > 0 such that µ(B(x, r)) ≥ (r/2)s−1/n. Moreover, for such
r, if k ∈ Z is such that 2−(k+1) < r ≤ 2−k, then

µ(B(x, 2−k)) ≥ µ(B(x, r)) ≥ (r/2)s ≥ (2−k)s−1/n.

Therefore, x ∈ E if and only if there exists n ∈ N and arbitrarily large k ∈ N
such that µ(B(x, 2−k)) ≥ 2−k(s−1/n). Therefore,

E =
∞⋃
n=1

∞⋂
j=1

∞⋃
k=j

E(2−k, 2−k(s−1/n)).

where for r > 0 and α > 0, we set

E(r, α) =
{
x ∈ Rd : µ(B(x, r)) ≥ α

}
.
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Thus it remains to show that the sets E(r, α) are Borel sets. Actually, we will
show that they are closed sets. First, note that

µ(B(x, r)) = µ

(
∞⋂
n=1

B(x, r + 1/n)

)
= lim

n→∞
µ(B(x, r + 1/n).

Now let x /∈ E(r, α) be arbitrary. The measure property above shows that
there is an n ∈ N such that µ(B(x, r − 1/n)) < α. Thus if |y − x| ≤ 1/n, then
µ(B(y, r)) < α as well, so y /∈ E(r, α). Therefore E(r, α) is closed, as claimed.

4. (i) First, instead of considering the action of the IFS, let’s replace it with a
new operator which acts on left endpoints and rescales: for a number
x ≥ 0, define

ψ(x) = {3x, 3x+ 2/3, 3x+ 2}

and as usual extend the definition to sets. A direct computation shows
for n ∈ N∪{0} that

ψn({0}) = {3nfi(0) : i ∈ In}.

Moreover, an easy induction argument shows that ψn({0}) ⊂ 3−n Z.
This implies the claim.

(ii) Note that the count in question is exactly equal to #ψn({0}), since
fi = fj if and only if fi(0) = fj(0). Our main concern is to keep
track of cases in which ψ(x) ∩ ψ(y) ̸= ∅. Indeed, #ψ2({0}) = 8 since
f1 ◦ f3 = f2 ◦ f1.
Our count will be powered by the following elementary combinatorial
observation.
Lemma 1. For all n ∈ N∪{0}, the following hold:
(a) ψn({0}) ⊂

⋃∞
k=0{2k, 2k + 2/3}.

(b) The sets ψ({2k, 2k + 2/3}) are disjoint for distinct k ∈ N∪{0}.

Proof. The proof of (a) follows by a simple induction argument.
To see (b), observe that if x > y + 2/3, then ψ({x}) ∩ ψ({y}) = ∅. Since
the sets {2k, 2k + 2/3} are pairwise separated by distance at least 4/3,
their images must be disjoint. □

Since we don’t care about the values of k, we can represent ψn({0}) as a
sequence of digits in {1, 2}, where 1 refers to a component {2k} and 2
refers to a component {2k, 2k + 2/3}. (In principle, we might also need
to track a component like {2k+2/3} but we will see below that it cannot
appear.)
We can compute that

ψ({2k}) = {6k, 6k + 2/3, 6k + 2}
ψ({2k, 2k + 2/3}) = {6k, 6k + 2/3, 6k + 2, 6k + 2 + 2/3, 6k + 4}
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so a component of type 1 is replaced with a sequence of components
(2, 1), and a component of type 2 is replaced with a sequence of com-
ponents (2, 2, 1). Moreover, the singleton {0} is a component of type
1.
For example, iterating the above rules:

• ψ0({0}) = (1).
• ψ1({0}) = (2, 1).
• ψ2({0}) = (2, 2, 1, 2, 1).

Since we only care about the number of times that component 1 appears
or that component 2 appears, we can keep track of the counts in ψn

using the matrix and vector

A =

(
1 1
1 2

)
v =

(
1
0

)
where Ai,j is the number of components of type i which appear in the
replacement of a component of type j, and v is the initial component
count. In particular, writing

(an, bn) := Anv,

an is the number of times type 1 occurs and bn is the number of times
type 2 occurs. Since a component of type 1 corresponds to a single
element and a component of type 2 corresponds to two elements, the
claim follows (taking c = 2).

(iii) First, note that ∥(1, 0) · An∥1 ≤ ∥An∥1, and conversely since (1, 0) ·A is a
positive vector, for n ≥ 1, if c is the smallest element of (1, 0) · A,

∥(1, 0) · An∥1 =
∥∥(1, 0) · A · An−1

∥∥
1
≥ c

∥∥An−1
∥∥
1
.

Therefore, by Gelfand’s formula,

lim
n→∞

log#{fi : i ∈ In}
n

= lim
n→∞

log ∥An∥1/n1 = log ρ

where ρ = (3 +
√
5)/2 is the maximal eigenvalue of A.

To complete the proof, we show that

N3−n(K) ≤ #{fi : i ∈ In} ≤ 7N3−n(K).

The lower inequality is immediate, since K ⊂
⋃

i∈In fi(K) and, since
K ⊂ [0, 1], diam fi(K) ≤ 3−n. For the upper inequality, fix an optimal
cover of K using balls of radius 3−n. Then by the pigeonhole principle
and (ii), any ball B(x, 3−n) can intersect at most 7 distinct images fi(K).
Therefore we conclude that

dimHK = dimBK = lim
n→∞

logN3−n(K)

n log 3

= lim
n→∞

log#{fi : i ∈ In}
n log 3
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=
log ρ

log 3

as claimed.
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