
Exercise 4 Solutions

THURSDAY, FEBRUARY 5

1. Write

E = A \
∞⋃
n=1

T−nA.

This is the set of points in A which never return to A. By the Poincaré
recurrence theorem, µ(E) = 0. Moreover, if x ∈ A only returns to A finitely
many times, then there is an index m ∈ N∪{0} such that x returns to A for
the final time, and therefore Tmx ∈ E. Thus

{x ∈ A : x returns to A finitely many times} ⊂
∞⋃

m=1

T−mE.

But T is measure preserving, so µ(T−mE) = 0 so that µ-a.e. x ∈ A returns to
A infinitely many times.

2. (i) Let {xn}∞n=1 be a countable dense subset of X and consider the family
of balls

B := {B(xn, 1/k) : (n, k) ∈ N×N}.

Observe that each x ∈ X is contained in balls B ∈ B of arbitrarily small
radius. By Q1, for each B ∈ B there is a subset AB ⊂ B of full measure
(but possibly 0, if µ(B) = 0) such that each x ∈ AB returns to B infinitely
many times. Then, set

Y = X \
∞⋃

B∈B

(B \ AB).

Since µ(B \ AB) = 0, it follows that µ(Y ) = µ(X).
Moreover, fix x ∈ Y and let ε > 0 be arbitrary. By definition, there is
a B ∈ B with diamB ≤ ε such that x ∈ AB, and therefore T nx ∈ B for
infinitely many n ∈ N. In particular, d(T nx, x) ≤ ε for infinitely many
n ∈ N. Since this is true for all ε > 0, the claim follows.

(ii) Let B be the same family of balls from Q2(i). For B ∈ B and consider
the set

MB = {x ∈ X : T nx ∈ B for infinitely many n} =
∞⋂

N=1

∞⋃
n=N

T−n(B).
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Since µ(B) > 0 by assumption, by Proposition 3.7 in the notes, µ(MB) =
1. In particular, if we set

Y =
⋂
B∈B

MB

then µ(Y ) = µ(X) and if x ∈ Y , for all B ∈ B, there are infinitely many
n ∈ N such that T nx ∈ B. By definition of B, this means that the orbit
of x is dense in X .

3. Clearly ∅ ∈ D. Next, if E ∈ D, then

µ(f−1(X \ E)) = µ(X \ f−1(E)) = µ(X)− µ(f−1(E)) = µ(X \ E).

Finally, if (En)
∞
n=1 ⊂ D are pairwise disjoint, then (f−1(En))

∞
n=1 are also

pairwise disjoint sets so

µ

(
f−1

(
∞⋃
n=1

En

))
=

∞∑
n=1

µ(f−1(En)) =
∞∑
n=1

µ(En) = µ

(
∞⋃
n=1

En

)

as required.

4. Write x↿m to denote the unique i ∈ Im with i ≺ x.

(i) Certainly d(x, y) = d(y, x) and d(x, x) = 0 since {x, x} ⊂ [x↿m] for all
m ∈ N and limm→∞ rx↿m = 0. Conversely, if d(x, y) = 0, then {x, y} ⊂ [i]
for infinitely many i, and in particular for i with ri arbitrarily small.
Therefore x = y.
It remains to verify the ultrametric inequality. Let x, y, z ∈ IN be arbi-
trary. If x = y or y = z, then the inequality is immediate. Otherwise, let
i be the maximal common prefix of x and y, and let j be the maximal
common prefix of y and z. Since i and j are both prefixes of y, either
i ≺ j or j ≺ i. Without loss of generality, i ≺ j so in fact i ≺ z. Then
d(x, y) = ri and d(y, z) ≤ ri so

d(x, z) ≤ ri = max{d(x, y), d(y, z)}

as required.
(ii) Let x = (in)

∞
n=1 ∈ IN and r > 0 be arbitrary. Let i ≺ x be the prefix of

minimal length with the property that ri < r.
If y ∈ [i], then i is a common prefix of x and y so d(x, y) ≤ ri < r and
therefore y ∈ B◦(x, r). Conversely, suppose d(x, y) < r. If x = y there is
nothing to prove. Otherwise, let j be the maximal common prefix of x
and y so that d(x, y) = rj < r. But j is therefore a prefix of x with rj < r,
whereas i is the prefix of minimal length with this property. Therefore
i is a prefix of j and {x, y} ⊂ [i].
We have therefore shown that B◦(x, r) = [i] ∈ C, as required.

(iii) By Tychonoff’s theorem, IN is compact with the product topology. But
the product topology and the metric topology coincide by Q4(ii) (they
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are both generated by C), and therefore IN is in fact a compact metric
space.

(iv) Let [i] ∈ C be arbitrary. Observe that

σ−1([i]) =
⋃
j∈I

[ji]

disjointly, so

pi = µp(σ
−1([i])) =

∑
j∈I

µp([ji]) =
∑
j∈I

pjpi = pi

as claimed.
(v) Certainly C ∪ {∅} is non-empty and closed under finite intersection,

and by Q3 the measurable sets {E : µ(E) = µ(σ−1(E))} form a Dynkin
class. Therefore by the π-λ theorem, µ(E) = µ(σ−1(E)) for all E in the
σ-algebra generated by C. But Q4(ii) implies that this is precisely the
Borel σ-algebra, as required.

(vi) Since #I ≥ 2, say {0, 1} ⊂ I. Let x = 010101 . . . and consider the
measure

µ =
1

2
(δx + δσx) .

Observe that suppµ = Oσ(x) = {x, σx} and σ acts by permutation on
suppµ. Therefore µ is σ-invariant.
To see that µ is not a convex combination of measures pN, observe that
pN is atomic if and only if pi = 1 for some i ∈ I, in which case pN = δzi
where zi is the sequence obtained by repeating i. So, the only convex
combinations of measures pN which are also a countable sums of atoms
are of the form

∞∑
i=1

λiδzi where λi ≥ 0 and
∞∑
i=1

λi = 1.

But µ is a finite sum of atoms, and is certainly not of this form.
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